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EEN-E2001 Computationa-l Fluid Dynamics
Lecture 2: Gauss’ Theorem and Finite

Volume Method

Prof. Ville Vuorinen, M.Eng. llya Morev
January 23" 2023
Aalto University, School of Engineering

Lecture 1: Linear PDEs and Lecture 2: Gauss’ theorem Lecture 3: Navier-Stokes equation
finite difference method and finite volume method  and pressure
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Lecture 4: OpenFOAM Lecture 5: Simulating fluid physicaﬁw Lecture 6: Simulating fluid physical
code and structure phenomena: part A phenomena: part B
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Intended learning objectives of the full lecture

After the lecture the student:

- Can explain connection between Gauss’ theorem and the
finite volume method (fvm)

- Can write down & derive the fvm discretized 1d convection-
diffusion problem (relevance: HW2)




In fact, Gauss (left) and Newton (right) developed much of the
mathematics and physics tools & thinking that we use
nowadays in our CFD simulations



https://en.wikipedia.org/wiki/Carl_Friedrich_Gauss
https://en.wikipedia.org/wiki/File:Carl_Friedrich_Gauss_1840_by_Jensen.jpg
https://en.wikipedia.org/wiki/File:Portrait_of_Sir_Isaac_Newton,_1689.jpg
https://en.wikipedia.org/wiki/Isaac_Newton

CFD simulation and PDE solution includes at least
the following aspects covered on the course

1) Physics identification.

2) Mathematical equations and physics interpretation.
Boundary/initial conditions.

3) Objectives, feasibility, and time-constraints.

4) Numerical method and modeling assumptions.
5) Geometry and mesh generation.

6) Computing i.e. running simulation.

/) Visualization and post-processing.

8) Validation and verification, reference data. Reporting,
analysis and discussion of the results. Are the results sane?




RenderViewl OB |O

(018

Imulat

ty field

CFD s

ICS

| and steady state veloc

1a

&

{max is 6)

Aerodynam
ke tutor

3 -
es

te volume method (OpenFOAM)

Time: | 10.
e With Edg

IN

|
The Motorb

£

Visual example
using the f

motorBike.OpenFOAM

|j| builtin:

n

Informatic

= Display (UnstructuredGris

Surface With Edc

ntation

el

Repres.

'
)

Coloring

)

)

A

)
)
y

$

y
i

Magnitude

}

i

uw
(2]

)

)
4
i

)

i

$

SPNYUSDIAI N

o n o
S = —

)
WY

IheAee

o
LU0
(i

WO

Y

O

)

ular

Opacity
Lighting
Spec

it

Edge Styling

ector

Time Insp

Grid

es (

Data Ax

Of Labels

= View (Render View)


https://www.youtube.com/watch?v=1C4Av_yCfpw&list=RDCMUCDuQsPzfqxcYKVp_uuKCzqw&start_radio=1&rv=1C4Av_yCfpw&t=6

Visual research examples: recent high-performance computing
applications using finite volume method (OpenFOAM) in my team

https://www.sciencedirect.com/science/article/abs/pii/S00298018210171947?via%3Dihub

Ship hydrodynamics simulation by: P.Kanninen & P.Peltonen

A

Indoor airflow simulation by: V.Vuorinen. Visualization: M.Gadalla

Velocity

-

ui=1i(x,y,z,t)

Concentration

c=c(x,y,z,t)

Convection-Diffusion egn

oc = - 2
a+u~Vc-aV C

Navier-Stokes (Newton’s 2™ law)

a—u+iI-Vﬁ=—Vp+ vV?i

ot



https://www.sciencedirect.com/science/article/abs/pii/S0029801821017194?via%3Dihub
https://www.sciencedirect.com/science/article/abs/pii/S0029801821017194?via%3Dihub

“Computational cost” depends on numerous aspects:
Type of software, computing infrastructure, how long can you wait, method,
resolution, how long we need to simulate physical time, steady vs transient, physics
(e.g. refinement need at boundary layers/wakes), what is the intention of the
simulation (e.g. visualization of known physics, quick design insight, exact matching
of an experiment with publication quality) etc

Case Resolution Computational Method Comment
cost

Motorbike Very coarse ~1 min Steady state A basic tutorial.
~0.1M cells (Laptop CPU) RANS - method Intention: demo

Airflow in a Medium ~2 days Transient LES  Published in a
room ~30M cells (GPU) method journal.

Ship hydro Medium ~10 days Transient LES  Published in a
~60M cells (Supercomputer)  method journal.




1d convection-diffusion of a Gaussian
Example: medicine injection into a blood vessel (very fast and small quantity)
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https://commons.wikimedia.org/wiki/File:Vasodilation.jpg
https://commons.wikimedia.org/wiki/File:201306_needle_syringe.png

1d convection-diffusion equation

1) Physics
iIdentification.

u=const

2) Mathematical
equations and
physics
interpretation.

3) Objectives,

Find the concentration

feasibility, and field after 1, 5, and 10s
time-constraints.

4) Numerical
method and Finite-difference method (Lecture 1)
modeling

. Finite-volume method (Lecture 2)
assumptions.



Finite-difference method (Lecture 1)

n - time coordinate

C

I - space coordinate

T u=const
— = X

Finite-difference method: discretize space with points and solve for
values of field in these points




Gauss’ (Ostrogradsky’s) theorem

General formulation

a - vector field
V - control volume

S - control surface

Using general flux m

- velocity field
- scalar field (density, concentration,...)

Meaning: change of transported scalar quantity in any volume equals sum of

fluxes through boundaries
Thus, we can transform any volume integral of a divergence of a vector field

to a surface integral




Divide domain into control volumes (cells)

| e ~

b o,
‘v‘\
S

y

e

iRt Qﬁ@%

N
R ;i“

We are now solving
for an average
concentration in

each cell

hd N ~
Rate of change Change due to Change due to
of cin a cell convection diffusion
aC Cave Dave

a t cell



1d convection of a Gaussian

Goal:

Usecell P

calculate field ¢ after At with volume V/,

u=const>0, t,=t,+At, 5cells

0 A X

fi 1

Initial condition: average concentration values for each cell is given (based on

Gaussian)

Boundary condition: periodic (last and first cells are connected)

Grid: uniform and has 5 cells

Velocity: constant positive

How can we calculate change of the concentration field after some small time
step At?

Time-marching

1. Equations are integrated over some time step.
2. New values of fields (u, p, T...) are obtained
and then used as initial values for next iteration.

At

=0 L=t



1d convection of a Gaussian
Goal: calculate field ¢ after At

u=const>0, t,=t,+At, 5cells

Usecell P
with volume V ,,

: fv aact _—%fvv-ucdv+%J'VV-(aVc)dV

U Cp, U G,

‘n = =U
ot A X A x

Cr, ™ S

1

Finite number Constant
of faces e

Gauss’ theorem Py 1d uniform velocity

mesh
Use average

fluxes

Diffusion

(0clox),—(0clox),
A X

v aV-(Vc)dv = O‘f (V) ndAP:iZf(ch)-ﬁfAf —a

VP



1d convection of a Gaussian
Goal: calculate field ¢ after At

u=const>0, t,=t,+At, 5cells

We started with:

After volume averaging and
Gauss theorem

2
A X
Y e —~—
Rate of change Change due to Change due to
of cin a cell convection diffusion
Ca"e Dave

How do we calculate face values of and ?



1d convection of a Gaussian
Goal: calculate field ¢ after At

u=const>0, t,=t,+At, 5cells

0 A Xx
fe f
How do we calculate face values of [fg and G
Linear Upwind Flux limiting

1 UW

. :[Cpifu<0

cy if u>0

Blended
- ratio of successive

gradients

Note: face interpolation is one of the most essential parts to pay attention on in CFD!
We will study the effect of different interpolation tecniques in Assignment 1.




1d convection of a Gaussian
Goal: calculate field ¢ after At

u=const>0, t,=t,+At, 5cells

We started with:

Rate of change Change due to Change due to
of cin a cell convection diffusion

Cave D

ave



1d convection of a Gaussian
Goal: calculate field ¢ after At

u=const>0, t,=t,+At, 5cells

Use data from the previous time step (n)
Explicit time stepping:

We know everything in the
equation and can solve for

However, this method can be quite unstable and thus requires
small time steps

Note: this is the formula we obtained for finite-difference: For 1d uniform grid case

FVM and FDM give the
same result.




1d convection of a Gaussian
Goal: calculate field ¢ after At

u=const>0, t,=t,+At, 5cells

Use data from the next time step (n+1)
Implicit time stepping:

Construct system for
all 5 cells

This method is more stable, but requires iterative linear solvers. It

IS used by OpenFOAM




Finite volume method in a nutshell

In CFD, we would like to find a Ap=At(-C+D) to update solution as ¢ _,, = ¢_+ Ao.

— Need to numerically calculate divergence terms i.e. convection C=C(x,y,z.t) &
diffusion D=D(x.,y,z,t) (t=nAt).

C=V-(ug)

enables converting volume integrals into surface integrals (B.Sc. math)

dA = differential area element on the outer surface A of volume V
n = the surface outer normal vector

divergence terms C and D can be converted into
surface integrals which can be numerically computed via summations.

u, ¢.= cell face interpolants
n = cell face normal vector

1 1 1
Cae=v7 Vo (uo)aV=y; [ (ud) ndA~s; S (up o)) ngdA,

1 1 1
Dave:VJ"VO{'V'V q)dV:VfAvq)'ndANVZfacesv q)f.nfdAf




Numerical stability: Courant number (Co) and Courant-
Friedrichs-Lewy (CFL) number should be below one.

Co is relevant to the stability of the convection term (e.g. velocity is not
allowed to transport over distances larger than grid spacing during timestep)

Co= Atu<1

A X

CFL is relevant to the stability of the diffusion term (e.g. concentration is not
allowed to diffuse over distances larger than grid spacing during timestep)

CFL=2t% 1

A x°



Recap discussions: Gauss’ theorem, conservation of mass and a room with
cross-draught. Flow enters 1m/s from the left windows and exits from right.

Window area = constant.

https://www.youtube.com/watch?v=Pf7hgOkjd_w


https://www.youtube.com/watch?v=Pf7hgOkjd_w

Basic fluid dynamics (M.Sc.): Velocity field of incompressible fluids,
such as low speed air and water, satisfies the mass conservation equation:

V- u=0

a-'r

QO: Gauss'’ theorem for div(u)=0 for V___

Q1: What is outer normal n at the 4 walls?
Q2: What is u on the 4 walls?
Q3: What are n & u at the windows?

Q4: What can we say about U A ?
(w=window, U = mean velocity at window, A =area)
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