MS-E2114 Investment science
Leevi Olander, Jaakko Wallenius Exercise 6 Solutions

e The market portfolio is the summation of all assets. An asset’s weight in the market portfolio, termed
capitalization weights, is equal to the proportion of that asset’s total capital value to the total market
capital value.

e Capital market line emanates from point (0,r¢) through (oar,7ar), and shows the relation between the
expected rate of return and the risk of return for any efficient portfolio. The capital market line is
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where the slope K = (¥as — rf)/oum is termed the price of risk.

e The capital asset pricing model (CAPM): If the market portfolio M is efficient, the expected return 7; of
any asset i satisfies

Bi = Z2 )
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where o, is the covariance of an asset ¢ and the market portfolio.

e The relation 7; = ry + fB;(Ty — ry) is the security market line, which shows the relation between the
expected rate of return and the risk of an asset. This highlights how CAPM emphasizes that the risk of
an asset is a function of its covariance with the market or, equivalently, its beta 3;.

e CAPM is a pricing model. However, to see how the above expressions are related to pricing, we must go
back to the definition of return. Suppose that an asset is purchased at price P and later sold at price Q.
The rate of return is then r = (Q — P)/P, where P is known and @ is random. Substituting this into the
CAPM formula yields -
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Equation (1) is termed the pricing form of the CAPM. It uses risk-adjusted discount rate ry + B(rar —ry)

when discounting the expected value of a fund @) to get the present value.
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e The pricing form of CAPM is linear, that is
Q1+

P+ Py = ,
rrhe L+7¢+ Biya(Tar —7p)

where (142 is the beta of a new asset, which is the sum of assets 1 and 2.

e The form of the CAPM that clearly displays linearity is called certainty equivalent form, which can be
derived as follows. Suppose that we have an asset with price P and final value ). We can then write
r=Q/P — 1, from which follows

5= Cov|r, ] _ Cov[Q/P — 1,7] _ Cov[Q, ]
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Substituting this into (1) yields

_ o 7 )
pP= COV[g’I‘ ] = P(l + Tf) + OV[C}22 TM] (fM - Tf) =Q
1+Tf+7PJJQ7VIM (f]\/[—’l”f) oM
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P = — — 9
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Equation (2) is the certainty equivalent pricing formula. The term in brackets is called the certainty
equivalent of @, because it is treated as a certain amount and then the risk-free discount factor 1/(1+ry)
is applied to obtain the present value P (it can be thought as a market-risk adjusted expected value). This
term is linear with respect to (), because expected value and covariance are linear. For example, we can
calculate a price Pj1o for a combination of assets 1 and 2 as follows.

Piis = T —:Tf E[Q1 + Q2] — COV[QI; Qo (T — Tf)}
I M
— - _:Tf E[Ql] + E[QQ] - COV[Qla TM}O-—; COV[QQa TM] (fM o Tf):|
I M
1 [ - C , _ 1 ~ C , _
& Pryg = T+ _Ql - W(TM—W)} + 7, [Q2 — W(TM—W)} =P+ P

e The CAPM theory can be used to evaluate the performance of investment portfolios in terms of historical
data. The expected rates of returns and covariances with the market can be estimated using standard
formulas.

e The Jensen index J measures how much the performance of an individual asset has deviated from the
security market line, that is,

7%—Tf=J+5(7%M—Tf).

e The Sharpe ratio S is the slope of the line drawn between the risk-free point (0,7) and the point (&, 7)
on the 7 — o diagram. Hence it measures the efficiency of a portfolio by examining where it falls relative
to the capital market line. It is defined from the formula

i

—ry=.560.
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(a) Jensen index. (b) Sharpe ratio.
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6.1 (L7.1) (Capital market line) Assume that thet expected rate of return on the market portfolio is 23%
and the rate of return on T-bills (the risk-free rate) is 7%. The standard deviation of the market is 32%.
Assume that the market portfolio is efficient.

a) What is the equation of the capital market line?

b) (i) If an expected return of 39% is desired, what is the standard deviation of this position? (ii) If you
have 1 000€ to invest, how should you allocate it to achieve the above position?

¢) If you invest 300€ in the risk-free asset and 700 € in the market portfolio, how much money should you
expect to have at the end of the year?

Solution:

= 23% om = 32% Tf:7% 7 = 39%
a) Equation of the capital market line:

F=rp+ M 0,074 0.50
oM

b) We solve the standard deviation from the equation of the capital market line:

Py 0.39 — 0.07
— oy —032-00 T~ 0.64 = 64
My 0.23 — 0.07 %

The expected rate of return of a portfolio is 7 = """ | w;7;, where > " ; w; = 1. We have

r=wry+ (1 —-—w)iy =w-0.07+ (1 -w)-023=039=w= -1
Hence, borrow 1000€ at the risk-free rate; invest 2000 € in the market.

c)
7=0.3-0.07+0.7-0.23 =0.182 = 1.182 - 1000 = 1182

The expected amount of money at the end of the year is 1182 €.
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2 (L7.5) (Uncorrelated assets) Suppose there are n mutually uncorrelated assets. The return on asset ¢ has

variance 01-2 . The expected rates of return are unspecified at this point. The total amount of asset 7 in the

market is X;. We let = >""" | X; and then set x; = X;/T, for i = 1,2,...,n. Hence the market portfolio
in normalized form is x = (z1, z2,x3,...,2,). Assume there is a risk-free asset with rate of return r. Find
an expression for ; = Cov[r;, rpr]/Var[ras] in terms of the x;’s and o;’s

Solution:
The weights of the uncorrelated assets in the market portfolio are z;. Hence the market portfolio’s return
and expected return are

n n
M = E €T v = E XTiT;.
i=1 i=1
The covariances of the uncorrelated assets and the market portfolio are

Covlry, rar] = Covlry, ijrj} = ijCov[ri,rj],

where the last equality follows from the linearity of the covariance with respect to one variate. We then
note that because the assets are uncorrelated, we have

Cov(ri, ;] =0, 1i# 7,

and also note that
Covl[ri, ri] = Var[r;] = o2.
Hence we have
Coviri, ry] = ijCov[m, rj] = 2;Cov(r;, ri] = ;07
j=1

Similarly, we can calculate the variance of the market portfolios return as follows.

n n
Var[rys] = Var E xlrl] = E E zixjCovir;, rj] = g E ziz;Cov|ri, ] +E x5 Cov [ri, 7] E % Z,
=1 j=1 i=1 i=1 =1
J#

where in the second equality we used the general formula for the variance of a sum. Substituting these
into the formula of 3; yields

Covlry, ru] xi0;
Bi = v = a3
R S
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6.3 (L7.7) (Zero-beta assets) Let wg be the portfolio (weights) of risky assets corresponding the minimum-
variance point in the feasible region. Let wy be any other portfolio on the efficient frontier. Define rq, 71,
08 and o? to be the corresponding returns and variances of the returns.

a) There is a formula of the form o¢; = AU%. Find A. (Hint: Consider portfolios p = (1—a)wo+awy, and
consider small variations of the variance of such portofolios near & = 0. Note that dVar[rp]/ da [o—0= 0,
because wq is the minimum variance point.)

b) Corresponding to the portfolio wy there is a portfolio w, on the minimum-variance set that has zero
beta with respect to wq; that is, o1, = 0. This portfolio can be expressed as w, = (1 — a)wg + awy. Find
the proper value of «.

¢) Show the relation of the three portfolios on a diagram that includes the feasible region.

d) If there is no risk-free asset, it can be shown that other assets can be priced according to the formula

Ty — T2 = Bin (T — 72),

where the subscript M denotes the market portfolio and 7, is the expected rate of return of the portfolio
that has zero beta with the market portfolio. Suppose that the expected returns on the market and the
zero-beta portfolio are 15% and 9%, respectively. Suppose that stock i has a correlation with the market
of 0.5. Assume also that the standard deviation of the returns of the market and stock i are 15% and 5%,
respectively. Find the expected return of stock .

Solution:
a) Now p = (1—a)wo+awy and, using the formula for the variance of a sum Var[}~,; a;z;] = 32, >, aiajos,

Var([rp] = Var[(1 — a)rg + ar]
= (1 — )02 + %0} +20(1 — a)ogy
dVar|rp]

= 1 = —2(1 — a)ag + 2a0% + 2(1 — a)og — 20001
«

Because wy is the minimum-variance point,

dVar|rp]

=04 —208 + 2001 = 0 & 0o1 = Aoj, where A = 1.

da a=0
Note that we did not use the fact that w; was assumed efficient, and hence the equation og; = ag is valid
for any feasible portfolio. Substituting this into the variance formula of p yields

Var[rp] = (1 — a)%% + aQU% +2a(1 — 04)03 =1-a)1-—a+ 20&)0% + 0420%

= (1 -a)(1+a)os +a?0? = (1 —a?)od + 0% = o2 + a*(0} — 0}).
Because o7 > 08, the last term is strictly positive, and as a result the variance of this portfolio is strictly
larger than the variance of the minimum variance portfolio. Hence no (risky) asset can be added to the
minimum variance portfolio without increasing its variance.
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b) The beta of portfolio w, with respect to wy is zero, and consequently the covariance o is zero because

021
B=—"=0=0.1=0.
07

On the other hand the covariance of w, = (1 — a)wq + awy with wy (using Covwe, w1] = 0p1 = 03) is
Cov[wy, w1] = Cov[(1 — a)wg + awy, wy] = Cov[(1 — a)wg, wi] + Covlawy, w1] = (1 — a)op + ao?

Because this is zero, we have

(1_04)034_@0%:0(:)04(0%—08):—U%@a:ﬁ<0,
90 — 91

because wq is the minimum-variance point, that is, 08 - O'% < 0.

¢) wo is the minimum-variance point and wy is in the efficient frontier, located above wq in the minimum-
variance set. Because wg and wy are efficient, the Two-fund theorem guarantees that w is in the minimum-
variance set, and because o < 0, w, is below wg in the minimum variance set.

0'2

Figure 2: ¥ — o curve of Exercise 3c.

d) We have
rar = 0.15 oy =0.15 7, =0.09 o; =0.05 pine = 0.5

Correlation p can be written using standard deviations and covariance as

= OiM = PiMOiOM-

Using the pricing formula 7; — 7, = B (Far — 7») we have

o oM, piMOi
Fi= Tt Bant (Fag — 72) = 7o+ 22 (g — 75) = 7+ P2 (g — )
oy oM

Substituting numeral values yields the expected return of asset 7 as 7; = 0.10 = 10%.
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6.4 (L7.9) Show that for a fund with return » = (1 — «)r¢ + ary, both CAPM pricing formulas (pricing form
of the CAPM and certainty equivalent pricing formula) give the price of 100€ worth of fund assets as 100 €.

Solution:
Let P be the value of fund assets at the time of the purchase (known) and @ be their value after a year (a
random variable). Using equation r = (1 — a)ry + arpy for the return of the fund we can write

Q=Pl+r)=PA+(1—-a)rf+ary)

Q=P1+7) =P+ (1—-a)rf+ary)
The beta of the fund is

_ Covlr,ry]  Covl(l—a)ry+ary,ru] (1 —a)Coviry,rar] + aCovlry, rar] 0+ aoy,

B= - - =S —a

Var[r] Var[r/] Var[r/] o5y

Using the pricing form of the CAPM, the price of the fund is

_ Q _ Q _ P(1+ (1 —a)ry+afy) _p
1+7“f+ﬁ(fM—Tf) 1+7“f+04(fM—7“f) l—l-(l—oz)rf-l-OéFM

That is, the price of the fund is the discounted expected value of the fund, as it should be.
Certainty equivalent pricing formula is

_ 1 ~ Cov[Q, ra(Fas — )
1+7ry 0’%/[

I

where the covariance of ) and the market portfolio is

Cov[Q,rn] = Cov[P(1+(1—a)rs+ary), 7] = PCov[l,ra]+(1—a) PCovirs, ras]+aPCoviras, ra] = Paoy,.

We have
1 _ COV[Q, T‘M](fM — Tf) P _ _
P= - = 1+ (1— - —rf)] = 1 =P.
5o Q o 1+rf[ + (1 —a)ry +ary —alfy —77)] 1+rf[ +7y]

The above equation states that the market risk adjusted expected value of @ is (1+17¢)P, and discounting
this with the risk-free discount rate is the same as the price of the fund. Thus, the price of the fund is
again equal to the discounted future value, as it should be.

Note that the value of the fund is P regardless of the relative amounts of capital allocated in the risk-free
and risky assets.



