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5. The Root Locus Method 
& 

PID Controllers
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In the previous lecture…

You:

• Understood the concept of stability of dynamic systems 


• Got introduced to the Routh-Hurwitz method as a tool for assessing system 
stability.
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Learning outcomes

By the end of this lecture, you should be able to:

• Understand the concept of the root locus and its role in control system design


• Know how to obtain a root locus plot by sketching or using MATLAB


• Be familiar with the PID controller as a key element of many feedback systems
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The closed-loop characteristic equation
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5.2 Closed-Loop Control (Feedback Control)

For Example:
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+
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Output
disturbance

+
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Figure 5.1

5.2.1 Derivation of the closed-loop transfer functions:

ȳ(s) = d̄o(s)+G(s)
[
d̄i(s)+K(s)ē(s)

]

ē(s) = r̄ (s)− ȳ(s)

=⇒ ȳ(s) = d̄o(s)+G(s)
[
d̄i(s)+K(s)

(
r̄ (s)− ȳ(s)

)]

=⇒
(
1+G(s)K(s)

)
ȳ(s) = d̄o(s)+G(s)d̄i(s)+G(s)K(s)r̄ (s)

=⇒ ȳ(s) =
1

1+G(s)K(s)
d̄o(s)+

G(s)

1+G(s)K(s)
d̄i(s)

+
G(s)K(s)

1+G(s)K(s)
r̄ (s)
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• The dynamic performance of a closed-loop control system is described by the 
closed-loop transfer function

ȳ(s) =
1

1 +K(s)G(s)
d̄o(s) +

G(s)

1 +K(s)G(s)
d̄i(s) +

K(s)G(s)

1 +K(s)G(s)
r̄(s)

<latexit sha1_base64="JFCz+eolX4xWuSALNqxSHMMh6dI="></latexit>

• Note: All the closed-loop transfer functions have the same denominator.
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1 +K(s)G(s) = 0

<latexit sha1_base64="qJV0h/VuKs3GcHNhU/IUI9W8TLo=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahIpREAoogFDwoeKlgP6ANZbPdtEs3m7i7KZTQ3+HFgyJe/THe/Ddu2xy09cHA470ZZub5MWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrDm6nfHFGpWCQe9TimXoj7ggWMYG0kDzln92V1emvq2u4WS3bFngEtEycjJchQ6xa/Or2IJCEVmnCsVNuxY+2lWGpGOJ0UOomiMSZD3KdtQwUOqfLS2dETdGKUHgoiaUpoNFN/T6Q4VGoc+qYzxHqgFr2p+J/XTnRw6aVMxImmgswXBQlHOkLTBFCPSUo0HxuCiWTmVkQGWGKiTU4FE4Kz+PIyaZxXHLfiPril6lUWRx6O4BjK4MAFVOEOalAHAk/wDK/wZo2sF+vd+pi35qxs5hD+wPr8AY2Dj/4=</latexit>

• The closed loop poles are the roots of the closed-loop characteristic equation

• The performance of a feedback system


‣ Closed-loop stability of the system


‣ Characteristics of the closed-loop system’s transient response  
(e.g., speed of response, presence of any resonances etc)


can be described in terms of the location of the roots of the characteristic 
equation in the s-plane.

• The poles lie in the s-plane, and given s is a complex is a complex variable, the 
characteristic equation may be rewritten in polar form as

|K(s)G(s)|\
�
K(s)G(s)

�
= �1 + j0

<latexit sha1_base64="J11rx8gNgsMO+ixAdml5ev/jNuA=">AAACGHicbVDLSgMxFM34rPU16tJNsAgtYp2RgiIIBRcKbirYB3RKyaTpNDaTGZKMUKb9DDf+ihsXirjtzr8x046grQcunJxzLzf3uCGjUlnWl7GwuLS8sppZy65vbG5tmzu7NRlEApMqDlggGi6ShFFOqooqRhqhIMh3Gam7/avErz8SIWnA79UgJC0feZx2KUZKS23zZHibl4VrXUPoIO4xEjsu9fI/avIojOAlPLbhEXyw2mbOKloTwHlipyQHUlTa5tjpBDjyCVeYISmbthWqVoyEopiRUdaJJAkR7iOPNDXlyCeyFU8OG8FDrXRgNxC6uIIT9fdEjHwpB76rO32kenLWS8T/vGakuuetmPIwUoTj6aJuxKAKYJIS7FBBsGIDTRAWVP8V4h4SCCudZVaHYM+ePE9qp0W7VCzdlXLlizSODNgHByAPbHAGyuAGVEAVYPAEXsAbeDeejVfjw/icti4Y6cwe+ANj/A3U3Zx0</latexit>

and therefore it is necessary that

\
�
K(s)G(s)

�
= 1800 + k360o

<latexit sha1_base64="QEQmEde6cgAA6Dvx+5DPKUjTmV4=">AAACFXicbVDLSgMxFM3UV62vqks3wSK0KGVGixZBKLhQcFPBPqCdlkyamYZmkiHJCGXoT7jxV9y4UMSt4M6/MX0stHrgwsk593JzjxcxqrRtf1mphcWl5ZX0amZtfWNzK7u9U1cilpjUsGBCNj2kCKOc1DTVjDQjSVDoMdLwBpdjv3FPpKKC3+lhRNwQBZz6FCNtpG72CLYRDxhJ2h4N8jd5VbgyNX4URvACOmW7Y8NDODg5tTuim83ZRXsC+Jc4M5IDM1S72c92T+A4JFxjhpRqOXak3QRJTTEjo0w7ViRCeIAC0jKUo5AoN5lcNYIHRulBX0hTXMOJ+nMiQaFSw9AznSHSfTXvjcX/vFas/bKbUB7FmnA8XeTHDGoBxxHBHpUEazY0BGFJzV8h7iOJsDZBZkwIzvzJf0n9uOiUiqXbUq5yPosjDfbAPsgDB5yBCrgGVVADGDyAJ/ACXq1H69l6s96nrSlrNrMLfsH6+AaYYptE</latexit>

|K(s)G(s)| = 1

<latexit sha1_base64="PwuT59vv96EZRJ6fBDh92yZs4vw=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9mVgiIIBQ8KXirYD2iXkk2zbWg2G5KsULb9G148KOLVP+PNf2Pa7kFbHww83pthZl4gOdPGdb+dldW19Y3N3FZ+e2d3b79wcNjQcaIIrZOYx6oVYE05E7RumOG0JRXFUcBpMxjeTP3mE1WaxeLRjCT1I9wXLGQEGyt1xvclfXZra3ztdQtFt+zOgJaJl5EiZKh1C1+dXkySiApDONa67bnS+ClWhhFOJ/lOoqnEZIj7tG2pwBHVfjq7eYJOrdJDYaxsCYNm6u+JFEdaj6LAdkbYDPSiNxX/89qJCS/9lAmZGCrIfFGYcGRiNA0A9ZiixPCRJZgoZm9FZIAVJsbGlLcheIsvL5PGedmrlCsPlWL1KosjB8dwAiXw4AKqcAc1qAMBCc/wCm9O4rw4787HvHXFyWaO4A+czx8pKZBx</latexit>

and



The root locus plot

• Root locus plot: a graph showing how the roots of the characteristic equation 
move around the s-plane as a single parameter varies


‣ a powerful tool for designing and analyzing feedback control systems


‣ frequently necessary to adjust one or more system parameters in order to obtain 
suitable root locations → determine how the roots of the characteristic equation 
of a given system migrate about the s-plane as the parameters are varied


‣ provides the engineer with a measure of the sensitivity of the roots of the system 
to a variation in the parameter being considered


• The root locus plot may be used in conjunction with the Routh-Hurwitz 
criterion

6



The root locus concept - Proportional control
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• In this case, 
5.5.2 Proportional Control

K(s) = kp

G(s)kpΣ
+r̄ ē ū ȳ

−

Typical result of increasing the gain kp, (for control systems where

G(s) is itself stable):

Increased accuracy of control. “good”

Increased control action.

Reduced damping.

Possible loss of closed-loop stability for large kp.

} “bad”

Example:

G(s) =
1

(s + 1)2

(A critically damped 2nd order system)

ȳ(s) =
kpG(s)

1+ kpG(s)
r̄ (s) =

kp
1

(s + 1)2

1+ kp
1

(s + 1)2

r̄ (s)

=
kp

s2 + 2s + 1+ kp
r̄(s)

So, ω2
n = 1+ kp, 2ζωn = 2

=⇒ ωn =
√

1+ kp, ζ =
1√

1+ kp

Closed-loop poles at s = −1± j
√
kp

XX

movement of
closed-loop poles
for increasing kp

”root locus diagram”

14

K(s) = kp

<latexit sha1_base64="3u1waB0ZlPTG9mZjzLAFY9QP2+Q=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJexKQBGEgBfBSwTzgGQJs5PeZMjs7DozK4SQn/DiQRGv/o43/8ZJsgdNLGgoqrrp7goSwbVx3W9nZXVtfWMzt5Xf3tnd2y8cHDZ0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyZ+s0nVJrH8sGMEvQj2pc85IwaK7XuSvrsethNuoWiW3ZnIMvEy0gRMtS6ha9OL2ZphNIwQbVue25i/DFVhjOBk3wn1ZhQNqR9bFsqaYTaH8/unZBTq/RIGCtb0pCZ+ntiTCOtR1FgOyNqBnrRm4r/ee3UhJf+mMskNSjZfFGYCmJiMn2e9LhCZsTIEsoUt7cSNqCKMmMjytsQvMWXl0njvOxVypX7SrF6lcWRg2M4gRJ4cAFVuIUa1IGBgGd4hTfn0Xlx3p2PeeuKk80cwR84nz8NzI9P</latexit>

• Typical result of increasing the gain , (for systems where  is stable):


✓ Increased accuracy of control


- Increased control action


- Reduced damping (→ more oscillations)


- Possible loss of closed-loop stability for large gain 

kp G(s)

kp
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Example 1:
• Consider the following critically damped 2nd-order system 

G(s) =
1

(s+ 1)2

<latexit sha1_base64="saYTfZrJV6YkWd1do9cIw/EuC6k=">AAAB/3icbVBNS8NAEJ34WetXVPDiJViEFqEkpaAIQsGDHivYD2hj2Ww37dLNJuxuhBJz8K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5XsSoVLb9bSwtr6yurec28ptb2zu75t5+U4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6Gritx6IkDTkd2ocETdAA059ipHSUs88vC7K0mXXFwgnTpoU5alTuq+kPbNgl+0prEXiZKQAGeo986vbD3EcEK4wQ1J2HDtSboKEopiRNN+NJYkQHqEB6WjKUUCkm0zvT60TrfQtPxS6uLKm6u+JBAVSjgNPdwZIDeW8NxH/8zqx8s/dhPIoVoTj2SI/ZpYKrUkYVp8KghUba4KwoPpWCw+RzkLpyPI6BGf+5UXSrJSdarl6Wy3ULrI4cnAEx1AEB86gBjdQhwZgeIRneIU348l4Md6Nj1nrkpHNHMAfGJ8/seOUlw==</latexit>

ȳ(s) =
kpG(s)

1 + kpG(s)
r̄(s) =

kp
1

(s+1)2

1 + kp
1

(s+1)2
r̄(s)

=
kp

s2 + 2s+ 1 + kp
r̄(s)

<latexit sha1_base64="BN7w8kUuDrnsgT7RXobWfEd7WI4="></latexit>

Then

The characteristic equation representing this system is

�(s) = s2 + 2s+ 1 + kp = s2 + 2⇣!ns+ !2
n = 0

<latexit sha1_base64="pS/RopYjDozpGfw9HPvBX4Of/LY="></latexit>

The closed-loop poles are s = − 1 ± j kp

“root locus plot”

xx
�1

<latexit sha1_base64="gE0qnbNwg4XpNbIEkvrt1ABx5ko=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRguKp4MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPVx4/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mlU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2dtkwBUyIyaWUKa4vZWwEVWUGRtOyYbgLb+8SlqXVa9Wrd3XKvWbPI4inMApnIMHV1CHO2hAExiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHjwIzr</latexit>

Movement of closed-loop 
poles as  increaseskp
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• The damping factor and natural frequency can be computed by 
(
⇣!n = 1

!2
n = 1 + kp

)
(
!n =

p
1 + kp

⇣ = 1p
1+kp

<latexit sha1_base64="p3XE/uTXjO0ip/kZ0Y0oH8GSAsU="></latexit>

Reminder:

27

Prepared by Ben M. Chen

2.6. Behavior of continuous 2nd order systems with unit step input

Consider the following block diagram with a standard 2nd order system,

The behavior of the system is as follows:

22

2

2
)(

nn

n

ss
sH

ωζω
ω

++
=

R (s) = 1/s Y (s)

r = 1

The behavior of the system is 

fully characterized by ζ , 

which is called the damping 

ratio, and ωn , which is called 

the natural frequency.

H(s) =
!
2
n

s2 + 2⇣!ns+ !2
n

<latexit sha1_base64="Hxm3c0WEuRO4gV2mw7eJvvUMSmw=">AAACI3icbVDLSsNAFJ34rPVVdelmsAiKIEkQlIJQcNNlBfuAJobJ9KYOTiZhZiLU0H9x46+4caEUNy78F6cPoVoPDBzOOZc794QpZ0rb9qe1sLi0vLJaWCuub2xubZd2dpsqySSFBk14ItshUcCZgIZmmkM7lUDikEMrvL8a+a0HkIol4kb3U/Bj0hMsYpRoIwWlSu1IHeNL7EWS0NxLYuiRQNy6g1zduieu9wia/KhYneCZRFAq26f2GHieOFNSRlPUg9LQ6yY0i0FoyolSHcdOtZ8TqRnlMCh6mYKU0HvSg46hgsSg/Hx84wAfGqWLo0SaJzQeq7MTOYmV6sehScZE36m/3kj8z+tkOrrwcybSTIOgk0VRxrFO8Kgw3GUSqOZ9QwiVzPwV0zti2tKm1qIpwfl78jxpuqeO4ddn5WplWkcB7aMDdIQcdI6qqIbqqIEoekIv6A29W8/WqzW0PibRBWs6s4d+wfr6Biimo1w=</latexit><latexit sha1_base64="Hxm3c0WEuRO4gV2mw7eJvvUMSmw=">AAACI3icbVDLSsNAFJ34rPVVdelmsAiKIEkQlIJQcNNlBfuAJobJ9KYOTiZhZiLU0H9x46+4caEUNy78F6cPoVoPDBzOOZc794QpZ0rb9qe1sLi0vLJaWCuub2xubZd2dpsqySSFBk14ItshUcCZgIZmmkM7lUDikEMrvL8a+a0HkIol4kb3U/Bj0hMsYpRoIwWlSu1IHeNL7EWS0NxLYuiRQNy6g1zduieu9wia/KhYneCZRFAq26f2GHieOFNSRlPUg9LQ6yY0i0FoyolSHcdOtZ8TqRnlMCh6mYKU0HvSg46hgsSg/Hx84wAfGqWLo0SaJzQeq7MTOYmV6sehScZE36m/3kj8z+tkOrrwcybSTIOgk0VRxrFO8Kgw3GUSqOZ9QwiVzPwV0zti2tKm1qIpwfl78jxpuqeO4ddn5WplWkcB7aMDdIQcdI6qqIbqqIEoekIv6A29W8/WqzW0PibRBWs6s4d+wfr6Biimo1w=</latexit><latexit sha1_base64="Hxm3c0WEuRO4gV2mw7eJvvUMSmw=">AAACI3icbVDLSsNAFJ34rPVVdelmsAiKIEkQlIJQcNNlBfuAJobJ9KYOTiZhZiLU0H9x46+4caEUNy78F6cPoVoPDBzOOZc794QpZ0rb9qe1sLi0vLJaWCuub2xubZd2dpsqySSFBk14ItshUcCZgIZmmkM7lUDikEMrvL8a+a0HkIol4kb3U/Bj0hMsYpRoIwWlSu1IHeNL7EWS0NxLYuiRQNy6g1zduieu9wia/KhYneCZRFAq26f2GHieOFNSRlPUg9LQ6yY0i0FoyolSHcdOtZ8TqRnlMCh6mYKU0HvSg46hgsSg/Hx84wAfGqWLo0SaJzQeq7MTOYmV6sehScZE36m/3kj8z+tkOrrwcybSTIOgk0VRxrFO8Kgw3GUSqOZ9QwiVzPwV0zti2tKm1qIpwfl78jxpuqeO4ddn5WplWkcB7aMDdIQcdI6qqIbqqIEoekIv6A29W8/WqzW0PibRBWs6s4d+wfr6Biimo1w=</latexit><latexit sha1_base64="Hxm3c0WEuRO4gV2mw7eJvvUMSmw=">AAACI3icbVDLSsNAFJ34rPVVdelmsAiKIEkQlIJQcNNlBfuAJobJ9KYOTiZhZiLU0H9x46+4caEUNy78F6cPoVoPDBzOOZc794QpZ0rb9qe1sLi0vLJaWCuub2xubZd2dpsqySSFBk14ItshUcCZgIZmmkM7lUDikEMrvL8a+a0HkIol4kb3U/Bj0hMsYpRoIwWlSu1IHeNL7EWS0NxLYuiRQNy6g1zduieu9wia/KhYneCZRFAq26f2GHieOFNSRlPUg9LQ6yY0i0FoyolSHcdOtZ8TqRnlMCh6mYKU0HvSg46hgsSg/Hx84wAfGqWLo0SaJzQeq7MTOYmV6sehScZE36m/3kj8z+tkOrrwcybSTIOgk0VRxrFO8Kgw3GUSqOZ9QwiVzPwV0zti2tKm1qIpwfl78jxpuqeO4ddn5WplWkcB7aMDdIQcdI6qqIbqqIEoekIv6A29W8/WqzW0PibRBWs6s4d+wfr6Biimo1w=</latexit>

R(s) =
1

s
<latexit sha1_base64="ef1k4MP7EHW0j16VeX8IiMS9uY0=">AAAB+XicdVDLSgNBEOyNrxhfqx69DAYhXsJujHERhIAXj1HMA5IQZiezyZDZBzOzgbDsn3jxoIhX/8Sbf+MkWUFFCxqKqm66u9yIM6ks68PIrayurW/kNwtb2zu7e+b+QUuGsSC0SUIeio6LJeUsoE3FFKedSFDsu5y23cn13G9PqZAsDO7VLKJ9H48C5jGClZYGpnlXkqdXPU9gkthpItOBWbTK1gLIKp9VqlXH0aRWc5zaObIzqwgZGgPzvTcMSezTQBGOpezaVqT6CRaKEU7TQi+WNMJkgke0q2mAfSr7yeLyFJ1oZYi8UOgKFFqo3ycS7Es5813d6WM1lr+9ufiX142V5/QTFkSxogFZLvJijlSI5jGgIROUKD7TBBPB9K2IjLFOQemwCjqEr0/R/6RVKdua31aL9cssjjwcwTGUwIYLqMMNNKAJBKbwAE/wbCTGo/FivC5bc0Y2cwg/YLx9Aj6/k2Y=</latexit><latexit sha1_base64="ef1k4MP7EHW0j16VeX8IiMS9uY0=">AAAB+XicdVDLSgNBEOyNrxhfqx69DAYhXsJujHERhIAXj1HMA5IQZiezyZDZBzOzgbDsn3jxoIhX/8Sbf+MkWUFFCxqKqm66u9yIM6ks68PIrayurW/kNwtb2zu7e+b+QUuGsSC0SUIeio6LJeUsoE3FFKedSFDsu5y23cn13G9PqZAsDO7VLKJ9H48C5jGClZYGpnlXkqdXPU9gkthpItOBWbTK1gLIKp9VqlXH0aRWc5zaObIzqwgZGgPzvTcMSezTQBGOpezaVqT6CRaKEU7TQi+WNMJkgke0q2mAfSr7yeLyFJ1oZYi8UOgKFFqo3ycS7Es5813d6WM1lr+9ufiX142V5/QTFkSxogFZLvJijlSI5jGgIROUKD7TBBPB9K2IjLFOQemwCjqEr0/R/6RVKdua31aL9cssjjwcwTGUwIYLqMMNNKAJBKbwAE/wbCTGo/FivC5bc0Y2cwg/YLx9Aj6/k2Y=</latexit><latexit sha1_base64="ef1k4MP7EHW0j16VeX8IiMS9uY0=">AAAB+XicdVDLSgNBEOyNrxhfqx69DAYhXsJujHERhIAXj1HMA5IQZiezyZDZBzOzgbDsn3jxoIhX/8Sbf+MkWUFFCxqKqm66u9yIM6ks68PIrayurW/kNwtb2zu7e+b+QUuGsSC0SUIeio6LJeUsoE3FFKedSFDsu5y23cn13G9PqZAsDO7VLKJ9H48C5jGClZYGpnlXkqdXPU9gkthpItOBWbTK1gLIKp9VqlXH0aRWc5zaObIzqwgZGgPzvTcMSezTQBGOpezaVqT6CRaKEU7TQi+WNMJkgke0q2mAfSr7yeLyFJ1oZYi8UOgKFFqo3ycS7Es5813d6WM1lr+9ufiX142V5/QTFkSxogFZLvJijlSI5jGgIROUKD7TBBPB9K2IjLFOQemwCjqEr0/R/6RVKdua31aL9cssjjwcwTGUwIYLqMMNNKAJBKbwAE/wbCTGo/FivC5bc0Y2cwg/YLx9Aj6/k2Y=</latexit><latexit sha1_base64="ef1k4MP7EHW0j16VeX8IiMS9uY0=">AAAB+XicdVDLSgNBEOyNrxhfqx69DAYhXsJujHERhIAXj1HMA5IQZiezyZDZBzOzgbDsn3jxoIhX/8Sbf+MkWUFFCxqKqm66u9yIM6ks68PIrayurW/kNwtb2zu7e+b+QUuGsSC0SUIeio6LJeUsoE3FFKedSFDsu5y23cn13G9PqZAsDO7VLKJ9H48C5jGClZYGpnlXkqdXPU9gkthpItOBWbTK1gLIKp9VqlXH0aRWc5zaObIzqwgZGgPzvTcMSezTQBGOpezaVqT6CRaKEU7TQi+WNMJkgke0q2mAfSr7yeLyFJ1oZYi8UOgKFFqo3ycS7Es5813d6WM1lr+9ufiX142V5/QTFkSxogFZLvJijlSI5jGgIROUKD7TBBPB9K2IjLFOQemwCjqEr0/R/6RVKdua31aL9cssjjwcwTGUwIYLqMMNNKAJBKbwAE/wbCTGo/FivC5bc0Y2cwg/YLx9Aj6/k2Y=</latexit>

Y (s)
<latexit sha1_base64="DFI1wxtp8KaTZ2f4hJuymIY53fE=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkpSaw2eCl48VrAf0oay2W7apbtJ2N0IpfQvePGgiFf/kDf/jZs2goo+GHi8N8PMPD/mTGnb/rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinIW0pZmmtNuLCkWPqcdf3KV+p17KhWLwls9jakn8ChkASNYp9JdWZ0OiiW7Yi+A7MpZtVZzXUPqddetnyMns0qQoTkovveHEUkEDTXhWKmeY8fam2GpGeF0XugnisaYTPCI9gwNsaDKmy1unaMTowxREElToUYL9fvEDAulpsI3nQLrsfrtpeJfXi/RgevNWBgnmoZkuShIONIRSh9HQyYp0XxqCCaSmVsRGWOJiTbxFEwIX5+i/0m7WnEMv6mVGpdZHHk4gmMogwMX0IBraEILCIzhAZ7g2RLWo/VivS5bc1Y2cwg/YL19Aq99jfs=</latexit><latexit sha1_base64="DFI1wxtp8KaTZ2f4hJuymIY53fE=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkpSaw2eCl48VrAf0oay2W7apbtJ2N0IpfQvePGgiFf/kDf/jZs2goo+GHi8N8PMPD/mTGnb/rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinIW0pZmmtNuLCkWPqcdf3KV+p17KhWLwls9jakn8ChkASNYp9JdWZ0OiiW7Yi+A7MpZtVZzXUPqddetnyMns0qQoTkovveHEUkEDTXhWKmeY8fam2GpGeF0XugnisaYTPCI9gwNsaDKmy1unaMTowxREElToUYL9fvEDAulpsI3nQLrsfrtpeJfXi/RgevNWBgnmoZkuShIONIRSh9HQyYp0XxqCCaSmVsRGWOJiTbxFEwIX5+i/0m7WnEMv6mVGpdZHHk4gmMogwMX0IBraEILCIzhAZ7g2RLWo/VivS5bc1Y2cwg/YL19Aq99jfs=</latexit><latexit sha1_base64="DFI1wxtp8KaTZ2f4hJuymIY53fE=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkpSaw2eCl48VrAf0oay2W7apbtJ2N0IpfQvePGgiFf/kDf/jZs2goo+GHi8N8PMPD/mTGnb/rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinIW0pZmmtNuLCkWPqcdf3KV+p17KhWLwls9jakn8ChkASNYp9JdWZ0OiiW7Yi+A7MpZtVZzXUPqddetnyMns0qQoTkovveHEUkEDTXhWKmeY8fam2GpGeF0XugnisaYTPCI9gwNsaDKmy1unaMTowxREElToUYL9fvEDAulpsI3nQLrsfrtpeJfXi/RgevNWBgnmoZkuShIONIRSh9HQyYp0XxqCCaSmVsRGWOJiTbxFEwIX5+i/0m7WnEMv6mVGpdZHHk4gmMogwMX0IBraEILCIzhAZ7g2RLWo/VivS5bc1Y2cwg/YL19Aq99jfs=</latexit><latexit sha1_base64="DFI1wxtp8KaTZ2f4hJuymIY53fE=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkpSaw2eCl48VrAf0oay2W7apbtJ2N0IpfQvePGgiFf/kDf/jZs2goo+GHi8N8PMPD/mTGnb/rByK6tr6xv5zcLW9s7uXnH/oK2iRBLaIhGPZNfHinIW0pZmmtNuLCkWPqcdf3KV+p17KhWLwls9jakn8ChkASNYp9JdWZ0OiiW7Yi+A7MpZtVZzXUPqddetnyMns0qQoTkovveHEUkEDTXhWKmeY8fam2GpGeF0XugnisaYTPCI9gwNsaDKmy1unaMTowxREElToUYL9fvEDAulpsI3nQLrsfrtpeJfXi/RgevNWBgnmoZkuShIONIRSh9HQyYp0XxqCCaSmVsRGWOJiTbxFEwIX5+i/0m7WnEMv6mVGpdZHHk4gmMogwMX0IBraEILCIzhAZ7g2RLWo/VivS5bc1Y2cwg/YL19Aq99jfs=</latexit>

• The behavior of the system is as follows:

The behavior of the system is fully 
characterized by:


• ζ the dumping factor


•ωn the natural frequency



10

34 CHAPTER 1. NATURAL RESPONSE 

Im{s} 

Re{s} 

increasing !n 

increasing � 

!n

q
1 � �2=!d 

� = sin�1 � 

��!n = �� 

!d 

!n 

X 

X 

� 

Figure 1.23: Pole locations in the s-plane for second-order mechanical system 
in the underdamped case (0 < ⇤ < 1). Arrows show the e⇥ect of increasing 
�n and ⇤, respectively. 

is the attenuation, and 

�d = �n 
⇤

1 � ⇤2 
(1.53) 

is the damped natural frequency. These pole locations are plotted on the s-
plane in Figure 1.23. As shown in the figure, the poles are at a radius from 
the origin of �n and at an angle from the imaginary axis of ⌅ = sin�1 ⇤. 
The figure also shows the e⇥ect of increasing ⇤ and �n. As ⇤ increases from 
0 to 1, the poles move along an arc of radius �n from ⌅ = 0 to ⌅ = ⇧/2. 
As �n increases, the poles move radially away from the origin, maintaining 
constant angle ⌅ = sin�1 ⇤, and thus constant damping ratio. 

To be more specific, the e⇥ect of ⇤ is shown in Figure 1.24 as ⇤ takes on 
the values ⇤ = 0, 0.1, 0.3, 0.7, 0.8, and 1.0 for a system with �n = 1. 

Now for the details of developing a solution which meets given initial 
conditions. Since we have s1 = s⇥ 

2, the solution (1.49) will be real if c1 = c⇥ 
2. 

s1,2 =
�b±

p
b2 � 4ac

2a

=
�2⇣!n ±

p
(2⇣!n)2 � 4!2

n

2

= �⇣!n ± !n

p
⇣2 � 1

= �⇣!n| {z }
��

±j !n

p
1� ⇣2| {z }
!d

<latexit sha1_base64="OrZ4izG6tOkWE4FpsIncvRoqvAc="></latexit>

“root locus plot”

Reminder (continued):



• Typical specifications for the step response:

• Steady-state accuracy


• Rise time (10% — 90%)


• Peak overshoot


• Settling time (1%)

System specifications

Typical specifications for the step response:

? Rise time (10% ! 90%): tr ⇡ 1.8/!0

? Peak overshoot: Mp ⇡ e�⇡⇣/
p

1�⇣2

? Settling time (to 1%): ts = 4.6/(⇣!0)

? Steady state error to unit step: ess

? Phase margin: �PM ⇡ 100⇣

4 - 16

System specifications

Typical specifications for the step response:

tr, Mp �! ⇣, !0 �! locations of dominant poles

ts �! radius of poles: |z| < 0.01T/ts

ess �! final value theorem: ess = limz!1(z � 1)E(z)

4 - 16

ess
<latexit sha1_base64="7BHxj6NGKH9NbuHwMSgVyhPH/+U=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgqWxrreut4MVjBfsB7VKy6Wwbm02WJCuUpf/BiwdFvPp/vPlvTNsVVPTBwOO9GWbmBTFn2rjuh5NbWV1b38hvFra2d3b3ivsHbS0TRaFFJZeqGxANnAloGWY4dGMFJAo4dILJ1dzv3IPSTIpbM43Bj8hIsJBRYqzUhkGq9WxQLLlldwHsls+qtZrnWVKve179HFcyq4QyNAfF9/5Q0iQCYSgnWvcqbmz8lCjDKIdZoZ9oiAmdkBH0LBUkAu2ni2tn+MQqQxxKZUsYvFC/T6Qk0noaBbYzImasf3tz8S+vl5jQ81Mm4sSAoMtFYcKxkXj+Oh4yBdTwqSWEKmZvxXRMFKHGBlSwIXx9iv8n7Wq5YvlNrdS4zOLIoyN0jE5RBV2gBrpGTdRCFN2hB/SEnh3pPDovzuuyNedkM4foB5y3T0s4j5M=</latexit><latexit sha1_base64="7BHxj6NGKH9NbuHwMSgVyhPH/+U=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgqWxrreut4MVjBfsB7VKy6Wwbm02WJCuUpf/BiwdFvPp/vPlvTNsVVPTBwOO9GWbmBTFn2rjuh5NbWV1b38hvFra2d3b3ivsHbS0TRaFFJZeqGxANnAloGWY4dGMFJAo4dILJ1dzv3IPSTIpbM43Bj8hIsJBRYqzUhkGq9WxQLLlldwHsls+qtZrnWVKve179HFcyq4QyNAfF9/5Q0iQCYSgnWvcqbmz8lCjDKIdZoZ9oiAmdkBH0LBUkAu2ni2tn+MQqQxxKZUsYvFC/T6Qk0noaBbYzImasf3tz8S+vl5jQ81Mm4sSAoMtFYcKxkXj+Oh4yBdTwqSWEKmZvxXRMFKHGBlSwIXx9iv8n7Wq5YvlNrdS4zOLIoyN0jE5RBV2gBrpGTdRCFN2hB/SEnh3pPDovzuuyNedkM4foB5y3T0s4j5M=</latexit><latexit sha1_base64="7BHxj6NGKH9NbuHwMSgVyhPH/+U=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgqWxrreut4MVjBfsB7VKy6Wwbm02WJCuUpf/BiwdFvPp/vPlvTNsVVPTBwOO9GWbmBTFn2rjuh5NbWV1b38hvFra2d3b3ivsHbS0TRaFFJZeqGxANnAloGWY4dGMFJAo4dILJ1dzv3IPSTIpbM43Bj8hIsJBRYqzUhkGq9WxQLLlldwHsls+qtZrnWVKve179HFcyq4QyNAfF9/5Q0iQCYSgnWvcqbmz8lCjDKIdZoZ9oiAmdkBH0LBUkAu2ni2tn+MQqQxxKZUsYvFC/T6Qk0noaBbYzImasf3tz8S+vl5jQ81Mm4sSAoMtFYcKxkXj+Oh4yBdTwqSWEKmZvxXRMFKHGBlSwIXx9iv8n7Wq5YvlNrdS4zOLIoyN0jE5RBV2gBrpGTdRCFN2hB/SEnh3pPDovzuuyNedkM4foB5y3T0s4j5M=</latexit><latexit sha1_base64="7BHxj6NGKH9NbuHwMSgVyhPH/+U=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgqWxrreut4MVjBfsB7VKy6Wwbm02WJCuUpf/BiwdFvPp/vPlvTNsVVPTBwOO9GWbmBTFn2rjuh5NbWV1b38hvFra2d3b3ivsHbS0TRaFFJZeqGxANnAloGWY4dGMFJAo4dILJ1dzv3IPSTIpbM43Bj8hIsJBRYqzUhkGq9WxQLLlldwHsls+qtZrnWVKve179HFcyq4QyNAfF9/5Q0iQCYSgnWvcqbmz8lCjDKIdZoZ9oiAmdkBH0LBUkAu2ni2tn+MQqQxxKZUsYvFC/T6Qk0noaBbYzImasf3tz8S+vl5jQ81Mm4sSAoMtFYcKxkXj+Oh4yBdTwqSWEKmZvxXRMFKHGBlSwIXx9iv8n7Wq5YvlNrdS4zOLIoyN0jE5RBV2gBrpGTdRCFN2hB/SEnh3pPDovzuuyNedkM4foB5y3T0s4j5M=</latexit>

Mp⇡ e�⇡⇣/
p

1�⇣2

<latexit sha1_base64="z83g2HgzaqykkfCZnFSA3Hce9qo="></latexit><latexit sha1_base64="z83g2HgzaqykkfCZnFSA3Hce9qo="></latexit><latexit sha1_base64="z83g2HgzaqykkfCZnFSA3Hce9qo="></latexit><latexit sha1_base64="z83g2HgzaqykkfCZnFSA3Hce9qo="></latexit>

ts= 4.6/(⇣!n)
<latexit sha1_base64="J22rseOowdEBSuquWMpBq0Zkdr0="></latexit><latexit sha1_base64="J22rseOowdEBSuquWMpBq0Zkdr0="></latexit><latexit sha1_base64="J22rseOowdEBSuquWMpBq0Zkdr0="></latexit><latexit sha1_base64="J22rseOowdEBSuquWMpBq0Zkdr0="></latexit>

tr= 1.8/(!n)
<latexit sha1_base64="BcdC+PGiYmhQOZxcj/TsUc0znHU="></latexit><latexit sha1_base64="BcdC+PGiYmhQOZxcj/TsUc0znHU="></latexit><latexit sha1_base64="BcdC+PGiYmhQOZxcj/TsUc0znHU="></latexit><latexit sha1_base64="BcdC+PGiYmhQOZxcj/TsUc0znHU="></latexit>

⇣� 0.6

✓
1� Mp in %

100

◆

<latexit sha1_base64="zSqrZDvQDhS4rQgFwEd6saQLb5Y="></latexit><latexit sha1_base64="zSqrZDvQDhS4rQgFwEd6saQLb5Y="></latexit><latexit sha1_base64="zSqrZDvQDhS4rQgFwEd6saQLb5Y="></latexit><latexit sha1_base64="zSqrZDvQDhS4rQgFwEd6saQLb5Y="></latexit>

or

Reminder (continued):

11
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• Steady-state errors using the Final Value Theorem (FVT):

Therefore, the steady-state error is

lim
t!1

e(t) = 1� lim
t!1

y(t) =
1

1 + kp

<latexit sha1_base64="MiGASYQX6/xL0JxWI8U9yYaNeg8="></latexit>

• Hence, in this example, increasing  gives 


✓ smaller steady-state errors


- but a larger and more oscillatory transient response

kp

lim
t!1

y(t) = lim
s!0

sȳ(s) = lim
s!0

s
kp

s2 + 2s+ 1 + kp

1

s

= lim
s!0

kp
s2 + 2s+ 1 + kp

=
kp

1 + kp

<latexit sha1_base64="D3+rLDen+Ac1ztSxjhma77YvetY="></latexit>



The root locus concept - Proportional + Derivative control

13

• In this case,  K(s) = kp + kds

• Typical result of increasing the gain , (for systems where  is stable):


✓ Increased damping


- Greater sensitivity to noise

kd G(s)

5.5.3 Proportional + Derivative (PD) Control

K(s) = kp + kd s

G(s)kp

kd s

Σ Σ
+r̄ ū ȳ

− +

+

Typical result of increasing the gain kd, (when G(s) is itself stable):

Increased Damping.

Greater sensitivity to noise.

(It is usually better to measure the rate of change of the error directly

if possible – i.e. use velocity feedback)

Example: G(s) =
1

(s + 1)2
, K(s) = kp + kd s

ȳ(s) =
K(s)G(s)

1+K(s)G(s)
r̄ (s) =

(kp + kd s)
1

(s+1)2

1+ (kp + kd s)
1

(s+1)2

r̄ (s)

=
kp + kds

s2 + (2+ kd)s + 1+ kp
r̄ (s)

So, ω2
n = 1+ kp, 2cωn = 2+ kd =⇒

ωn =
√

1+ kp , c =
2+ kd

2
√

1+ kp

Xkp = 4, kd = 0

X

movement of
closed-loop poles
for increasing kd

17
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Example 2:
• Consider the following critically damped 2nd-order system 

G(s) =
1

(s+ 1)2

<latexit sha1_base64="saYTfZrJV6YkWd1do9cIw/EuC6k=">AAAB/3icbVBNS8NAEJ34WetXVPDiJViEFqEkpaAIQsGDHivYD2hj2Ww37dLNJuxuhBJz8K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5XsSoVLb9bSwtr6yurec28ptb2zu75t5+U4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6Gritx6IkDTkd2ocETdAA059ipHSUs88vC7K0mXXFwgnTpoU5alTuq+kPbNgl+0prEXiZKQAGeo986vbD3EcEK4wQ1J2HDtSboKEopiRNN+NJYkQHqEB6WjKUUCkm0zvT60TrfQtPxS6uLKm6u+JBAVSjgNPdwZIDeW8NxH/8zqx8s/dhPIoVoTj2SI/ZpYKrUkYVp8KghUba4KwoPpWCw+RzkLpyPI6BGf+5UXSrJSdarl6Wy3ULrI4cnAEx1AEB86gBjdQhwZgeIRneIU348l4Md6Nj1nrkpHNHMAfGJ8/seOUlw==</latexit>

Then

The characteristic equation representing this system is

ȳ(s) =
(kp + kds)G(s)

1 + (kp + kds)G(s)
r̄(s) =

(kp + kds)
1

(s+1)2

1 + (kp + kds)
1

(s+1)2
r̄(s)

=
(kp + kds)

s2 + (2 + kd)s+ 1 + kp
r̄(s)

<latexit sha1_base64="rK6+W2xVFJIr6pyiQUtM01yhdsQ="></latexit>

�(s) = s2 + (2 + kd)s+ 1 + kp = s2 + 2⇣!ns+ !2
n = 0

<latexit sha1_base64="Ab0LLO7a+DuZwWphpM0j1zNNL54="></latexit>
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• Solving for the damping factor

(
2⇣!n = 2 + kd
!2
n = 1 + kp

)

8
<

:

!n =
p

1 + kp

⇣ = 2+kd

2
p

1+kp

<latexit sha1_base64="eqnBgKDfRHEc5bFWcWmufPsvMPM="></latexit>

�1

<latexit sha1_base64="gE0qnbNwg4XpNbIEkvrt1ABx5ko=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRguKp4MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPVx4/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mlU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2dtkwBUyIyaWUKa4vZWwEVWUGRtOyYbgLb+8SlqXVa9Wrd3XKvWbPI4inMApnIMHV1CHO2hAExiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHjwIzr</latexit>

�2

<latexit sha1_base64="imvPH14n2dhHM7QjjDFokkjlots=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSSloHgqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9HBZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fja/dErOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtO0YbgLb+8SlrViler1O5r5fpNHkcBTuEMLsCDK6jDHTSgCQxCeIZXeHPGzovz7nwsWtecfOYE/sD5/AHlRIzs</latexit>

x

x

!n

<latexit sha1_base64="ur4sa7+IZPJ8ywK7ZSysHiP+SQU=">AAAB73icdVDJSgNBEO2JW4xb1KOXxiB4GmYkRr0FvHiMYBZIhtDTqUma9DJ29wgh5Ce8eFDEq7/jzb+xswiuDwoe71VRVS9OOTM2CN693NLyyupafr2wsbm1vVPc3WsYlWkKdaq40q2YGOBMQt0yy6GVaiAi5tCMh5dTv3kH2jAlb+wohUiQvmQJo8Q6qdVRAvqkK7vFUuCfBuFFJcS/SegHM5TQArVu8a3TUzQTIC3lxJh2GKQ2GhNtGeUwKXQyAymhQ9KHtqOSCDDReHbvBB85pYcTpV1Ji2fq14kxEcaMROw6BbED89Obin957cwm59GYyTSzIOl8UZJxbBWePo97TAO1fOQIoZq5WzEdEE2odREVXAifn+L/SePED8t++bpcqlYWceTRATpExyhEZ6iKrlAN1RFFHN2jR/Tk3XoP3rP3Mm/NeYuZffQN3usHdDCQOQ==</latexit>

“root locus plot”

Movement of closed-loop 
poles for increasing kd

kp = 3, kd = 0



The root locus procedure
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• We will develop an orderly procedure of 6 steps that facilitates the rapid 
sketching of the root locus

• Step 1: Locate the poles and zeros on the s-plane with selected symbols  
(by convention, we use 'x' to denote poles and 'o' to denote zeros)

For example, consider the case . We can write it in the form1 + kpG(s) = 0

1 + kp

Qm
i=1(s� zi)Qn
j=1(s� pj)

= 0

<latexit sha1_base64="ieQJ+EvZ2rCX7Pua+fa3LesQbsQ="></latexit>

By rewriting the above equation as 
nY

j=1

(s� pj) + kp

mY

i=1

(s� zi) = 0

<latexit sha1_base64="W6VWR3cn4haKSa6oK3pNUuuBKSI=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAILWKZKQVFKBTcuKxgL9DWIZOmbdpMJiQZoQ59Dze+ihsXirgSXPg2ZtpZaOuBwM//ncPJ+T3BqNK2/W2lVlbX1jfSm5mt7Z3dvez+QUMFocSkjgMWyJaHFGGUk7qmmpGWkAT5HiNNb3wV8+Y9kYoG/FZPBOn6aMBpn2KkjeVmSx0hg54bjSrO9I7DvDoT7qhwOnZFlBAaEz8mDy4tTCu2m83ZRXtWcFk4iciBpGpu9rPTC3DoE64xQ0q1HVvoboSkppiRaaYTKiIQHqMBaRvJkU9UN5rdNoUnxunBfiDN4xrO3N8TEfKVmvie6fSRHqpFFpv/sXao+xfdiHIRasLxfFE/ZFAHMA4K9qgkWLOJEQhLav4K8RBJhLWJM2NCcBZPXhaNUtEpF8s35Vz1MokjDY7AMcgDB5yDKrgGNVAHGDyCZ/AK3qwn68V6tz7mrSkrmTkEf8r6+gECAKAb</latexit>

it is easy to observe that for  the poles of the characteristic equation are 
the same as the poles of system 

kp = 0
G(s)
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Alternatively, the above equation, for , can be written as kp ≠ 0

1

kp

nY

j=1

(s� pj) +
mY

i=1

(s� zi) = 0

<latexit sha1_base64="lpitP+hu39wTImCCVBC1RkbhZgw="></latexit>

Therefore, as  the roots of the characteristic equation are the zeros of 
system 

kp → ∞
G(s)

Therefore,


‣ the locus of the roots of the characteristic equation  begins at the 
poles of  and ends at the zeros of  as  increases from zero to infinity


‣ For most systems  that we will encounter, several of the zeros of  lie at 
infinity in the -plane.This is because most of our systems have more poles than 
zeros. With  poles and  zeros and , we have  branches of the root 
locus approaching the  zeros at infinity

1 + kpG(s) = 0
G(s) G(s) kp

G(s) G(s)
s

n m n > m n − m
n − m
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• Step 2: Locate the segments of the real axis that are root loci. The root locus 
on the real axis always lies in a section of the real axis to the left of an odd 
number of poles and zeros. 

This can be observed by the phase requirement:  . 
Therefore,

∠(kpG(s)) = 180o + k360o

mX

i=1

\(s� zi)�
nX

j=1

\(s� pi) = 180o + k360o

<latexit sha1_base64="CfeoHbY677I8BtMMOTYtH4wo+q8="></latexit>

Only to the left of an odd number and zeros the equation above is satisfied on 
the real axis!
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Example 3:
• A single-loop feedback control system has the characteristic equation

Step 1: The zeros and the poles of  are shown in the figure belowG(s)

1 + kpG(s) = 1 + kp
2(s+ 2)

s(s+ 4)
= 0

<latexit sha1_base64="xx7ZT6M+eiZvdCfZLA73rmmsofE=">AAACE3icbVDLSgMxFM3UV62vUZdugkVoLZSZMqAIhYILXVawD2iHkkkzbWgmMyQZoQzzD278FTcuFHHrxp1/Y9rOQlsPhJyccy8393gRo1JZ1reRW1vf2NzKbxd2dvf2D8zDo7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vMn1zO88ECFpyO/VNCJugEac+hQjpaWBeW5XJoMI3pRkGdbh4tH3BcJJrSQrtXKaSH075bRuDcyiVbXmgKvEzkgRZGgOzK/+MMRxQLjCDEnZs61IuQkSimJG0kI/liRCeIJGpKcpRwGRbjLfKYVnWhlCPxT6cAXn6u+OBAVSTgNPVwZIjeWyNxP/83qx8i/dhPIoVoTjxSA/ZlCFcBYQHFJBsGJTTRAWVP8V4jHSiSgdY0GHYC+vvEratartVJ07p9i4yuLIgxNwCkrABhegAW5BE7QABo/gGbyCN+PJeDHejY9Fac7Ieo7BHxifPwuZmoA=</latexit>

x xo
�4

<latexit sha1_base64="XhVD/noJHlK9uvhWLnSa/iu+Xsk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQS0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H4dua3n1BpnshHM0kxiOlQ8ogzaqz0cOn3K1W35s5BVolXkCoUaPQrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWippjDrI55dOyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRTZBzmWYGJVssijJBTEJmb5MBV8iMmFhCmeL2VsJGVFFmbDhlG4K3/PIqaV3VPL/m3/vVul/EUYJTOIML8OAa6nAHDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/AOZ+jOg=</latexit>

�2

<latexit sha1_base64="WsgdYJWr2lyUojEBjcQ+bfNmJ5c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpAT0WvHisYj+gDWWz3bRLN5uwOxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZrzJEpnoTkgNl0LxJgqUvJNqTuNQ8nY4vp377SeujUjUI05SHsR0qEQkGEUrPVzV+uWKW3UXIOvEy0kFcjT65a/eIGFZzBUySY3pem6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLq4dEYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzN8mA6E5QzmxhDIt7K2EjaimDG04JRuCt/ryOmnVqp5f9e/9St3P4yjCGZzDJXhwDXW4gwY0gUEEz/AKb87YeXHenY9la8HJZ07hD5zPH+N2jOY=</latexit>

0

<latexit sha1_base64="lj6Zr7aZ25tjTifAqdAeJ19XJZo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeCF48t2FZoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCTqIaQaBZfYNtwIfEgV0jgU2A0nt3O/+4RK80Tem2mKQUxHkkecUWOlljuo1ty6uwBZJ15BalCgOah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDojF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/TYZcITNiagllittbCRtTRZmx2VRsCN7qy+ukc1X3/Lrf8msNv4ijDGdwDpfgwTU04A6a0AYGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz93KYyt</latexit>

zero

poles

Step 2: Due to the angle criterion, the locus begins at the pole and ends at the 
zeros, and therefore the locus of roots appears as below

o
�4

<latexit sha1_base64="XhVD/noJHlK9uvhWLnSa/iu+Xsk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQS0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H4dua3n1BpnshHM0kxiOlQ8ogzaqz0cOn3K1W35s5BVolXkCoUaPQrX71BwrIYpWGCat313NQEOVWGM4HTci/TmFI2pkPsWippjDrI55dOyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRTZBzmWYGJVssijJBTEJmb5MBV8iMmFhCmeL2VsJGVFFmbDhlG4K3/PIqaV3VPL/m3/vVul/EUYJTOIML8OAa6nAHDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/AOZ+jOg=</latexit>

�2

<latexit sha1_base64="WsgdYJWr2lyUojEBjcQ+bfNmJ5c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpAT0WvHisYj+gDWWz3bRLN5uwOxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZrzJEpnoTkgNl0LxJgqUvJNqTuNQ8nY4vp377SeujUjUI05SHsR0qEQkGEUrPVzV+uWKW3UXIOvEy0kFcjT65a/eIGFZzBUySY3pem6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLq4dEYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzN8mA6E5QzmxhDIt7K2EjaimDG04JRuCt/ryOmnVqp5f9e/9St3P4yjCGZzDJXhwDXW4gwY0gUEEz/AKb87YeXHenY9la8HJZ07hD5zPH+N2jOY=</latexit>

0

<latexit sha1_base64="lj6Zr7aZ25tjTifAqdAeJ19XJZo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeCF48t2FZoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCTqIaQaBZfYNtwIfEgV0jgU2A0nt3O/+4RK80Tem2mKQUxHkkecUWOlljuo1ty6uwBZJ15BalCgOah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDojF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/TYZcITNiagllittbCRtTRZmx2VRsCN7qy+ukc1X3/Lrf8msNv4ijDGdwDpfgwTU04A6a0AYGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz93KYyt</latexit>

x x
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Observations: 

‣ Since the loci begin at the poles and end at the zeros, the number of separate loci 
is equal to the number of poles since the number of poles is greater than or equal 
to the number of zeros


‣ The root loci must be symmetrical with respect to the horizontal real axis because 
the complex roots must appear as pairs of complex conjugate roots


‣ Since the system in this example has two real poles and one real zero, the second 
locus segment ends at a zero at negative infinity


‣ To evaluate the gain  at a specific root location on the locus, we use the 
magnitude criterion. For example, to have a root at , we have

kp
s1 = − 1

kp
2|s1 + 2|
|s1||s1 + 4| = 1

kp
2|� 1 + 2|

|� 1||� 1 + 4| = 1

kp
2

3
= 1 ) kp =

3

2

<latexit sha1_base64="gT4XtUAJCd76WDa85fBP+qq5K48="></latexit>
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• Step 3: The loci proceed to the zeros at infinity along asymptotes centered at 
 and with angles . When the number of finite zeros of , , is less than 

the number of poles, , by the number , then  sections of loci 
proceed to the zeros at infinity along asymptotes as  approaches infinity. 

σA ϕA G(s) m
n N = n − m N

kp

The asymptotes are centered at a point (asymptote centroid) on the real axis 
given by

�A =

Pn
j=1 pj �

Pm
i=1 zi

n�m

<latexit sha1_base64="HU9bz1ZhErxZQWY1kb0/LhQa3zA="></latexit>

The angle of the asymptotes with respect to the real axis is

�A =
(2k + 1)180o

n�m
, k = 0, 1, 2, . . . , n�m� 1

<latexit sha1_base64="Mk2lqa1ss7XGFup8HgnXlobMwg4="></latexit>

(proof can be found in reference book, pp. 452-453)
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Example 4:
• A single-loop feedback control system has the characteristic equation

Step 3: Since , we expect two loci to end at zeros at infinity. The 
asymptotes of the loci are located at a center

n − m = 2

�2

<latexit sha1_base64="WsgdYJWr2lyUojEBjcQ+bfNmJ5c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpAT0WvHisYj+gDWWz3bRLN5uwOxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZrzJEpnoTkgNl0LxJgqUvJNqTuNQ8nY4vp377SeujUjUI05SHsR0qEQkGEUrPVzV+uWKW3UXIOvEy0kFcjT65a/eIGFZzBUySY3pem6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLq4dEYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzN8mA6E5QzmxhDIt7K2EjaimDG04JRuCt/ryOmnVqp5f9e/9St3P4yjCGZzDJXhwDXW4gwY0gUEEz/AKb87YeXHenY9la8HJZ07hD5zPH+N2jOY=</latexit>

0

<latexit sha1_base64="lj6Zr7aZ25tjTifAqdAeJ19XJZo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeCF48t2FZoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCTqIaQaBZfYNtwIfEgV0jgU2A0nt3O/+4RK80Tem2mKQUxHkkecUWOlljuo1ty6uwBZJ15BalCgOah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDojF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/TYZcITNiagllittbCRtTRZmx2VRsCN7qy+ukc1X3/Lrf8msNv4ijDGdwDpfgwTU04A6a0AYGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz93KYyt</latexit>

x x

1 + kpG(s) = 1 + kp
1

s(s+ 2)
= 0

<latexit sha1_base64="GtXq742OrvMcK9Re47Ls4O2UV68=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQUihJKShCoeBClxXsA9oQJtNJO3QyCTMToYR8gRt/xY0LRdy6duffOG2z0NYDF86ccy9z7/EiRqWyrG8jt7G5tb2T3y3s7R8cHpnHJ10ZxgKTDg5ZKPoekoRRTjqKKkb6kSAo8BjpedPrud97IELSkN+rWUScAI059SlGSkuuWbKrUzeCN2VZgU24fAx9gXBip4ksy2q9kjYt1yxaNWsBuE7sjBRBhrZrfg1HIY4DwhVmSMqBbUXKSZBQFDOSFoaxJBHCUzQmA005Coh0ksU5KSxpZQT9UOjiCi7U3xMJCqScBZ7uDJCayFVvLv7nDWLlXzoJ5VGsCMfLj/yYQRXCeTZwRAXBis00QVhQvSvEE6TDUDrBgg7BXj15nXTrNbtRa9w1iq2rLI48OAPnoAxscAFa4Ba0QQdg8AiewSt4M56MF+Pd+Fi25oxs5hT8gfH5A2FVmSo=</latexit>

�A =

Pn
j=1 pj �

Pm
i=1 zi

n�m
=

0 + (�2)

2
= �1

<latexit sha1_base64="czGWQ6Z0C4y+rWAy8P20yjNsucA="></latexit>

and at angles

�A =
(2k + 1)180o

n�m
=

(2k + 1)180o

2
= (2k + 1)90o, k = 0, 1

<latexit sha1_base64="BI/l5rnW6yznwUJzbPoIX0Z1JRg="></latexit>

�1

<latexit sha1_base64="+hqyHFLjj7neQNj6ghT2Q6ICspY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQS0GPBi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh0uvX6m6NXcOskq8glShQKNf+eoNEpbFXCGT1Jiu56YY5FSjYJJPy73M8JSyMR3yrqWKxtwE+fzSKTm3yoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbThlG4K3/PIqaV3VPL/m3/vVul/EUYJTOIML8OAa6nAHDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/AOHyjOU=</latexit>
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Example 5:
• A single-loop feedback control system has the characteristic equation

Step 1: Locate the poles and zeros:

�2

<latexit sha1_base64="WsgdYJWr2lyUojEBjcQ+bfNmJ5c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpAT0WvHisYj+gDWWz3bRLN5uwOxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZrzJEpnoTkgNl0LxJgqUvJNqTuNQ8nY4vp377SeujUjUI05SHsR0qEQkGEUrPVzV+uWKW3UXIOvEy0kFcjT65a/eIGFZzBUySY3pem6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLq4dEYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzN8mA6E5QzmxhDIt7K2EjaimDG04JRuCt/ryOmnVqp5f9e/9St3P4yjCGZzDJXhwDXW4gwY0gUEEz/AKb87YeXHenY9la8HJZ07hD5zPH+N2jOY=</latexit>

0

<latexit sha1_base64="lj6Zr7aZ25tjTifAqdAeJ19XJZo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeCF48t2FZoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCTqIaQaBZfYNtwIfEgV0jgU2A0nt3O/+4RK80Tem2mKQUxHkkecUWOlljuo1ty6uwBZJ15BalCgOah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDojF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/TYZcITNiagllittbCRtTRZmx2VRsCN7qy+ukc1X3/Lrf8msNv4ijDGdwDpfgwTU04A6a0AYGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz93KYyt</latexit>

x x
�1

<latexit sha1_base64="+hqyHFLjj7neQNj6ghT2Q6ICspY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQS0GPBi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh0uvX6m6NXcOskq8glShQKNf+eoNEpbFXCGT1Jiu56YY5FSjYJJPy73M8JSyMR3yrqWKxtwE+fzSKTm3yoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbThlG4K3/PIqaV3VPL/m3/vVul/EUYJTOIML8OAa6nAHDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/AOHyjOU=</latexit>

1 + kpG(s) = 1 + kp
s+ 1

s(s+ 2)(s+ 4)2
= 0

<latexit sha1_base64="E/g560Qaxp9EOEP4/F+b3sR8bqQ=">AAACF3icbVDLSgMxFM3UV62vUZdugkVoKQwzZUARCgUXuqxgH9COQybNtKGZB0lGKMP8hRt/xY0LRdzqzr8xbWehrQcSTs65l5t7vJhRIU3zWyusrW9sbhW3Szu7e/sH+uFRR0QJx6SNIxbxnocEYTQkbUklI72YExR4jHS9ydXM7z4QLmgU3slpTJwAjULqU4ykklzdsGoTN4bXFVGFDbh4DHyOcCpqVpaKiqjVq+qyq/f1rGG6etk0zDngKrFyUgY5Wq7+NRhGOAlIKDFDQvQtM5ZOirikmJGsNEgEiRGeoBHpKxqigAgnne+VwTOlDKEfcXVCCefq744UBUJMA09VBkiOxbI3E//z+on0L5yUhnEiSYgXg/yEQRnBWUhwSDnBkk0VQZhT9VeIx0ilIlWUJRWCtbzyKunUDcs27Fu73LzM4yiCE3AKKsAC56AJbkALtAEGj+AZvII37Ul70d61j0VpQct7jsEfaJ8/oIab1Q==</latexit>

o
�4

<latexit sha1_base64="iXhPlyW+kqhrMGJlWiAgApRplZc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgOKp4MVjFfsBbSib7aRdutmE3Y1QSv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4up35rSdUmify0YxTDGI6kDzijBorPVz4vXLFrbpzkFXi5aQCOeq98le3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTOaXTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmb1N+lwhM2JsCWWK21sJG1JFmbHhlGwI3vLLq6R5WfX8qn/vV2o3eRxFOIFTOAcPrqAGd1CHBjCI4Ble4c0ZOS/Ou/OxaC04+cwx/IHz+QPoTIzu</latexit>

xx

Step 2: Locate the segments of the real axis that are root loci:

�2

<latexit sha1_base64="WsgdYJWr2lyUojEBjcQ+bfNmJ5c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpAT0WvHisYj+gDWWz3bRLN5uwOxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZrzJEpnoTkgNl0LxJgqUvJNqTuNQ8nY4vp377SeujUjUI05SHsR0qEQkGEUrPVzV+uWKW3UXIOvEy0kFcjT65a/eIGFZzBUySY3pem6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLq4dEYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzN8mA6E5QzmxhDIt7K2EjaimDG04JRuCt/ryOmnVqp5f9e/9St3P4yjCGZzDJXhwDXW4gwY0gUEEz/AKb87YeXHenY9la8HJZ07hD5zPH+N2jOY=</latexit>

0

<latexit sha1_base64="lj6Zr7aZ25tjTifAqdAeJ19XJZo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeCF48t2FZoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCTqIaQaBZfYNtwIfEgV0jgU2A0nt3O/+4RK80Tem2mKQUxHkkecUWOlljuo1ty6uwBZJ15BalCgOah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDojF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/TYZcITNiagllittbCRtTRZmx2VRsCN7qy+ukc1X3/Lrf8msNv4ijDGdwDpfgwTU04A6a0AYGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz93KYyt</latexit>

x x
�1

<latexit sha1_base64="+hqyHFLjj7neQNj6ghT2Q6ICspY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQS0GPBi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh0uvX6m6NXcOskq8glShQKNf+eoNEpbFXCGT1Jiu56YY5FSjYJJPy73M8JSyMR3yrqWKxtwE+fzSKTm3yoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbThlG4K3/PIqaV3VPL/m3/vVul/EUYJTOIML8OAa6nAHDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/AOHyjOU=</latexit>

o
�4

<latexit sha1_base64="iXhPlyW+kqhrMGJlWiAgApRplZc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgOKp4MVjFfsBbSib7aRdutmE3Y1QSv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4up35rSdUmify0YxTDGI6kDzijBorPVz4vXLFrbpzkFXi5aQCOeq98le3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTOaXTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmb1N+lwhM2JsCWWK21sJG1JFmbHhlGwI3vLLq6R5WfX8qn/vV2o3eRxFOIFTOAcPrqAGd1CHBjCI4Ble4c0ZOS/Ou/OxaC04+cwx/IHz+QPoTIzu</latexit>

xx

we would expect an asymptote centroid 
around there
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Step 3: Since , we expect  loci to end at zeros at infinity. The 
asymptotes of the loci are located at a center

n − m = 3 3

and at angles

�A =

Pn
j=1 pj �

Pm
i=1 zi

n�m
=

0 + (�2) + 2(�4)� (�1)

3
=

�9

3
= �3

<latexit sha1_base64="+7xAHVOcfDGis5wx3dJT4QHxVws="></latexit>

�A =
(2k + 1)180o

n�m
=

(2k + 1)180o

3
= (2k + 1)60o, k = 0, 1, 2

<latexit sha1_base64="hD8AJP54HTGgHISdIbebsRa4Smw="></latexit>

�2

<latexit sha1_base64="WsgdYJWr2lyUojEBjcQ+bfNmJ5c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpAT0WvHisYj+gDWWz3bRLN5uwOxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZrzJEpnoTkgNl0LxJgqUvJNqTuNQ8nY4vp377SeujUjUI05SHsR0qEQkGEUrPVzV+uWKW3UXIOvEy0kFcjT65a/eIGFZzBUySY3pem6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLq4dEYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzN8mA6E5QzmxhDIt7K2EjaimDG04JRuCt/ryOmnVqp5f9e/9St3P4yjCGZzDJXhwDXW4gwY0gUEEz/AKb87YeXHenY9la8HJZ07hD5zPH+N2jOY=</latexit>

0

<latexit sha1_base64="lj6Zr7aZ25tjTifAqdAeJ19XJZo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeCF48t2FZoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCTqIaQaBZfYNtwIfEgV0jgU2A0nt3O/+4RK80Tem2mKQUxHkkecUWOlljuo1ty6uwBZJ15BalCgOah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDojF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/TYZcITNiagllittbCRtTRZmx2VRsCN7qy+ukc1X3/Lrf8msNv4ijDGdwDpfgwTU04A6a0AYGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz93KYyt</latexit>

x x
�1

<latexit sha1_base64="+hqyHFLjj7neQNj6ghT2Q6ICspY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQS0GPBi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh0uvX6m6NXcOskq8glShQKNf+eoNEpbFXCGT1Jiu56YY5FSjYJJPy73M8JSyMR3yrqWKxtwE+fzSKTm3yoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbThlG4K3/PIqaV3VPL/m3/vVul/EUYJTOIML8OAa6nAHDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/AOHyjOU=</latexit>

o
�4

<latexit sha1_base64="iXhPlyW+kqhrMGJlWiAgApRplZc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgOKp4MVjFfsBbSib7aRdutmE3Y1QSv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4up35rSdUmify0YxTDGI6kDzijBorPVz4vXLFrbpzkFXi5aQCOeq98le3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTOaXTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmb1N+lwhM2JsCWWK21sJG1JFmbHhlGwI3vLLq6R5WfX8qn/vV2o3eRxFOIFTOAcPrqAGd1CHBjCI4Ble4c0ZOS/Ou/OxaC04+cwx/IHz+QPoTIzu</latexit>

xx
�3

<latexit sha1_base64="MGS2VpzqZ4kpUuP5YEeLgkvao+w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyXRgB4LXjxWsR/QhrLZbtqlm03YnQil9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHi6ueuWKW3XnIKvEy0kFctR75a9uP2FZzBUySY3peG6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDK/dErOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzN4mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVj2/6t/7lZqfx1GEEziFc/DgGmpwB3VoAIMInuEV3pyR8+K8Ox+L1oKTzxzDHzifP+T6jOc=</latexit>
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• Step 4:  Determine the break-in and breakaway points on the real axis (if any). 
For each  on a real-axis segment of the root locus,s = σ

Real-axis break-in and breakaway points are the real values of  for whichσ
dkp(�)

d�
= 0

<latexit sha1_base64="1LiPhn8UFm1LV/Fq9GcESsNS44Y=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6qYkUlAEoeDGZQV7gSaEyWTSDp2ZhJmJUELXbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5w9TRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx2VZBKTNk5YInshUoRRQdqaakZ6qSSIh4x0w9HNtN59IFLRRNzrcUp8jgaCxhQjbazAPvZiiXAejYIU1jxFBxydTfJoThN4DZ3Arjp1Zya4DG4BVVCoFdhfXpTgjBOhMUNK9V0n1X6OpKaYkUnFyxRJER6hAekbFIgT5eezUybw1DgRjBNpntBw5v6eyBFXasxD08mRHqrF2tT8r9bPdHzp51SkmSYCzxfFGYM6gdNcYEQlwZqNDSAsqfkrxENkstEmvYoJwV08eRk653W3UW/cNarNqyKOMjgCJ6AGXHABmuAWtEAbYPAInsEreLOerBfr3fqYt5asYuYQ/JH1+QMWOpnW</latexit>

1 + kpG(�) = 0 ) kp = � 1

G(�)

<latexit sha1_base64="7CuIUuTbJwjy8CbLAIn6h+v+ZKg=">AAACInicbVDLSsNAFJ3UV62vqEs3g0WoiCWRgg8QCi50WcU+oAlhMp2kQycPZiZKCfkWN/6KGxeKuhL8GKdtEG09MHA451zu3OPGjAppGJ9aYW5+YXGpuFxaWV1b39A3t1oiSjgmTRyxiHdcJAijIWlKKhnpxJygwGWk7Q4uRn77jnBBo/BWDmNiB8gPqUcxkkpy9FPzYODElxVLUD9A+/AcGtC6oX5fIs6je6hMpR1aHkc4NbP0J5k5etmoGmPAWWLmpAxyNBz93epFOAlIKDFDQnRNI5Z2irikmJGsZCWCxAgPkE+6ioYoIMJOxydmcE8pPehFXL1QwrH6eyJFgRDDwFXJAMm+mPZG4n9eN5HeiZ3SME4kCfFkkZcwKCM46gv2KCdYsqEiCHOq/gpxH6k2pGq1pEowp0+eJa2jqlmr1q5r5fpZXkcR7IBdUAEmOAZ1cAUaoAkweABP4AW8ao/as/amfUyiBS2f2QZ/oH19A7FVofM=</latexit>

�2

<latexit sha1_base64="WsgdYJWr2lyUojEBjcQ+bfNmJ5c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpAT0WvHisYj+gDWWz3bRLN5uwOxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZrzJEpnoTkgNl0LxJgqUvJNqTuNQ8nY4vp377SeujUjUI05SHsR0qEQkGEUrPVzV+uWKW3UXIOvEy0kFcjT65a/eIGFZzBUySY3pem6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLq4dEYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzN8mA6E5QzmxhDIt7K2EjaimDG04JRuCt/ryOmnVqp5f9e/9St3P4yjCGZzDJXhwDXW4gwY0gUEEz/AKb87YeXHenY9la8HJZ07hD5zPH+N2jOY=</latexit>

0

<latexit sha1_base64="lj6Zr7aZ25tjTifAqdAeJ19XJZo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeCF48t2FZoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCTqIaQaBZfYNtwIfEgV0jgU2A0nt3O/+4RK80Tem2mKQUxHkkecUWOlljuo1ty6uwBZJ15BalCgOah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDojF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zEQ3Qc5lmhmUbLkoygQxCZl/TYZcITNiagllittbCRtTRZmx2VRsCN7qy+ukc1X3/Lrf8msNv4ijDGdwDpfgwTU04A6a0AYGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz93KYyt</latexit>

x x�1

<latexit sha1_base64="+hqyHFLjj7neQNj6ghT2Q6ICspY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQS0GPBi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh0uvX6m6NXcOskq8glShQKNf+eoNEpbFXCGT1Jiu56YY5FSjYJJPy73M8JSyMR3yrqWKxtwE+fzSKTm3yoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbThlG4K3/PIqaV3VPL/m3/vVul/EUYJTOIML8OAa6nAHDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/AOHyjOU=</latexit>

breakaway 
point

Alternatively, it can be shown that a breakaway or break-in point satisfy
X

i

1

� � zi
=

X

j

1

� � pj

<latexit sha1_base64="z7XEczp+izUcRGd8Q1hxj7P0O3M=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwY0mkUBGEghuXFewDmhAm00k77UwSZiZCDfkUN/6KGxeK6E6/xmmahbYeuHA4517uvcePGZXKsr6M0srq2vpGebOytb2zu2fuH3RklAhM2jhikej5SBJGQ9JWVDHSiwVB3Gek60+uZ373nghJo/BOTWPicjQMaUAxUlryzIYjE+5RJxAIp3aWOpIOOTp78GgGr2BujhfN2Btnnlm1alYOuEzsglRBgZZnfjqDCCechAozJGXftmLlpkgoihnJKk4iSYzwBA1JX9MQcSLdNH8wgydaGcAgErpCBXP190SKuJRT7utOjtRILnoz8T+vn6jgwk1pGCeKhHi+KEgYVBGcpQUHVBCs2FQThAXVt0I8QjoOpTOt6BDsxZeXSee8Ztdr9dt6tXlZxFEGR+AYnAIbNEAT3IAWaAMMHsEzeAVvxpPxYrwbH/PWklHMHII/ML5/ABK9pCE=</latexit>
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Proof: Consider the characteristic equation

1 + kpG(s) = 0 ) 1 + kp
Y (s)

X(s)
= 0 ) X(s) + kpY (s) = 0

<latexit sha1_base64="tdWheIJdwqtM/XTlUPvawlj6Fq4="></latexit>

For a small change in , we havekp

X(s) + (kp + �kp)Y (s) = 0 ) 1 +
�kpY (s)

X(s) + kpY (s)
= 0

<latexit sha1_base64="JbVj7cX8F9IKVjkFB0aSXHCj1Gk="></latexit>

Since the denominator is the original characteristic equation, a multiplicity  of 
roots exists at a break-in or a breakaway point. Hence,

r

Y (s)

X(s) + kpY (s)
=

Ci

(s� si)r
=

Ci

(�s)r

<latexit sha1_base64="J7wxbuiWXjX1wufybHEtG3jROLQ="></latexit>

Therefore,

1 + �kp
Ci

(�s)r
= 0 ) �kp

�s
= � (�s)r�1

Ci

<latexit sha1_base64="VuBO8kKbhFwYO2I39lFiQN2SI5s="></latexit>

As we allow , we obtainδkp → 0
dkp
ds

= 0

<latexit sha1_base64="bbgKbAmRlSuh6uSjxjHI8JSeQh4=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUmkoAhCwY3LCvYBbQiTyaQdOpmEmYlQQsBfceNCEbd+hzv/xmmbhbYeuNzDOfcyd06Qcqa043xbK6tr6xubla3q9s7u3r59cNhRSSYJbZOEJ7IXYEU5E7Stmea0l0qK44DTbjC+nfrdRyoVS8SDnqTUi/FQsIgRrI3k28eDSGKSh2jsp4VpqkA3yPHtmlN3ZkDLxC1JDUq0fPtrECYki6nQhGOl+q6Tai/HUjPCaVEdZIqmmIzxkPYNFTimystn5xfozCghihJpSmg0U39v5DhWahIHZjLGeqQWvan4n9fPdHTl5UykmaaCzB+KMo50gqZZoJBJSjSfGIKJZOZWREbY5KFNYlUTgrv45WXSuai7jXrjvlFrXpdxVOAETuEcXLiEJtxBC9pAIIdneIU368l6sd6tj/noilXuHMEfWJ8/6P+Uxg==</latexit>
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Example 6:
• A single-loop feedback control system has the characteristic equation

So, on the real-axis segments we have

1 + kpG(s) = 1 + kp
(s� 3)(s� 5)

(s+ 1)(s+ 2)
= 0

<latexit sha1_base64="VniGQMhMyUc0zpsULav8vTqAnM0=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2AROhTLTK0oQqHgQpcV7AXaYcikmTY0cyHJCGWY93Djq7hxoYgrwYVvY9rOQlsPJHz5zzmcnN+NGBXSNL+13Mrq2vpGfrOwtb2zu6fvH7RFGHNMWjhkIe+6SBBGA9KSVDLSjThBvstIxx1fT/OdB8IFDYN7OYmI7aNhQD2KkVSSo1et8tiJ4E1JGLAO54++xxFOSuL0zFDXuZEqLluKy1UjrZuOXjQr5izgMlgZFEEWTUf/7A9CHPskkJghIXqWGUk7QVxSzEha6MeCRAiP0ZD0FAbIJ8JOZrul8EQpA+iFXJ1Awpn6uyNBvhAT31WVPpIjsZibiv/lerH0Lu2EBlEsSYDng7yYQRnCqVFwQDnBkk0UIMyp+ivEI6SckcrOgjLBWlx5GdrVilWr1O5qxcZVZkceHIFjUAIWuAANcAuaoAUweATP4BW8aU/ai/aufcxLc1rWcwj+hPb1AxJBnHI=</latexit>

Taking the derivative with respect to ,σ

kp(�) = � (� + 1)(� + 2)

(� � 3)(� � 5)
= � �2 + 3� + 2

�2 � 8� + 15

<latexit sha1_base64="2acK3dilbUcScKbn+N4syqQ69o8="></latexit>

dkp(�)

d�
= �11�2 � 26� � 61

(�2 � 8� + 15)2
= 0

)
(
�1 = �1.45

�2 = 3.82

<latexit sha1_base64="rEQOT9foKBFdWgyhLsy/dHkRJ90="></latexit>

Root Locus ELEC304-Alper Erdogan 1 – 12

Break-away and Break-in Points

Break-away 
point Break-in 

point 

• Break-away point: The point where root-locus leaves
the real axis.

• Break-in point: The point where root locus enters the
real axis.

• Variation of K as a function of æ
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• Step 5:  Determine where the locus crosses the imaginary axis (if it does so).

1st way: Using the Routh-Hurwitz criterion:


‣ When we have -axis crossings, the Routh-table has all zeros at a row


‣ Find the value of  for which a row of zeros is achieved in the Routh-table. 

jω

kp

2nd way: Alternatively, If  is a closed-loop pole on the imaginary axis, 
then

s = jω

1 + kpG(j!) = 0

<latexit sha1_base64="tmF5nCiCrgoUZ1P05yX3M2gOh8M=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiBEhDAjAUUQAh70GMEskAxDT6cnadPL0N0jxCH4K148KOLV//Dm39hZDpr4oODxXhVV9aKEUW0879tZWFxaXlnNreXXNza3tt2d3bqWqcKkhiWTqhkhTRgVpGaoYaSZKIJ4xEgj6l+N/MYDUZpKcWcGCQk46goaU4yMlUJ33z/phwm8Lt63JSdddAwvoRe6Ba/kjQHniT8lBTBFNXS/2h2JU06EwQxp3fK9xAQZUoZiRob5dqpJgnAfdUnLUoE40UE2vn4Ij6zSgbFUtoSBY/X3RIa41gMe2U6OTE/PeiPxP6+Vmvg8yKhIUkMEniyKUwaNhKMoYIcqgg0bWIKwovZWiHtIIWxsYHkbgj/78jypn5b8cql8Wy5ULqZx5MABOARF4IMzUAE3oApqAINH8AxewZvz5Lw4787HpHXBmc7sgT9wPn8AZ0mTPA==</latexit>

The real and imaginary parts of the equation above provide us with 2 equations 
with two unknowns  and  (i.e., the critical gain beyond which the system 
goes unstable, and the oscillation frequency at the critical gain)

kp ω
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• A single-loop feedback control system with closed-loop transfer function

The Routh table is given by

Example 7 (1st way):

Root Locus ELEC304-Alper Erdogan 1 – 16

j! Axis Crossings

• Use Routh-Hurwitz to find j! axis crossings.

• When we have j! axis crossings, the Routh-table has
all zeros at a row.

• Find the K value for which a row of zeros is achieved
in the Routh-table.

Example: Consider

T (s) =
K(s + 3)

s4 + 7s3 + 14s2 + (8 + K)s + 3K

The Routh table

The row s
1 is zero for K = 9.65. For this K, the

previous row polynomial is

(90°K)s2 + 21K = 80.35s2 + 202.7 = 0

whose roots are s = ±j1.59.

The row  is zero for . For this , the previous row polynomial iss1 K = 9.65 K

whose roots are s = ± j1.59

(90�K)s2 + 21K = 0
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T (s) =
K(s+ 3)

s4 + 7s3 + 14s2 + (8 +K)s+ 3K

<latexit sha1_base64="NxYJ2z8sjizeDbL5h4QypM7vj9Q="></latexit>
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Example 7 (2nd way):
• A single-loop feedback control system has the characteristic equation

So, on the imaginary-axis we have

Separating real and imaginary parts,

1 + kpG(s) = 1 + kp
s+ 3

s(s+ 1)(s+ 2)(s+ 4)
= 0
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In the second equation, we can discard 
the trivial solution . It then yieldsω = 0

!2 =
kp + 8

7
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And substitute in the first to find kp

(
�!4 + 14!2 � 3K = 0

7!3 � (kp + 8)! = 0

<latexit sha1_base64="Pv9ezLRwLCluoaHJmrQeu2UYncQ="></latexit>

kpG(j!) = �1 ) �!4 + j7!3 + 14!2 � j(kp + 8)! � 3K = 0
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Root Locus sketching rules

• Rule 7: Imaginary axis crossings

In this example,

KG(s)H(s) =
K(s+ 3)

s(s+ 1)(s+ 2)(s+ 4)

=
Ks+ 3K

s4 + 7s3 + 14s2 + 8s
⇒

KG(jω)H(jω) =
jKω + 3K

ω4 − j7ω3 − 14ω2 + j8ω .

Setting KG(jω)H(jω) = −1,

−ω4 + j7ω3 + 14ω2 − j(8 +K)ω − 3K = 0.

Separating real and imaginary parts,

½
−ω4 + 14ω2 − 3K = 0,
7ω3 − (8 +K)ω = 0.

In the second equation, we can discard the
trivial solution ω = 0. It then yields

ω2 =
8 +K

7
.

Substituting into the first equation,

−
µ
8 +K

7

¶2
+ 14

µ
8 +K

7

¶
− 3K = 0⇒

K2 + 65K − 720 = 0.

Of the two solutions K = −74.65, K = 9.65 we can
discard the negative one (negative feedback ⇒ K > 0).

Thus, K = 9.65 and ω =
p
(8 + 9.65)/7 = 1.59.

-j3

-j2

-j1

j1

0 1-1-2-3-4

Asymptote

Asymptote

Asymptote
s-plane

jω

σ
2

j2

j3

X X X X

system response
contains undamped
terms at this point

Figure by MIT OpenCourseWare.
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• Step 6:  Determine the angle of departure of the locus from a pole and the 
angle of arrival of the locus at a zero, using the phase angle criterion.

�2
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x x

breakaway 
point

x

x−1 + j

−1 − j

Due to the phase criterion, the tangents to the loci at the breakaway point are 
equally spaced over 360°. Therefore, 


‣ in left figure, the two loci at the breakaway point are spaced 180° apart


‣ in right figure, the four loci are spaced 90° apart

The angle of locus departure from a pole is the difference between the net 
angle due to all other poles and zeros and the criterion angle of 

, and similarly for the locus angle of arrival at a zero. ±(2k + 1)180o
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• In this case,  K(s) = kp + ki /s + kps

5.5.5 Proportional + Integral + Derivative (PID) Control

K(s) = kp +
ki
s
+ kd s

G(s)kp

ki/s

kd s

Σ Σ
+r̄ ū ȳ

− +

+
+

Characteristic equation:

1+G(s)(kp + kd s + ki/s) = 0

• can potentially combine the advantages of both derivative and

integral action:

but can be difficult to “tune”.

There are many empirical rules for tuning PID controllers

(Ziegler-Nichols for example) but to get any further we really need

some more theory . . .

21

• The continuous-time PID controller (in time domain) is

• Taking Laplace transforms:

ū(s) =

✓
Kp +

Ki

s
+Kds

◆
ē(s)

u(t) = Kpe(t) +Ki

Z t

0
e(⌧)d⌧ +Kd

de(t)

dt



Proportional + Integral control
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• In this case,  K(s) = kp + ki /s

• Typical result of having integral control :


✓ (if stabilizing) always results in zero steady-state error, in the presence of 
constant disturbances and demands

ki

5.5.4 Proportional + Integral (PI) Control

In the absence of disturbances, and for our simple configuration,

ē(s) =
1

1+G(s)K(s)
r̄ (s)

Hence,

steady-state error,
(for step demand) =

1

1+G(s)K(s)

∣∣∣∣
s=0

=
1

1+G(0)K(0)

To remove the steady-state error, we need to make K(0) = ∞
(assuming G(0) ≠ 0).

e.g

K(s) = kp +
ki
s

G(s)kpΣ Σ

ki/s

+r̄ ū ȳ

− +

+

Example:

G(s) =
1

(s + 1)2
, K(s) = kp + ki/s

18
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Example 8:
• Consider the following critically damped 2nd-order system 

G(s) =
1

(s+ 1)2
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Then

Applying the FVT:

ȳ(s) =
(kp + ki/s)G(s)

1 + (kp + ki/s)G(s)
r̄(s) =

(kp + ki/s)
1

(s+1)2

1 + (kp + ki/s)
1

(s+1)2
r̄(s)

=
(kps+ ki)

s(s+ 1)2 + kps+ ki
r̄(s)

<latexit sha1_base64="tSZC+xYHUr5eniCYx71EKxBIvlc="></latexit>

lim
t!1

y(t) = lim
s!0

sȳ(s) = lim
s!0

s
(kps+ ki)

s(s+ 1)2 + kps+ ki

1

s
= 1

<latexit sha1_base64="380XIYvHyvWnpf+Z2hax3KXmkw0="></latexit>

Therefore, there is no steady-state error!



P-Controller

• The obvious method - proportional control

• This method fails if, for instance, the error corresponds to more than a single 
task or the system changes; hence, for the same error, different gains are 
needed.

No control
 (Kc=0)Increasing KC

Time

y

0

Kp (Kp = 0)

• That's where the integral and derivative terms play their part.
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I-Controller

• An integral term increases action in relation not only to the error, but also the 
time for which it has persisted. So, if applied control action is not enough to 
bring the error to zero, this control action will be increased as time passes.

• A pure "I" controller could bring the error to zero, however, it would be both 
slow reacting at the start, brutal, and slow to end, prompting overshoot and 
oscillations.

 

 

Increasing tI

Time
  (a)

y

0

 

 

Increasing KC

Time
  (b)

y

0

decreasing Ki increasing Kp

time time

• Alternative formulation: change the error in small persistent steps - over time 
the steps accumulate and add up dependent on past errors;  
this is the discrete-time equivalent to integration.
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D-Controller

• Ideal derivative control cannot (and must not) be realized in a PID-controller. 
Practical systems always contain high frequency disturbances (e.g., white 
noise), which are amplified by derivative control.

• Because of that a lag term is usually added to the derivation.

• Aims at flattening the error trajectory into a horizontal line, damping the control 
applied, and so reduces overshoot

Kds 
Kds

1 +Kds/N

• Other practical modification is to derivate only the output (not the reference, 
not the error signal)

37



PID-Controller

• Top-left: P-controller effect  
(ID-controllers kept constant)


• Bottom-left: I-controller effect 
(PD-controllers kept constant)


• Bottom-right: D-controller effect 
(PI-controllers kept constant)
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Tuning PID controllers

• The structure of the used discrete PID algorithm must always be told together 
with the tuning parameters kp, ki, kd.

• Controller design is based on heuristic design methods for selecting the 
controller parameters.

• The principal design goal is stability: The system is stable when the closed 
loop poles are on the left-half of s-plane

• Secondary criteria are, for example, rise, overshoot, settling time, and steady 
state error. These can be analyzed graphically from impulse, step and ramp 
responses of the close loop system

Parameter Rise time Overshoot Settling time Steady-state error Stability

Kp Decrease Increase Small change Decrease Degrade

Ki Decrease Increase Increase Eliminate Degrade

Kd Minor change Decrease Decrease No effect in theory Improve if  small

Effects of increasing a parameter independently
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PID-Controllers
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Learning outcomes

By the end of this lecture, you should be able to:

• Understand the concept of the root locus and its role in control system design


• Know how to obtain a root locus plot by sketching or using MATLAB


• Be familiar with the PID controller as a key element of many feedback systems
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