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Integrals and Derivatives

b
Integrals: I(a,b):/ f(x)dx

* integrals occur widely in physics
* some integrals can be done analytically, most cannot!
* integration is one of the most important applications in

computational physics
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b
Integrals: I(a,b):/ f(z)dx

* integrals occur widely in physics
* some integrals can be done analytically, most cannot!
* integration is one of the most important applications in

computational physics

Derivatives: a lim fla+h) - f(z)
dx h—0 h

 derivatives occur widely in physics
* most derivatives can be done analytically
« we still often need numerical derivatives
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b
Integrals: I(a,b):/ f(z)dx Today

* integrals occur widely in physics
* some integrals can be done analytically, most cannot!
* integration is one of the most important applications in

computational physics

Derivatives: & — Jim LM = @) Nast Week
dx h—0 h

 derivatives occur widely in physics
* most derivatives can be done analytically
« we still often need numerical derivatives
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Definite Integrals

b
Definite integral: I(a,b):/ f(z)dx
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Definite Integrals

b
Definite integral: I(a,b):/ f(z)dx

« we wish to know the numeric value of /(a,b)
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Definite Integrals

b
Definite integral: I(a,b):/ f(z)dx

« we wish to know the numeric value of /(a,b)
* this is different from finding the antiderivative
(also called the indefinite integral):

0= [ i
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b
Definite integral: I(a,b):/ f(z)dx

« we wish to know the numeric value of /(a,b)
* this is different from finding the antiderivative
(also called the indefinite integral):

0= [ 16

* programs like Maple or Mathematic can do symbolic
integration to find F(y)
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b
Definite integral: I(a,b):/ f(z)dx

« we wish to know the numeric value of /(a,b)
* this is different from finding the antiderivative
(also called the indefinite integral):

0= [ 16

* programs like Maple or Mathematic can do symbolic
integration to find F(y)

« symbolic integration is not a topic in this course
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Definite Integrals

b
Definite integral: I(a,b):/ f(z)dx

 we wish to know the numeric
value of /(a,b)

* but computers are not good at
continuous variables...

] ] ] ] ] >

J(x)-

I(a,b)
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Integrals - Discretisation

b
Definite integral: I(a,b):/ f(z)dx

* instead: discretise
 divide interval [a,b] into N
equal segments

] ] ] ] ] >

Jtxx)

h=({b-—a)/N
v = a+ (k— 5)h 19)-

I(a,b) ~ Zf(mk)h

* this Is called the midpoint rule |
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b
Definite integral: I(a,b):/ f(z)dx

Key concept: discretisation _

Jxx)

Discretisation is a very 1)
common technique to make
continuous variables tractable
for a computer.
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Integrals - Example 1

2
Integrate: / (z* — 22 + 1)dx
0]
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Integrals - Exercise 1

1. Plot the function f(z) = (z* — 2z + 1)

2. Change the example integration program to add a
loop over the number of discretisation points.

3. Plot the value of the integral and/or the integration
error as a function of integration points.




Integrals - Exercise 1 - Observation

10°§ """"""""""""""""""""""""
1 1% error

1072 ——————————essccssses e lgre——————————
i 0.1% error

midpoint

Integration error in %

102 -

10t 104
Number of integration points
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Integration rules - number of points & errors

12 35

- 1% error 0.1% error
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Integrals - Convergence

A:

Aalto University
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Integration error in %

10—2.

Key concept: convergence

The result of a computation should not depend on the
computational parameters within a tolerable accuracy.
The results have then converged to their final value.

100 .

10—1.

1% error

0.1% error

midpoint

10! 102
Number of integration points




Integrals - Trapezoidal rule

Replace constant by line that goes through endpoints.

 two endpoints of interval:
a+ (k—1)h and a—+ kh

 area of segment:
1
+f(a+ kh)]

] ] ] ] ] ] ] ] ] ] ] ] >
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Integrals - Trapezoidal rule

Replace constant by line that goes through endpoints.

* sum up segments for integral 4
N _
I(CL, b) ~ ZAk }
k=1 |
RS /1)
= 5/1;::1 [f(a+ (k—1)h) + f(a + kh)] -
1 1 i, -
=h|5f(a)+5F(b) + Y fla+kh) j

! k=1 | h

| | | | | | >
a Xk b
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Integrals - Exercise 2

1. Change your integration program to the trapezoidal
rule. Loop over the number of discretisation points.

2. Plot the value of the integral and/or the integration
error as a function of integration points.




Integrals - Exercise 2 - Observation

1% error

i 0.1% error

Integration error in %

midpoint

10! 0
Number of integration points
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Integration rules - number of points & errors

1% error 0.1% error
12 35

16 50
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Method 1% error 0.1% error
Midpoint 12 35

Trapezoidal 16 50

We can analyse the residual error analytically.
This shows that the midpoint rule is always
slightly more accurate than the trapezoidal.
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Integrals - Simpson’s rule

Do a Taylor expansion (to 2nd order) for the curve

quadratic fit

/

Jx)

N T  w mm v
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Do a Taylor expansion (to 2nd order) for the curve

quadratic fit

/

Jx)

each segment can be
iIntegrated analytically

N Y

| | | | | | | | >
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Integrals - Simpson’s rule

. we fit the function Az* + Bz + C
to the points -4, 0 and 4

. the solution is: 4
I . - o ARBI+C
A= [5F(=h) = f(0) + 5 f(h) - Y
1 ) ] Jf(x) :
B = 27 f(h) = f(=h)] _
C = £(0) _ Ah?-Bh+C
h 0 n
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Integrals - Simpson’s rule

* with A, B, and C determined
we can integrate:

h
/ (Axz* + Bz + C)dx = %Ah3 + 2Ch
—h

= D IF(-h) + 47(0) + F(h)

Aalto University
School of Science
[ |



Integrals - Simpson’s rule

* with A, B, and C determined
we can integrate:

h
/ (Axz* + Bz + C)dx = %Ah3 + 2Ch
—h

= D IF(-h) + 47(0) + F(B)

 Now generalize to incorporate also the remaining segments:

a, a+h and a+2h ——» a+2h, a+3h and a+4h
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Integrals - Simpson’s rule

* Now generalize to incorporate also the remaining segments:

a, a+h and a+2h —» a+2h, a+3h and a+4h

* The integral becomes:

I(a, b) %g F(a) + 4f(a+h) + fla+2h))
+ — [f(a+2h) +4f(a+3h) + f(a+4h)] + ...

_|_

Wl w|

fla4+ (N —2)h+4f(a+ (N —1)h) + f(b)]
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Integrals - Simpson’s rule

* Rearranging terms gives:

I(a,b) mg fla)+4f(a+h)+2f(a+2h)+4f(a+3h)+ ...+ f(b)]

D@+ )+ flatkn) 23 fat b

k odd k even
1...N—1 2...N—=2

« Simpson’s rule requires an even number of points.
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Integrals - Simpson’s rule

* Rearranging terms gives:

I(a,b) zg[f(a)+4f(a—|—h)+2f(a+2h)+4f(a—|—3h)+...+f(b)]
= 2 | f@) + F0) 43 Fla+kh)+2 Y fat kh)
k odd k even
. I N/2 N/2—1 _ ]
=3 fla)+ f(b)+4» fla+@2k—1h)+2 > f(a+ 2kh)
k=1 k=1

« Simpson’s rule requires an even number of points.
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Integrals - Exercise 3

1. Change your integration program to the Simpson’s
rule. Loop over the number of discretisation points.

2. Plot the value of the integral and/or the integration
error as a function of integration points.




Integrals - Exercise 3 - Observation

1% error trapezoidal

0.1% error
midpoint

Simpson

Integration error in %
p—
o
W

10t 102
Number of integration points
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Integration rules - number of points & errors

1% error 0.1% error order
12 35 Oth
106 50 1st
2 6 2nd
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Integrals - integration weights

* general integral expression

integration weights

b N /
/ fla)de ~ S wef ()
a k=1 <\

integration points

Key concept: integration weights

Integrals are a sum over integration weights and
function values. The weights depend on the integration
method and can be precomputed.
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Integrals - integration weights

/ fla)de ~ S wpf ()
a k=1

Order Polynomial =~ Weights ({wg})

0 (midpoint) constant 1,1,1,...,1

1 (trapezoidal rule) straight line %, 1,1,...,1, %

2 (Simpson’s rule)  quadratic %, %, %, %, . %, %

3 cubic %,%,%,%,%,%,%,...,%,%

4 quartic 157 457 157 452 45> 45 15 457+ -+ » 45 45
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Integrals - non uniform integration grids

So far we improved approximations for the integrand.

|

uniform grid

Jx)

S Y
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So far we improved approximations for the integrand.

|

uniform grid

/

L,

f(x)

Question:

Could we position the integration points in an
optimal way?




Integrals - non uniform integration grids

» We want to find the integration points and weights for:

/_1 f(x)dx =~ Zwkf(xk)
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Integrals - non uniform integration grids
» We want to find the integration points and weights for:

/ 11 Fo)de =S wef (o)

* For simplicity we assume that fis a polynomial of degree 2N-1
* We then divide f by a Legendre polynomial Pn(x) of degree N

f(x) = q(z)Pn(z) + r(2)

\ \

degree 2N-1 degree N-1 degree N-1
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Integrals - Legendre polynomials

* Legendre polynomials satisfy the following properties

1
1. / 2" Py (z)dx =0  forall k between 0 and N
~1

2. Forall N, Py(x) has N real roots in /-1,1]
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Integrals - Legendre polynomials

* Legendre polynomials satisfy the following properties

1
1. / 2" Py (z)dx =0  forall k between 0 and N
~1

2. Forall N, Py(x) has N real roots in /-1,1]

degree 2N-1 degree N-1

 this gives: \ /

f(x) = q(x)Pn(2) + r(x)

/_11 f(z)dx = /1 Q(x)PN(x)dx+/1 r(x)dr = /1 r(z)dx

—1 —1 —1
N——

0
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Integrals - finding grid points

* insert /=¢*Py+r Into SUM over points expression:

N
Zwkf(iﬂk Zwkq zy)Pn(2k) Zwk"" Tk)
k=1

The integral is zero. Now we have to
ensure that also this sum Is zero.

* We know Pn(xr)=0, if xi are the roots of Pu:

wi f(rg) = )Y wer(zg) = r(x)dr = f(x)dx
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Integrals - Gauss Legendre grid points

* If xx are the roots of Py(x) then:

| @iz =3 wf @)

Note, this is not approximate, but should be exact!
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Integrals - Gauss Legendre grid points

* If xx are the roots of Py(x) then:

| f@ia =3 wf @)

Note, this is not approximate, but should be exact!

 Algorithms exist that find the roots of functions. We will learn
about them later in the course. For now, we can assume that
the roots of Py(x) can be found with a subroutine.
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Integrals - Gauss Legendre grid points

* If xx are the roots of Py(x) then:

| f@ia =3 wf @)

Note, this is not approximate, but should be exact!

 Algorithms exist that find the roots of functions. We will learn
about them later in the course. For now, we can assume that
the roots of Py(x) can be found with a subroutine.

* Next we need to find the integration weights.

Aalto University
School of Science
[ |



Integrals - Gauss Legendre weights

* We assume that we can find a single polynomial of degree N-1
to fit the function f(x). For this we use an interpolating
polynomial.

Qbk(x) _ H ((CE — xm)

m=1...N xk_xm)
m=£k
_ (z—xy) S (r —xp—1) (T — Tp41) S (r —xN)
(2 —x1) (xp —xk—1) (xx —Tka1) (zp—zN)
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Integrals - Gauss Legendre weights

* We assume that we can find a single polynomial of degree N-1
to fit the function f(x). For this we use an interpolating
polynomial.

Qbk(x) _ H ((CE — CUm)

m=1...N $k—$m)
m=£k
_ ) o @omn) B aken) 0 (@ 2N)
(zx —21) (zp —2p-1) (@ —Te1) (TR —TN)

* di(x) is a polynomial of degree N-1 with the property:
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Integrals - Gauss Legendre weights

* We now use ¢«(x) to define a surrogate function for f(x):

N

O(z) =) f(x)on()

k=1
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Integrals - Gauss Legendre weights

* We now use ¢«(x) to define a surrogate function for f(x):

N

> flaw)gr(x)

k=1

=
Z
||

* @(x) is identical to f{x) at our ({xn}):



Integrals - Gauss Legendre weights

* We now insert @(x) into our integral.
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Integrals - Gauss Legendre weights

* We now insert @(x) into our integral.

* The weights are given as integral over ¢«(x):
1
Wy = / o (x)dx
—1

* These integrals are tedious analytically but can be done
numerically. Routines for this exist.
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Integrals - Gauss Legendre points and weights

. 1 T 1 T ] 1 1 1 ]
. a | - b 1
N=10 0.03 - N=100 -
0.3 - ! i
. - = 002 F il
= = 2 i
2002 - - .50
Q D]
= - =
i 0.01
0.1 - —
; N P P P RN B BV A P 0 | ARANAER |
-1 -0.5 0 0.5 ] -1 -0.5 0 0.5 ]
Position x Position x
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Integrals - Gauss Legendre summary

» Gauss-Legendre integration:

/_1 f(x)dx = Zwkf(xk)

\ roots of Legendre
polynomial Pxy(x)
given by

interpolating 1
polynomial: wg :/ ¢ (x)dx
—1

Key concept: Gauss-Legendre integration

With N integration points, any polynomial of degree
2N-1 can be integrated exactly!
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Integrals - Rescaling integration domain

* To change the integration domain from /-1,1] to /a,b] we need to
rescale the integration points and weights as follows:
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Integrals - Exercise 4

1. Change your integration program to use Gauss-
Legendre integration. The example notebook shows
you how to call the gaussxw python package. Use
N=3 integration points.

2. Test what happens when you increase the number of
integration points.




Integration rules - number of points & errors

1% error 0.1% error order
12 35 Oth
16 50 1st
2 6 2nd
exact
3
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Choosing the right integration method

Method complexity accuracy noisy data pathological
integrals
Trapezoidal low low yes yes
Simpson medium medium
Gauss high high
Legendre
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Key concept: numeric integration

Integrals over finite ranges can be solved numerically
as sum over function values at grid points with
appropriate weights.

[ s~ S w (o

k=1

Aalto University
School of Science
[ |



? Aalto University
School of Science
[ |



