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Discontinuities

Prior information: The unknown is a function of, say, time. It is known
to be relatively stable for long periods of time, but contains now and
then discontinuities. We may also have information on the size of the
jumps or the rate of occurrence of the discontinuities.

A more concrete example: Unknown is a function f : [0,1] — R. We
know that f(0) = 0 and that the function may have large jumps at a few

locations.

After discretizing f, impulse priors can be used to construct a prior on
the finite difference approximation of the derivative of f.
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Discretization of the interval [0, 1]: Choose grid points t; = j/N,
j=0,...,N, and set z; = f(t,).
We write a Cauchy-type prior density

N

7Tpr($) — (%)NH 1+ a2 1

that controls the jumps between the adjacent components of x € RV +!.
In particular, the components of X are not independent. (In addition to
this prior, we know that Xy = ¢ = 0.)

To make draws from the above density, we define new variables
ijZBj—ZEj_l, 1SJ§N,

which are the changes in the function of interest between adjacent grid
points.
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Notice that & = [z1,...,zx]|’ € RY satisfies
x = A€,

where A € RY*N is a lower triangular matrix such that A, = 1 for
j > k. Hence, it follows, e.g., from the change of variables rule for

probability densities that

N

= (&) T 1

J=1

In particular, due to the product form of m,.(£), the components of =
are mutually independent, and can thus be drawn from a
one-dimensional Cauchy density.

Subsequently, a random draw from the distribution of X can be
constructed by recalling that xog = 0 and using the relation £ = AE£.

253



6000

5000

4000

3000 ¢

2000

1000

100

~100}
—200}
300
—400}

-500
0




Sample-based densities

Assume that we have a large sample of realizations of a random variable
X e R™:
S={z' 2% ... 2"}

One way to construct a prior density for X is to approximate m(x) based
on S.

Estimates of the mean and the covariance:

1 N
E{X} ~ N E CIZJ — j,
=1

cov(X) = E{XXT} — E{X}E{X}T ~ % S 2 (27)T — 22T = T

(Notice that I' is not the unbiased sample covariance estimator, but let
us anyway follow the notation of the text book.)
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The eigenvalue decomposition of I' is
r=UDU",

where U € R™*" is orthogonal and has the eigenvectors of I" as its
columns, and D € R"*" is diagonal with the eigenvalues

dy > ...>d, >0 as its diagonal entries. (Note that I' is clearly
symmetric and positive semi-definite, and thus it has a full set of
eigenvectors with non-negative eigenvalues.)

The vectors 7, j = 1,..., N, are typically ‘somewhat similar’ and the
matrix I' can consequently be singular or almost singular: The
eigenvalues often satisfy d; ~ 0 for j > r, where 1 < r < n is some
cut-off index. In other words, the difference X — F{X} does not seem
to vary much in the direction of the eigenvectors u,11,..., U,.
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Assume this is the case. Then, one can postulate that the values of the
random variable X — E(X) lie ‘with a high probability’ in the subspace
spanned by the first r eigenvectors of I'. One way of trying to state this
information quantitatively, is to introduce a subspace prior

m(x) o< exp (—al| (I — P)(@ — 2)[?)

where P is the orthogonal projector R® — span{uq,...,u,}. The
parameter o > 0 controls how much X — Z is allowed to vary from the
subspace span{ui,...,u,}. (Take note that such a subspace prior is not
a probability density in the traditional sense.)

257



If T is not almost singular, the inverse I'"! can be computed stably. In
this case, the most straightforward way of approximating the (prior)
probability density of X is to introduce the Gaussian approximation:

Depending on the higher order statistics of X, this may or may not
provide a good approximation for the distribution of X.
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Posterior density and a simple linear model

Consider a linear system of equations with noisy right hand side,
y= Az + e, reR" yecR™, AecR™™,
The corresponding stochastic extension reads
Y =AX + F,

where X, Y and E are random variables.

A very common assumption: X and E are independent and Gaussian,
X ~N(0,4°T),  E~N(0,0%]),

where we have assumed that both X and E have zero mean. (If this
was not the case, the means could be subtracted from the respective

random variables.)
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The covariance of the noise indicates that the components of Y are
contaminated by independent and identically distributed Gaussian
random variables of variance o2. On the other hand, the prior
distribution of X is assumed to have a bit more structure: I' need not be
diagonal and the parameter 42 is introduced for controlling the
‘magnitude’ of the (prior) covariance.

In other words, the prior density is of the form

1
Tpr(T) X exp (—WxTF_lx> :

and assuming that the noise level o2 is known, the likelihood function
reads as

1
] 2) ocexp (5ol — Ael?).
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It follows from the Bayes formula that the posterior density is

m(@|y) o< mpe(x)m(y | 2)

L 2>
xexp|——=—=x I'" x——y Ax
(50 v - Ac|
= exp(=V(z|y)),
where )
Viz|y) = ﬁfETF :13+—||y Az|?.

261



If T is symmetric and positive definite, so is I'"!. Hence, we can
introduce a Cholesky factorization:

I''=R'R.
With this notation,
Tz =2"RY Rz = || Rz||?,

and we define

0.2

T(x) =20°V(x|y) = ly — Azl + 3R], 5= T3

The functional T" is sometimes referred to as the Tikhonov functional.
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Recall that the maximum a posteriori (MAP) estimator maximizes the
posterior probability density of the unknowns:

TMAP = arg max 7(z |y).

In our setting,
ryvap = argmin V(x |y) because V(x|y) = —logm(x|y).
With the help of the Tikhonov functional, this reads

Tvap = argmin T'(z) = argmin (|ly — Az|)® + §||Rz|?) .

Recall that the Tikhonov regularized solution of y = Ax — with the
penalty term ||Rx|| — is the minimizer of T'(z). In consequence, the
Tikhonov regularized solution and xpap coincide if the regularization

parameter is chosen to be § = 0% /2.
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n-variate Gaussian densities
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Definition. Let

I I
r_ |t 12| pnxn

' 9o

be a positive definite and symmetric matrix, with I';; € R¥** k< n,
[y € R=F)X(n=k) and To = | S R(=k)Xk \We define the Schur
complement fjj of I'j;, 3 = 1,2, by the formulas

Ty =T — 19055 o, Iy =T9y — T T T

Observe that the definition of I' implies that I';;, j = 1,2, are
symmetric, positive definite and, in particular, invertible. In
consequence, the Schur complements are well defined and symmetric.
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Lemma. Let I' be a matrix that satisfies the assumptions of the
previous definition. Then, the Schur complementsI';;, 7 = 1,2, are

invertible matrices and, furthermore,

=
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Proof: We prove first that the Schur complements are invertible:
Consider the determinant of T,

I''i T'io
I = # 0.
I'or I'ao

By subtracting the first row multiplied by I'5;T';;' from the second one,
we find that
I'yy I'y9

I = =TTl
0 T'o2 —I'oI'j7 T2

implying that |T'11| # 0. In the same way, we can also show that
[Taa| # 0.
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The proof of the second assertion of the lemma follows from the
Gaussian elimination: Consider the linear system

I''i T2 |1 Y1

I'o; T'og| |22 Y2

By solving for x5 in the second equation, we get
zo =I5y (y2 — To121).
Substituting this formula into the first equation, then gives us
(T11 — D125 To1)ay = y1 — T12l55 o,

or equivalently

~

—1 5—1 —1
Il = F22 Y1 — P22 F12I122 Y2,
which verifies the first row of claimed representation of I'"!. The second
row of the representation follows by reversing the roles of x1 and x».
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Remark: Since T is a symmetric matrix, so is I'"!. In consequence, we
have the identity

I~11_11F21F1_11 — (f2_21F12F2_21)T — F2_21F21f2_21-
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Theorem. Let X € R™ and Y € R™ be two Gaussian random variables
whose joint probability density m: R™ x R™ — R is of the form

- T r 4 —1 -

1 |z — 2o I'vi T'yo T — Zo
m(x,y) X exp ~5

Y — Yo I'o; T'ao Y — Yo

Then, the probability density of X conditioned on'Y = v, i.e.,
w(z|y): R" — R, is of the form

() xexp (~ (0~ )T e - 0)),

where

T =9+ L12los (¥ — %0)-
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Proof: For simplicity, let us assume that o = 0 and yy = 0.

Due the representation of the joint covariance matrix I' ! provided by
the previous Lemma and the remark that followed, we may write

1 ~ ~ _ ~
m(x,y) o exp (_5 (a:TF221;1: — 22 Ty T1oToy y + yTPﬂly)>
1 _ ~ _
= exp (_5 ((x — I112I12213/)TF221(5‘U - F12I122ly) + C)) ;

where ¢ = yT (I — T35 To1155 112155 )y. Hence, it follows that

1 _ ~ _
m(x|y) x m(x,y) x exp (—5(56 — F12F221y)TF 21(56 — F12F221y)> :

where the proportionality constants depend on y but not on x. This

proves the claim.
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Theorem. Let X and Y be Gaussian random variables with a joint

probability density as in the previous theorem. Then, the marginal
density of X is

r(z) = / )y ox exp (—%(a: = o) T — x0)> |

Proof: The proof is slightly more complicated than the previous one. It
can be found in the textbook by Kaipio and Somersalo.
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Linear inverse problem

Assume that we have a linear model with additive noise,
Y =AX + F,

where A € R™*™ is a known matrix, and X € R" and Y, E € R™ are
random variables. Assume furthermore that X and E are mutually
independent Gaussian variables with probability densities

onle) ox xp (0 = a0) Ty (o = 20) ).

and

1
Thoise(€) X €xXp <—§(6 —eo)' Tk (e — eo)> :
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With this information, we get from the Bayes formula that the posterior
distribution of X conditioned on Y =y is

m(x | y) o< Tpe(2)7(y | ) = Tpr (%) Toise (y — Az)
1 1

ocexp (50— 20) Ty o = ) = 30— Ao = o) Tikly — Av - co))

The explicit form of this posterior distribution, i.e., the form that shows
the posterior mean and covariance explicitly, can be calculated in a
straightforward but tedious manner by ‘completing the squares’ with
respect to . However, we may also use the first of the two theorems
presented on the previous few slides.
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Since X and E are Gaussian, so is Y, and we have

X o
E = : Yo = Ao + eg
Y Yo

Furthermore, using the fact that X and E' are independent, we deduce
that

E{(X —z0)(X —x0)"} =Ty,

E{(Y = m0)(Y = 10} = B { (ACX —0) +(E—e0)) (ACX —20)+ (E—e0) "}
— ArprAT + Fnoisea

B{(X = 20)(Y = y0)} = E{(X — ) (A(X — 20) + (B~ e0))" }
=T,A".
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Hence, we get

- - ( - r = T - -
X X — Lo X — Lo Fpr FprAT

COV = F < > = :
Y Y — Yo Y — Yo Arpr ArprAT + I‘noise

- T \ /

The joint probability density of X and Y is thus of the form

— - T — - —1 rF -

7T(£B, y) X exXp | — 5 T
Y —1Yo Arpr ArprA + Fnoise Y—1Yo

Using the first of the above two theorems, we can thus write the
posterior density of X conditioned on Y = y.
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Theorem. Assume that X € R"™ and E € R™ are mutually independent
Gaussian random variables,

X ~ N(x(b Fpr)a B~ N(GO, Fnoise)

and I'p, € R™™™ and I'ypice € R™*™ are positive definite. Assume
further that we have a linear model Y = AX + E for a noisy
measurement Y, where A € R™*™ s a known matrix. Then, the
posterior probability density of X given the measurementY =y is

m(x|y) o< exp (—%(x — :E)TI’;OlSt(:U — :E)) :
where
T =z + [pe A" (Ape A" 4 Thoise) ' (y — Azg — o),
and

I‘post — I‘pr T PprAT(APprAT + Pnoise)_lAFpr-
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Remark: It holds that
I“pr — I“post — Fpr14T (ArprAT + Fnoise)_lfélr‘pry

which is a positive semi-definite matrix. Loosely speaking, this means
that the prior density is wider than the posterior, i.e., the measurement
decreases the uncertainty in the whereabouts of X.

Remark: As already mentioned, the explicit forms of the mean and the
covariance of the Gaussian posterior density for this linear model can
also be derived directly. This way we get alternative representations for
the posterior covariance matrix

Tpost = (T + ATt A) !

noise

and the posterior mean

T=Tpost(ATT L (v —eo) + I’;rlxo).

noise
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Gaussian white noise prior and Tikhonov regularization

Consider the simple Gaussian white noise prior case, X ~ N (0,~7%1),
and assume also that the noise is white noise, i.e., E ~ (0,02%I). In this
particular case the mean of the posterior distribution given by the above

theorem turns into
T = ’YQAT(WQAAT + 02)_1y = AT(AAT + 5[)_1y,
where § = 02 /2.

It can be shown that this form is equivalent to the Tikhonov regularized

solution
xs = (ATA+61)" Ay,

which is not very surprising, as we have already deduced at the previous
lecture that xyap = x5 for § = 02 /2 and, on the other hand,
roMm = Tmap for a Gaussian posterior distribution.
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