Computational inverse problems

Nuutti Hyvonen and Pauliina Hirvi
nuutti.hyvonen@aalto.fi, pauliina.hirvi@aalto.fi

Fifth lecture

108



2.4.3 Krylov subspace methods
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Krylov subspace methods

The Krylov subspace methods are iterative solvers for (large) matrix
equations of the form Az =y, A € R™"*™. Loosely speaking, such
methods try to approximate the solution vector x € R™ as a linear
combination of vectors of the type u, Au, A%u etc., with some given
u € R™. If multiplication by A is cheap — e.g., if A is sparse —, the
Krylov subspace methods are especially efficient.

On this course, we only consider the most well-known Krylov subspace
method, the conjugate gradient method. Other methods of this class
include, e.g., the generalized minimal residual method (GMRES), and
the biconjugate gradient method (BiCG).
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The regularizing properties of the conjugate gradient method can be
analyzed explicitly; see, e.g., the monograph

M. HANKE, Conjugate gradient type methods for ill-posed problems,
Pitman Research Notes in Mathematics Series, 327.

However, here we content ourselves with introducing the basic ideas
behind the conjugate gradient scheme and demonstrating numerically

how application of an ‘early stopping rule’ provides reasonable solutions
for inverse problems.
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Assumptions on A and a related inner product

We assume that the system matrix A € R"*"™ is symmetric and positive
definite, i.e.,

At = A and wrAu > 0 for u # 0.

In particular, this means that the square matrix A is injective, and
consequently invertible due to the fundamental theorem of linear
algebra. It is easy to see that the inverse A=! € R"*" is also symmetric
and positive definite.

We define an A-dependent inner product and the corresponding norm via

(u,v) 4 = u'Av and |ul|a = (u,u>}4/2.

It follows from the assumptions on A that (-,-)4 : R” x R” — R really
is an inner product on R™, and consequently || - ||4 : R® — R is a norm.
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The error, the residual and a minimization problem

Let 2, = A~ 'y € R™ be the unique solution of the equation
Ar =y

for a given y € R™. We define the error and the residual corresponding
to some approximative solution x € R"™ by

e = Ty — X and r =y— Axr = Ae.

Let ¢ : R™ — R be the A-dependent quadratic functional

o(x) = lle|h = e'de = r' A7l = ||}
Since || - |4 is a norm, ¢(x) is non-negative and equals zero if and only if
e =10 — T = Ty.

Hence, minimizing ¢ is equivalent to solving the original equation.
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Minimizing ¢ in a given direction

Evaluating ¢ would require the knowledge of x, or, equivalently, that of
A~1: since our ultimate goal is to approximate the solution x,
iteratively, assuming it known is not a feasible option.

Fortunately, if we have some initial guess x5 € R™ and some search
direction 0 # s € R™, we can find the minimizer of ¢ over the line

So = {x €R" | z =29+ asg, a € R}

without knowing ..
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Lemma. The function
a — ¢(xg+ asg), R —R,

attains its minimum at

o = o — S;‘)FTO - SOTT()
— 0 = = —
Isoll% 56 Aso’

where rq is the residual corresponding to the initial guess:

ro = y — Axg.
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Proof. The residual corresponding to = = xg + assg is
r=y—Ar = y— Azxg — aAsy = rog — aAsg.
In consequence,

px) = rtA lr
= (ro—adsg) A" H(rg — adsp)
= a?sy Asg — 2asp g + 19 A7 g,
which, as a function of «, is a parabola that opens upwards, because

sp Asg > 0. Hence, its minimum is at the unique zero of the derivative
with respect to «, i.e., at a = «g. ]
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About the choice of the search directions

Given a sequence of (non-zero) search directions {s;} C R™, we can
thus produce a sequence of approximate solutions by first choosing g
and then finding iteratively the minimizer of ¢ on the line passing
through xj in the direction s, as follows:

T+l = Tk + Qg Sk, with o =

where rj, is the residual corresponding to the kth iterate, i.e.,
r. =y — Axp.

Notice that {¢(z1)} is a decreasing sequence of real numbers because
¢(xk+1) is always smaller than — or as small as — ¢(xy).

However, an efficient choice of the search directions {s;} is a subtle
Issue.
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Probably, one of the first ideas that comes to mind is to choose
s = —Vo(xr) = 2(y — Axy), k=0,1,...,

because it gives the direction of the steepest descent. However, this does
not in general provide a sequence {x}} that converges fast towards the
global minimizer x, = A~ 'y, as demonstrated by the following example:

Let

1 O 0
A = and Yy = :
0 5 0

which means, in particular, that
p(x) = ¢p(z'V,z?)) = (V) +5(z2))*.

The following image shows level contours of ¢ and the sequence
{z}]_, starting from zo = (1,0.3)". The actual solution z, = (0,0)"*
is marked with an asterisk.
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Minimizing ¢ over a hyperplane

Let {sg,...,sk} be a set of linearly independent search direction. Next,
we consider finding the minimizer of ¢ on the hyperplane

S, = {CE‘GR”’CEZZEO—FSIJL, hERk—H},

where zg € R™ is the initial guess and Si = [so, ..., sp] € R?*(F+D),

Lemma. The function
h — ¢(xo + Sph), RFFT SR,
attains its minimum at
h = hy, = (Sp AS,) 1St ro,

where rq = y — Axq is the residual corresponding to the initial guess.
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Proof. Let us first prove that ST AS;, € R(F+DX(k+1) is invertible: Due
to the positive definiteness of A, we have

SFASz=0 = 2z'SlAS,2=0 = S,z=0,

which means that z = 0 since the columns of S}, are linearly
independent. Hence, Ker(S; ASy) = {0}, i.e., S;' AS} is injective, and
thus (S;' ASy) ™1 exists by the fundamental theorem of linear algebra.

The residual corresponding to ©x = xg + S h satisfies
r =y — A(xg + Sph) = rg — ASkh,
and thus

o(xg + Sph) = (rg — ASph) A~ (rog — ASLh)
= h'SFASLh —2rg Sph+1rg A .
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In particular, the coefficient matrix S;" ASy, of the quadratic term of
¢(xo + Skh) in h is positive definite:

ut (SEASK)u = (Spu) "A(Sku) > 0, u € RFFL,

where the equality holds if and only if Spu =0, i.e., u = 0. Thus, the
basics of quadratic programming tell us that the unique zero of the
gradient of ¢(xo + Sih) with respect to h, i.e.,

he = (S ASL) 1Sk,

is the unique minimizer of ¢(x¢ + Sih) over h € RFF1L,
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A-conjugate search directions

Since finding the minimizer of ¢ over the hyperplane
S, = {CEGR” ’ x = x9 + Sih, hERk—H}

involves inverting a (k + 1) x (k 4+ 1) matrix, such an approach is not
necessarily very attractive.

On the other hand, as demonstrated by the numerical example above,
minimizing ¢ sequentially in the directions s, ..., si does not, in
general, result in as good approximate solution as doing the
minimization over the whole hyperplane S; at once. (Clearly, the first
two search directions of the numerical example were linearly
independent, and thus minimization over the hyperplane Sy, i.e., the
whole R?, would have given the global minimizer z, = (0,0)1.)

However, the sequential minimization does produce the minimizer over
Sy if the search directions {sg,..., sk} are chosen in a clever way.
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We say that non-zero vectors {sq,...,sr} C R™ are A-conjugate if
T
(85,8504 = s; As; =0

for i # j. In other words, the vectors {sq, ..., sk} are A-conjugate if
they are orthogonal with respect to the inner product (-, -) 4.

The A-conjugacy condition can be expressed neatly with the help of the

matrix Sy, = [so, ..., 5] € R+
so

STAS, = | | [Aso,..., Asy] = diag(do,d; ..., dy) € REFDXE+L)
Sk

where d; = s;-FAsj >0,5=0,...,k, due to the positive definiteness of
the matrix A.
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The following theorem demonstrates that it is useful to choose the
search directions to be A-conjugate.

Theorem. Let xo € R™ be an initial guess and assume that the vectors
{s0,...,8k} CR™ are non-zero and A-conjugate. Then, the sequential
minimizer of ¢ over these directions, i.e., x11 € R™ obtained by the
iteration

T

Tjy1 = T; +Q S5, with o, = e

j=0,...,k,

is the minimizer of ¢ on the hyperplane
S, = {CIZGR” ’ x = xo9 + Sih, hGRk_H}.

To put it short,

Tri1 = To+ Sphe = x9 + Sk(SkTASk)_ngro.
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Proof. Let a; = (o, ...,a;)" € R/ With this notation we have

71—1
ZEjZZEO—FZOéiSZ':ZEQ—FSj_laj_l, 7=1,...,k+ 1.
1=0

Moreover the residual corresponding to x; is

ry = Y — ij — (y — AZBO) — ASj_lClj_l = 79— ASj_chj_l.

In particular,
T. _ T Tac, ... . — T T | |
s;rj = 8;10—8; ASj 1a;_1 = s;r0+ 5, [Asg, ..., Asj_1]a;_1,
where the last term vanishes since s; is A-conjugate to {sg,...,5;_1}.
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Hence,
T T

SIT; S: T
77 J .
a; = = : 73=0,...,k.
SJTASJ' SJTASJ'
On the other hand, since {sq, ..., si} are A-conjugate, we have
_ . —1
(S AS,)™ b = (dlag(sgAso, el SEASk))

—  diag(1/(sd Aso), ..., 1/(sF Asp)),

which means that

S0 T0 o
h, = (SHASL)1Skrg = (SFAS,) ™! ; —
sEiro Qg
Consequently, ap = h, and
Tkl = To + Skar = o+ Sihx. []
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A useful corollary about the residuals

If the search directions are chosen to be A-conjugate, we have also extra
information about the residuals:

Corollary. If the non-zero search directions {s; }?ZO C R™ are
A-conjugate, then the residual 1.1 = y — Axyy 1 satisfies

re+1 L span{so, ..., sk},
where the orthogonality is in the sense of the standard inner product.

Proof. Since x;.1 = x¢ + Sihs, it holds that
ree1 = (y — Axg) — ASkhe = rg — ASih..
In consequence,
7h 150y -y The1Sk] = The1Sk = 10 Sk — by Sp ASk = 0

because h} = ((SLASk) 1St ro)t = rd Sk(S;F ASk)™

128



How to construct A-conjugate search directions?

There are many ways to construct a set of A-conjugate search
directions. If one chooses to use Krylov subspaces the result is the
conjugate gradient algorithm:

Definition: The kth Krylov subspace of A with the initial vector
ro =y — Axg Is defined as

K = K(A,ro) = span{rg, Arg, ..., A" 1rq}, k=1,2,....

Note, in particular, that A(Ky) C Kgi1.

Take also note that Kr_1 C K, where the dimension of the latter is at
most k, and it is at most one higher than that of the former. (For
example, if g is an eigenvector of A, then the vectors spanning C;. are
scalar multiples of each other, which means that dim(K) = 1 for all

k > 1. Fortunately, it turns out that this is not a hindrance.)
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The logic of the conjugate gradient algorithm

et us construct a sequence of A-conjugate search directions inductively.
The leading idea is that, given a set of A-conjugate search direction, we
can either find a new A-conjugate direction or the previous iterate is
already the global minimizer x., i.e., the unique solution of Ax = y.

1. Choose an initial guess o € R".

2. If ro =y — Axg = 0, we have found the solution x, = z¢. Otherwise,
set sg = ro (, which is, by the way, the steepest descent direction).
Note, in particular, that the set of a single search direction {s¢} is

trivially A-conjugate and

IC1 = span{sg} = span{rg}.
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3. Suppose that we have non-zero and A-conjugate search directions
{sj}?;é, k > 1, such that

Km = span{sg,...,Sm_1} = span{rg,...,"m_1}, m=1,...,k,
(9)
where r; =y — Ax;, 7 =0,...,k — 1, are the residuals corresponding to

the iterates {xj}f;é of the sequential minimization algorithm.

If v, = 0, the algorithm has converged to x, = z;. Otherwise, we try to
choose another A-conjugate and non-zero search direction s € R™ so
that (9) remains valid if k is replaced by k + 1.
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Assume thus that 7, # 0. Since
r = y— Az = y— A(Tk—1 + ap—15k-1) = k-1 — a1 Asg_1

and r;,_1 and s;_1 belong by assumption to s, the new residual 7
belongs to K1. Since 7 is orthogonal to {sg,...,sx_1}, which span
K. and belong to Kx.1, we must have

Kri1 = span{sg,...,Sk_1,Tk} = span{ro,...,Tk—_1,7k}-
Let us try to find the new search direction s; in the form

Sk = Tk + Br—15k—1, Br—1 € R.

Note that this kind of vector belongs to 1 and, furthermore,

Kri1 = span{sg,...,Sk_1,7r} = span{Sg,...,Sk_1,Sk}-

Consequently, all we have to worry about is the A-conjugacy condition:
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We want to choose B,_; € R” so that

S?Ask — s;-rA'rk — ﬁk_ls;rAsk_l
= (Asj)Tr + Be_1s; Asp_1 =0 (10)
for j =0,...,k— 1. Because {sg,...,Sk_2} C Kr_1, we have

{Asg,...,Asg_o} C Kx = span{sg,...,Sk_1},

and thus the vectors {Asg, ..., Asy_o} are orthogonal to ;. Hence, the
A-conjugacy of {sq,...,Sk_1} yields that only the last of the equations
(10) is non-trivial.

Solving this equation for 5;,_ results in the needed update rule

T
Sk_lATk

Sk = Tk + Br—15k—1, Br-1 = ——5 y :
Sp—1415k—1
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