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Linear Regression

y = b + wx

b - bias, intercept, y-intercept

w - slope, ”rise over run”, weight, coefficient

x - feature, predictor, independent variable

y - label, outcome, response variable, dependent variable
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Linear Regression - example

slope = rise
run = y1−y2

x1−x2
= 0−3

−6−0 = 0.5
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Linear Regression - slope

Negative slope w = −3
Zero slope w = 0
Positive slope w = 3
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Multiple Linear Regression

y = b +
∑n

i=1 wixi = b +wTx

b - bias, intercept, y-intercept

w - vector of coefficients w1,w2, ...,wn

x - vector of features x1, x2, ..., xn
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Multiple Linear Regression - Matrix form

For all (m) data points:
y = b + Xw

b - bias (scalar)

w - (n × 1) weight vector

X - (m × n) feature matrix

y - (m × 1) label vector
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fitting the Linear Regression

Objective - find a hypothesis (model) of a form h(x) = b + wx , such that
predictions h(x) = ŷ are very close to ”true” label ŷ ≈ y .

(y − ŷ) is called prediction error or residual.
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fitting the Linear Regression - MAE

Objective - find a hypothesis (model) of a form h(x) = b + wx , such that
predictions h(x) = ŷ are very close to ”true” label ŷ ≈ y .

Loss - Minimize (average) absolute prediction error |(y − ŷ)| or mean
absolute error (MAE):

MAE = 1
m

∑m
i=1 |(y i − ŷ i )|
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fitting the Linear Regression - MSE

Objective - find a hypothesis (model) of a form h(x) = b + wx , such that
predictions h(x) = ŷ are very close to ”true” label ŷ ≈ y .

Loss - Minimize (average) squared prediction error (y − ŷ)2 or mean
squared error (MSE):

MSE = 1
m

∑m
i=1(y

i − ŷ i )2
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fitting Regression - MAE vs MSE

MAE

robust to outliers

non smooth (non-differentiable at x = 0) - difficult to optimize

no analytical solution

MSE

not robust to outliers

smooth - easy to optimize

analytical solution exists (OLS)
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Probability

p(y |w, x) = N (y |wTx, σ2)

y = wTx+ ϵ, ϵ ∼ N (0, σ2)

Minimizing MSE is equivalent to maximizing the likelihood estimates.
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fitting the Linear Regression - Huber Loss

Huber Loss =

{
(1/2)(y − ŷ)2 for |y − ŷ | ≤ ε

ε(|y − ŷ | − ε/2) else.
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fitting the Linear Regression - Huber Loss
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Student tasks - NumPy array slicing

# Choose first (r+1) cols

# 1st col, r=0

X[:,:1]

# 1st,2nd cols, r=1

X[:,:2]

# 1st,2nd,3rd cols, r=2

X[:,:3]

# Choose rows

# 1st row

X[:1]

# 1st,2nd rows

X[:2]

# 1st,2nd,3rd rows

X[:3]
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Student tasks - For loop

for r in range(5):

# use `r` to slice array

print(r)
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