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Motivation

q Thus far we have assumed that:
– The objectives, attributes/criteria, and decision alternatives are given 
– There is a single decision maker

q In this lecture, we consider 
– How a group of experts / DMs can generate objectives, attributes, and/or 

decision alternatives 
– How the views and preferences of the group members can be aggregated 

into a single decision recommendation
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Idea generation and evaluation 
techniques
q Goals: 

– Generate topics / ideas / decision alternatives
– Evaluate these topics / ideas / alternatives
– Agree on a prioritization of the topics / ideas / alternatives

q Methods: 
– Brainstorming
– Nominal group technique
– Delphi method
– …and many variants of the above
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Brainstorming
q Goal: to generate a large number of possible solutions for a problem

q Participants: Facilitator, recorder, and max 8-12 panel members
– Step 1 Prior notification: time for individual idea generation
– Step 2 Session for idea generation: all ideas are listed, spontaneous ideas are encouraged, 

no criticism is permitted
– Step 3 Review and evaluation: a list of ideas is sent to the panel members for further study

q Principles: 
– Focus on quantity
– Withhold criticism
– Welcome unusual ideas
– Combine and improve ideas
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Brainstorming

+ A large number of ideas can be generated in a short period of time
+ Simple – no expertise or knowledge required from the facilitator

- Blocking: During the process, participants may forget their ideas or 
not share them because they no longer find them relevant

- Collaborative fixation: Exchanging ideas in a group may decrease 
the novelty and variety of ideas
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Nominal group technique

q Goal: To generate a large number of possible solutions to a problem and to 
decide on a solution

q Participants: Facilitator, recorder, and max 6-12 panel members
– Step 1: Silent generation of ideas – group work not allowed
– Step 2: Round-robin sharing of ideas. Facilitator lists all ideas on a flip chart, no comments at 

this point.
– Step 3: Group discussion to facilitate common understanding of the presented ideas. No ideas 

are eliminated, judgment and criticism are avoided.
– Step 4: Ranking of the ideas (by, e.g., voting)

30.11.2022
6



Nominal group technique

+ A large number of ideas can be generated in a short period of time
+ Silent generation of ideas decreases blocking
+ Round-robin process ensures equal participation

- Not suitable for settings where consensus is required
- Can be time-consuming
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Delphi technique

q Goal: To obtain quantitative estimates about the occurrence of future events 
(e.g., estimated probabilities, impacts, and time spans of negative trends for 
Finland)

q Participants: Facilitator and a panel of experts
q Principles:

– Anonymous participation
– Structured gathering of information through questionnaires: numerical estimates and arguments

to support these estimates
– Iterative process: participants comment on each other’s estimates and are encouraged to revise 

their own estimates in light of such comments
– Role of the facilitator: sends out the questionnaires, organizes the information, identifies 

common and conflicting viewpoints, works toward synthesis
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Example: Decision analysis based real 
world conflict analysis tools
q Workshop organized by the Finnish Operations Research Society

(FORS) Monday

q Goal: to practice DA-based conflict analysis tools that Crisis 
Management Initiative (CMI) uses regularly in its operations:

– Trend identification, 
– Data collection, 
– Visualization, 
– Root-cause analysis.
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Example cont’d

q Prior to the workshop, 
each participant was 
asked to 

– List 3-5 negative trends for 
Finland (title and brief 
description)

– Provide time-spans for the 
impacts of these trends 
(<10 years, 10-20 years, 
>20 years)
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Example cont’d
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q Trends listed by the 
participants were organized 
by the workshop facilitators 

– Similar trends combined
– Marginal trends eliminated

q A final list of 21 trends was 
emailed to the participants 
prior to the workshop
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Example cont’d

q At the workshop, each 
participant was asked to
evaluate

– The probability of each 
trend being realized (scale 
0-5)

– The impact that the trends 
would have upon 
realization (scale 0-5)
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Example cont’d

q The participants were 
also asked to assess 
cross-impacts among 
trends

– Which other trends does 
this trend enhance?
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Example cont’d

q Visualizations on 
the probability 
and impact 
assessments 
were shown to 
the participants 
to facilitate 
discussion
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Example cont’d

q Cross-impacts 
were visualized, 
too
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Example cont’d
q Goal of such analysis: 

– To create a shared understanding of the problem
– To identify possible points of disagreement

q Next steps:
– Possible revision of estimates in light of the discussion
– The determination of policy actions to help mitigate / adapt to the most important negative 

trends
– Agreement on which policy actions to pursue
– The implementation of these policy actions
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Aggregation of preferences

q Consider N alternatives x1,…, xN

q Consider K decision makers DM1,… DMK with different 
preferences about the alternatives 

q How to aggregate the DMs’ preferences into a group choice?
– Voting
– MAVT

30.11.2022
18



Plurality voting

q Each voter casts one vote to his/her most preferred candidate
q The candidate with the most votes wins
q Plurality voting with runoff:
- The winner must get over 50% of the votes
- If this condition is not met, alternatives with the least votes are eliminated
- Voting is continued until the condition is met
- E.g., Finnish presidential election: in the second round only two candidates 

remain
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Plurality voting

q Suppose, there are three alternatives A, B, C, and 9 voters
• 4 think that  A > B > C
• 3 think that  B > C > A
• 2 think that  C > B > A
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Plurality voting

4 votes for A
3 votes for B
2 votes for C

A is the winner

Run-off

C eliminated

4 votes for A
3+2 = 5 votes for B

B is the winner



Condorcet

q All voters rank-order the alternatives
q Each pair of alternatives is compared - the one with more votes is 

the winner
q If an alternative wins all its one-to-one comparisons, it is the

Condorcet winner
q There might not be a Condorcet winner – some other rule must be

applied, e.g.,
– Copeland’s method: the winner is the alternative with the most wins in one-to-one

comparisons
– Eliminate the alternative(s) with the least votes and recompute
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Condorcet - example

q 33 voters and alternatives A, B, C
• 17 voters: A>B>C
• 1 voter: A>C>B
• 15 voters: B>C>A
• 0 voters: C>B>A, C>A>B, B>A>C

qA is the Condorcet winner, because it wins both B and C in one-on-
one comparisons
• 17+1=18>15 out of 33 favor A over B
• 17+1=18 favor A over C
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Condorcet completion

q There might not be a Condorcet winner
– Copeland’s completionmethod: the winner is the alternative with the most wins in 

one-to-one comparisons

5 voters and 5 alternatives A, B, C, D, E
- 1 voter: A>B>C>D>E
- 1 voter: A>D>E>C>B
- 2 voters: D>E>B>C>A
- 1 voter: C>B>A>D>E

D wins more one-on-one comparisons
than other alternatives
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A B C D E wins
A 2 2 3 3 2
B 3 3 2 2 2
C 3 2 2 2 1
D 2 3 3 5 3
E 2 3 3 0 2

2+1=



Condorcet completion

qAnother possibility for Condorcet completion: Eliminate the one 
with least wins and recompute results

qFirst C is eliminated
• B,D,E “lose” one win

qB and E with one win are elimitated
• A and D remain

qA wins D by 3 votes to 2
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A B C D E wins
A 2 2 3 3 2
B 3 3 2 2 2
C 3 2 2 2 1
D 2 3 3 5 3
E 2 3 3 0 2

1

1
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Borda
q Each voter gives

– n-1 points to the most preferred alternative, 
– n-2 points to the second most preferred,
– … 
– 0 points to the least preferred alternative

q The alternative with the highest total number of points wins
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4 state that A > B > C
3 state that B > C > A
2 state that C > B > A

A : 4·2 + 3·0 + 2·0 =  8 points
B : 4·1 + 3·2 + 2·1 = 12 points
C : 4·0 + 3·1 + 2·2 = 7 points



Approval voting 

q Each voter casts one vote for each alternative he/she approves

q The alternative with the highest number of votes is the winner

q “If you want to vote against some, cast your votes to all others”
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Problems with voting: The Condorcet 
paradox (1/2)
q Consider the following rank-orderings of three alternatives

q Paired comparisons: 
– A is preferred to B by 2 out of 3 voters
– B is preferred to C by 2 out of 3 voters
– C is preferred to A by 2 out of 3 voters
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DM1 DM2 DM3

A 1 3 2

B 2 1 3

C 3 2 1



Problems with voting: The Condorcet 
paradox (2/2)
q Three voting orders:

1. (A-B) → A wins, (A-C) → C is the winner
2. (B-C) → B wins, (B-A) → A is the winner
3. (A-C) → C wins, (C-B) → B is the winner

q No matter what the outcome is, the majority of voters would prefer some
other alternative:

– If C wins, 2 out of 3 voters would change it to B
– …But B would be changed to A by 2 out of 3 voters
– …And then A would be changed to C by 2 out of 3 voters…
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DM1 DM2 DM3

A 1 3 2

B 2 1 3

C 3 2 1

The outcome depends on the order in which votes are cast!



Problems with voting: tactical voting
q DM1 knows the preferences of the other

voters and the voting order (A-B, winner-C)
q If DM2 and DM3 vote according to their true

preferences, then the favourite of DM1 (A) 
cannot win:
q 1st round: A gets 2 votes
q 2nd round: A loses to C

q Could DM1 avoid the selection of C, her
worst outcome?
q 1st round: vote for B; B wins 2-1
q 2nd round: vote for B; B wins 2-1
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DM1 DM2 DM3

A 1 3 2

B 2 1 3

C 3 2 1



Example: Finnish Presidential elections

• Organized every 6 six years

• Plurality voting with runoff
• 2 most voted candidates to the 2nd round, unless some candidate 

receives over 50 % of votes already on the 1st round 

• 7-11 candidates in 1994-2018
• Some candidates can have moderate support, but strong opposition

• I.e., they are ranked 1st by some, but last or close to last by many other voters
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Polls just before the 1st election round suggest 
that candidate F is the strongest, but a 2nd round 
will be needed. Tight battle for the 2nd position
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-4 months just before 1st election round



Do voters actually vote tactically?
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1st round results



Social choice function

q Assume that the preferences of DMi are represented by a 
complete and transitive weak preference order Ri:

DMi thinks that x is at least as good as y Û x Ri y

q What is the social choice function f that determines the collective 
preference R=f(R1,…,RK) of a group of K decision-makers?

– Voting procedures are examples of social choice functions
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Requirements on the social choice
function

1. Universality: For any set of Ri, the social choice function yields a unique 
and complete preference ordering R for the group

2. Independence of irrelevant alternatives: The group’s preference between 
two alternatives (x and y) does not change if we remove an alternative from 
the analysis or add an alternative to the analysis.

3. Pareto principle: If all group members prefer x to y, the group prefers x to y

4. Non-dictatorship: There is no DMi such that x Ri y ⇒ x R y
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The big problem with voting: Arrow’s 
theorem
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There is no complete and transitive social 
choice function f such that conditions 1-4 
are always satisfied.



Arrow’s theorem – an example

q Borda criterion: 

q Suppose that the DMs’ preferences do not change. A ballot between 
alternatives 1 and 2 gives

q The independence of irrelevant alternatives does not hold!
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DM1 DM2 DM3 DM4 DM5 Total

x1 3 3 1 2 1 10

x2 2 2 3 1 3 11

x3 1 1 2 0 0 4

x4 0 0 0 3 2 5

Alternative x2
is the winner!

DM1 DM2 DM3 DM4 DM5 Total

x1 1 1 0 1 0 3

x2 0 0 1 0 1 2

Alternative x1
is the winner!



Aggregation of values

Theorem (Harsanyi 1955, Keeney 1975): 
Let vk(·) be a cardinal value function describing the preferences of DMk. There 
then exists a K-dimensional differentiable (ordinal) function VG() with positive 
partial derivatives describing group preferences ≻! in the definition space such 
that 

a ≻!bÛ VG[v1(a),…,vK(a)] ³ VG[v1(b),…,vK(b)]
and conditions 1-4 are satisfied.

Note: Voting procedures use only ordinal information (i.e., rank ordering) about 
the DMs’ preferences – the strength of preference should be considered, too
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MAVT in group decision support

q From MAVT, we already know how to 
combine cardinal value functions into an 
overall value function:

𝑉"(𝑥)=∑#$%& 𝑊#𝑉#'(𝑥) ,𝑊# ≥ 0,∑#$%& 𝑊# = 1.

q This can be done for multiattribute
cardinal value functions as well: 

𝑉"(𝑥)=∑#$%& 𝑊# ∑($%) 𝑤#(𝑣#(' (𝑥()
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MAVT in group decision support
q Weights 𝑊%,𝑊* measure the value difference 

between the worst and best achievement 
levels x0 , x* for DM1 and DM2, respectively

q How to compare these value differences –
i.e., how to make trade-offs between people?
q “Compared to my preference for apples over oranges, 

how strong is yours?”

q Group weights 𝑊% = 𝑊*= 0.5 would mean 
that the value differences are equally 
valuable, but…

q Who gets to define x0 and x*?
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MAVT for group decision support

q Example: for both DMs, vi’s are linear, DM1 has preferences 
(1,0)~(0,2) and DM2 (2,0)~(0,1)

q Let x0=(0,0), x*=(2,4) for both DMs, and W1=W2 =0.5
- Then vk1N=0.5x1, vk2N=0.25x2  for both k=1,2

q VG(1,0)=0.5*0.25+0.5*0.1=0.175 > VG(0,1)=0.1625
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DM1

o (1,0)~(0,2) ⇒ V1
N (1,0)= V1

N (0,2)⇒ 
0.5w11=0.5w12 ⇒ 

w11=w12=0.5
o V1

N(1,0)=0.25, V1
N(0,1)=0.125

DM2

o (2,0)~(0,1) ⇒ V2
N (2,0)= V2

N(0,1)⇒ 
w21=0.25w22⇒

w21=0.2, w22=0.8
o V2

N(1,0)=0.1, V2
N(0,1)=0.2



MAVT for group decision support

q Interpretation of the result
- For DM1 (1,0)←(0,1) is an improvement. The “group” values this more than 

the value of change (0,1)←(1,0) for DM2

q Let x0=(0,0), x*=(4,2) for both DMs, and W1=W2 =0.5
- VG(1,0)=0.1625 < VG(0,1)=0.175

q Interpretation of the result
- (0,1)←(1,0) - which is an improvement for DM2 - is now more valuable for 

the group than change (1,0)←(0,1)
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Summary
q Techniques for involving a group of experts or DMs can be helpful for

– Problem identification and definition,
– Generating objectives, attributes, and alternatives,
– Defining common terminology

q Individual preferences can be easily aggregated into a group 
preference through voting procedures, but…

– Arrow’s impossibility theorem states that no “good” voting procedure exists

q MAVT provides a sound method for aggregating preferences, but…
– The determination of group weights = interpersonal comparisons can be difficult

→ It may be pertinent to develop a joint model with incomplete preference information
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