MEC-E8001 Finite Element Analysis; Formulae

GENERAL

Displacement: 1 =uy I +uyJ +uz K =uyi +uy J +U,K = ui +vj +wk

Rotation (small): 6 =0y 1 +&J+60;K =06, +6,]+6,k =i +0] +yk

!
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Coordinate systems: {jb=|jx Jy iz [{J
K| Lkx ky kz[[K
O'xx Exx Oxy 7xy

Stress-strain: oy r =[E]J&yy 11 10y (=G 17y

Oz ¢ Ozx Vzx
Elasticity matrices: [C]=[E], [C], =[E],. G= E
' o e e 2(1+v)
e l-v v 1% 1 1 v —v
[E]=———— 1-v v |, [ET ==|-v 1 -v
Q+v)1-2v) E
1-v -v —-v 1
1 v 0 l-v v 0
E E
[E]a= 2 v 1 0 y [E]g=m v 1-v 0
— + —
lo 0 @-v)/2 T 0 0 @a-2v)12

Exx ou / ox 7xy ou /oy +ov/ox
Strain-displacement: Eyy (=1OVIOY ¢, Yy, p=0vIoz+ow/ oy
£y ow/ oz ¥ ow/ox+oul oz

Eo| [ (8u /%) + (6 ] x)? + (W / x)>
Ey r=1¢y +% (6u/6y)2+(6V/6y)2+(awlay)2
En| &z (u/6z)? + (v 1 62)? + (6w 6z)?
Eyy 7xy (ou/ox)(ouloy)+(ov/ox)(ov/ oy)+(ew/ ox)(ow/ oy)
Ey, =% Yyz +% (ou/ey)(euloz)+(evloy)(ov/oz)+(ow/ oy)(ew/ 0z)
E,x Yox (ou/oz)(oul ox)+ (ov/oz)(ov ] ox)+ (ow/ dz)(ow [ Ox)

PRINCIPLE OF VIRTUAL WORK



W =3 . OWE=0 Vsa, oW =[ swdQ

Bar (x): 5W}’2“_—@EAa SWS = suf,, SwWi® =—sup Aa—u swPl = 9OU Epgng
OX ox ot? dx
SWI = —SE,  A°CE,,, swS = A°p°(Sugy +6vgy +EWg,)
5p}9‘_—dﬁkAd‘9 SpSt =695
dx dx
: e 06¢ ~. 0¢ t o°¢
Torsion (x): W' =—-22GI 22 swS = 5pm, , Swihe = —5gpd —2
(x) 7 Y Pmy dpo 3
2 2
Bending (xz): owit = 0 é;WElyya , SWSt = swf,
OX ox?
2 2
S = —swpA” W—85Wp| 0" W s = _9OW\ W pere N =AY
a2 x Va2 oax ! dx  dx dx

int _ 9%v o%y

Bending (xy): ow, El,, 2 SWE =ovfy,
X

X2
i 0%V 0oV 0% ov dov ., dv du
SWOE = —SVpA—— | —, Swit = =" N— where N = EA—
r» o2 ox Pla a2 ox' dx  dx dx
Thin-slab (xy):
osulox T ou / x T
oWy =— ooV | oy t[E], ov /oy , OWEY :{5 } :
\'
dSU | By + 05V | 0% ou /oy +ov | ox y
T T
OW3; ext ou x , é'Wge:— ou tpi
ov) |ty SV a2 v
s T
E E -
Swint — _ 5EXX t[C] EXX L oW = ou pOt° I
yy o] Fyy SV gy
20, 2,

T T
oou [ ox 1 i 00410 0410
swP! = EJ A9z, Spat = U *t Spt = 59s
ooviox| 1-v 1 05910y 0918y



Bending (xy):

.
025w/ ox? , 0%w / ox?

Switt = 1 525w/ oy? ;—Z[E]G 2wioy? |, swd = sw,
20%5W 1 oxdy 20%w 1 oxoy

T.3 2 2
; 0owW /o ow/ o
5W{ v } 0 { X}_(swt 0w

oowlay| 127 a2 |owl oy ot

T S ou/ ox
oow/ox) " | Nyx  Nyy | [ow/o
W

oy xy Uy %y N ou /oy +ov [ ox

Xy

.

25w 1 ox2 1

5w§2p'—{ Wiox } f—EI zAde{l}
-V

020w/ oy?
Solid:

osulox)’  (oulox) (osuldy+osviox)'  (ouldy+oviox
switt = _Josvioy s [E]oviays—lasvioz+oswlioys Glovioz+owldy

oow/ oz ow/ oz 0O6W/ OX+0ou/ oz oW/ ox+ou/ oz

T T

ou ! fx SE Exx 5EXY EXy
Swe =1 0v {fy b, owat =—{SE, t [CIKE, t—{5E,, t 4G{E,,

5W fZ 5EZZ EZZ 5EZX EZX

T T

odulox)’ 1 o691ox)" [a910x
swP' =1 asv 1oy : ‘;‘ AGILL, spit=—_la59/ey! k{oglayt, sp&t =o59s

o5w/ éz ol os9léz|  |o9laz

APPROXIMATIONS (some) u=NTa, & =%

Ny [1-3&+2&2 Uyg
Quadratic: N=yN, =9 4£(1-¢&) , a=quy, o (bar)
N3 §(2¢6-1) Ux3



Ng|  [L-97(A+28) ol [ U
N h(1— &)2 u —0
Cubic: N—{ Nl [ NEZe)e , a=1-Ll(=)Y L peam xz-plane bending)
N2o (3-2)&2 Uo [ | Uz
Ny he2(£-1) Upy 6,
1 1 1 1711
L 1T 1 1 17
X Xo Xa X
Linear: N:{ } {},N: X Xp X3 xU N=|t "2 78 T4 X
X X X Yi Y2 Y3 Vs y
Y1 Y2 Y3 y
Ly I I3 4 z
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VIRTUAL WORK EXPRESSIONS & E:j—za
t

ouxy T Fx 00y 1 T M x

Rigid body/point force: SW®' = suy, + 1 B ++{ 66+ 1 My
Suz1) |Ez) 90z1) Mz

é\Nme:— 5Uy1 m Uyl — 59)/1 Jyyéyl

T . T .
ou x1 ] Ux1 50x1 J xxgxl
5”21 l""zl 5921 Jzzézl

T T
Bar: owint—_ Suyg [ EAl 1 —11juy SWE _ Suyy | fih ]l
5UX2 hl-1 1 Uyo , 5UX2 2 |1
T } T
swine _[0Ux ] pAn[2 Lifla ] oo [la ] aBA[-1 ~11[A4
Sux) 6 [1 2]ty Suo| 2 |1 1]lag
- sq) kAl 1 -1](4 591" sh 1
5Pmt = — - , 5PeXt — S_
0% h|-1 1]||% 5% 21

-
gxgux1+gy5uy1+gz§uzl p°A°h° {1}
gxSUyp +gySUys +0,6Uz5 2 1

swint —_shcactp )2 gy swext -
he " 25he

2 2 2 2
h® = (h°+Uyp —Uy)" +(Uyp —Uy)" + Uz —Up)

T T
Torsion: swit =190l GI| 1 10| ovea [00a| meh ]l
59)(2 hi-1 1 9)(2 ’ 5HX2 2 1
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Bending (xz):

T

é:xl

9x2

|

Suy 12 —6h
swint—_ )% Ely | -6h 4n®
5U22 h3 -12 6h
56y, | -6h 2h?
Suy )" (36 -3h
swine 56y (plyy —3h  4h?
Su,,| " 30h |-36 3h
60y |—3h -h?
suy)' [36 -3h
S — Sy | N |[-3h 4n?
Su,, [ 30h|-36 3h
66y | -3h —h?
Bending (xy):
suy)t [12 6h
2
swit ) | Elg| 6h 4
5Uy2 h3 -12 -6h
50,5 | 6h  2h?
Suyy )" (36 3h
2
é\Nine:— 5921 (pIZZ 3h 4h
Suyp[ " 30h |-36 -3h
56, I
suyy )" 36 3h
2
swote__ 0| N |3
Suyy [ 30|36 -3h
50, | 3h  -h?

CONSTRAINTS
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6h |
2h?
—6h
4h?

_h?
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Uz OUzq 6
Oy ext |9%1| f,h]-h
u,o ’ 5U22 12
Oy 56y
(156 -22h 54 13h ] (iy,
L pAh| —22h 4n® -13n 30’ Oy
420| 54 -13h 156 22h | ],
| | 13h  -3h? 22h  4h? | |Oy2
Uz
9y1 Uy2 Uy
where N = EA(2=—25)
u,o h
Oy
.
Uy Suyy 6
) ,é\NeXt_ 50, M h
Uy2 5Uy2 12 6
0,2 06,7 ~h
156 22h 54 -13n| (i,
, pAn| 22h 4h?  13h —3h2) by
420| 54 13h 156 -22h | iy,
| -13h —3h? —22h 4h? | |6y
Uyl
12 _
2L \where N = EA(X2 Uy
Uy2 h
922



Frictionless contact: fi-ly =0
Joint: Ug =Up

Rigid body (link): g =Ua +0a x Sag » 05 = O -

MATHEMATICS

Polar representation: el =cosa +isina, sinia=isinha, cosia=coshe, i%=-1
Eigenvalue decomposition: A = X)X!

Matrix function: If A=XaX1, then f(A)=Xf()X !

8R(a))

Newton’s method: If a=a—( 1R(a)sG(a), then R(a)=0

n .
Taylor series:  f(x+a)=> _i(ai)'f(x)+Lf("+1>@)a”+1 X e[x x+a]
- 1 dx (n+1)!

TIME INTEGRATION (free vibrations)

(i+1) B -1 (i)
Crank-Nicholson: % = : /2 : 1/21] a9 , a = M 1KAt2
alAt al/2 | —a/2 | alAt

(i+1) B -1 (i)
Disc. Galerkin: % = ¢ |-a/2 0 1 % , o= M1KALt2
alAt —l-a/2 al/3 -1 - alAt



