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Office Hours /Fridays ? 9-103) 7

14-15 ?
↳ I
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E
Meeting 1 :
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-

Daine : Monday 23 : 59
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:59

You can collect all in all 6 bonus points

Exam : Max 24 points /Pass : 12 points)
Bode : An Introduction to Complex Function

Theory ,
Palka

N
. Complex Analysis by Alltre is also

very good but maybe more challenging .
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Complettmber System
We know that there are polynomials
p

: RRERR that have no

Basic example p(x) = x2-1 have no real-
root since x

2
=

0
.

However if we add a number ; with the

property it =-1 to the real numbers

the polynomial x3 + I have a root .

When we add i to the real numbers
them we get all numbers of the form

z = x + iy x
,y
eIR

This might seem a little suspicious but can

be done formally as follows
.

Ifnition : The field of complex numbers

K consists of ordered pairs (x
,y)

x ,y
EIR with addition

(x
x, ya) + (x2 , yz) = (x

,
+ xx , y ,

+ ya)



③

and multiplication
(x

,, ye) · (xa ,ya) = (Xx--yeyz ,
x

- ya + xay1)
That is we can view complex numbers as points ar

rectors in IR* and addition is ordinary reater addition
.

-
We return to what multiplication means

geometrically soon
.

First we state a theorem

rem / The complex number system is afield
Since · Fz

,
we D : z +W = w+z

· XZ
,
we K : zw =

w . z⑪ · XZ
,,z,z : (2 ,+zz)+ z

= z
,+ (z2+2)

· X
1,D : (izz). = z ; /zxz

· 70 e : FzeK : z + 0 = z

· I1= & : VzGK :

z . 1 =

z

· +ze : J(-z)eD :

z+ (-z) = 0
· Fze D10} : I zeK :

z . z = 1
· XE

1,z ,We K : W . (z , +zz) = wiz,
+ wizz

"In a field addition and multiplication is

commutative . We can subtract by anynumber .
We can divi de by any non-zero

S

number
. Addition and multiplication is distributive

"
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These properties are easily verified /except maybe
the existence of zt) ·

We see that

0 = (0
,0) and 1 = (1

, 0)
Given z= (x

,y) = 10 , 0) one checks that

z
*

(xy)
However

, calculating with complex numbers

becomes easier when we realize that
(0 ,
1) . (0

,
1) = (- 1

,0) = - (1,0) = - 1

So i = 10, 1) . (Remember i2=- 1)

Therefore we use xtiy as shorthand
for (x

,y) = x(1 ,0) +y(0 , 1)

↓ imaginary
1....:

=g part

I
real part



⑤

Using
we this shorthandand rememberinge
E
( +4i) + (-2 + i) =

-1 + 5i

(1 + 4i)(- 2 + i) =
- 2 + 1i - 8: + 4:= - 6-7i

Lets get some geometric intuition for multiplication

z = x + iy Retz)= x
= real part of z

Imlz1 =

y -imaginary part of z

-=2 X-in
=

conjugate of z

Notice that zI = (xxiy)(x-iy) = x
&

+y 2 = 0

AlsoRetz)=#andFull te value feit
-

Vx2
+ yzas Iz1 = /ZE
-

z = x+ iy= U(cost+isint)=
=(z) (cost+isint)
-

polar form
we

say
oY

is an argument of =
-
-

↑Notice that if t is an argument of = the

A + 22n
,

n
= 0

,
11

,
18

...
also is



⑥

Take two complex numbers z and w

and write them in polar form .

z = (z)(cosO + i sin)
w = (w) (cosp + isink)

Multiply and we get
zw = /z1(w) (cost+isind) (cos4 + isinG) =

= (z/(w)/(osOcosd-sintsind) +

- : (costsin 4 +sintcosd))=
= (z((w)(ws(0 + 6) + isin(t + 6))

So
you get the absolute value of the product

it
you multiply the absolute values of the factors

and an argument if add arguments
of the factors

.

If z = (z)(cosO+isint) it is clear that
2= (z)(cos(- t) + isin(-6)) Since

⑮



⑦

Also
, since zz = 1 (if z =0) we see that

z
-

= E = (z|t (cs)- A) + isin(t)) .

Wwealoh E.- e
De Marre's Formula
Assume z = 1z) (cost+ i sint)

.

Then
z = 1z |"(cst+isint)" = /z(rs(o) + :sin(ntl)
In particular we notice

(cust+isint) = cos(nt) + is (nt)

(This holds for m
= 0

,
11

,
I2

,
... (

We can use the polar form to solve curtain

polynomial equations .

Ex Find all I such that z = I
.

-

Write i in polar form
.

n



⑧

We see that i = cost Enn)+i sin(*+Ein) and

we look for Z = r/cost+isinO) such that

v
= 1 and It = + Sin

.

Therefore

r= 1 and O = + in
; neX

xi

-"
z1

Zo = cos + isn = + i Both z= = i

Z
,

= cos5 +isin =
-

- i h

If we want to define Y (or VE in general) we

need to choose between Zo and 21 .

To make this choice

we introduce the principal argument
of Z .

In general arg(z) is a st . Namely ,

if 20 then

*(z) -=1z!(cosOtisin ol and aglh Stini
the element Otarg(z) satisfying - <8 IH

.

Gialnth-root Def : The principal nth root of z

/TY = /z)(cos(1)) + :sin((())
(VE is shorthand for YE)



⑨

square-
So for example i has to roots (*+ E : and

- E -Ei) but one principal root i =+E:.
-

Square

Expertiesand logarithms
We want to define et where zeC

.
Recall

from calculus Euler's formula el =

cosytising ,ye
This formula can be justified usingtheory coming later

but for now we use it as a definition
-

We also define

↳extig= ex . e"y= ex(rosy+isy)
Ex ei* = eP(cosi+isin)=-1

alt= e (osttisnt)= ei

Assume z = Xtig End W= ntiV
.

We get

et . e
= exe" (cosytising) (cosr+isinv)=
x+h((sycosv-sinysinv) + : /cosysin+sinycos)=C co

= ext4(cosly+) + isin(y+r)) = ez
+ w

Also et=(ez)-t=
We also see that lez)=eRetz) and arglet) - Im(z)

Ahm



⑩

Now lets study the equation et = W

/Solutions should be log w I
Assume wtO and write withl(cos(Argw)

:1)
Since (wI>0 we write (w)-e

turol
+ : sin (Arg

using
the ordinary In

: IRso -> IR
.

cz=

e
* (cosy+ isiny) = elw/cos(Argwo) + isin(Argwl)

We see that any z of the form

z = M(w)+ : /Argw+ Sin) ,
n=X

solves e= = W when WHO

(when w
= 0 no solutions (

We are forced to
accept that in general the

arithm is multi-valued !log
/If z= 0
, log z = ((z) + i)Arg(z) + (in) ; neT

= h(z) + iarg(z)
Remember

arg(z) is a set
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We also define the principal logarithm :

If z = 0 them Log(z) = (n(z) +
:

Arg(z)
E Log(-1) = h)- 1) + :Arg)-1) = 0 + ix = in

log(-1) = h)- 11 + iarg(- 1) = i(x + (i)
n = R

Recall from calculus that xa=ealux is

Come way) of defining x
" when atR

.

Now

that we have the logarithm defined for
ze K1403 we can define z for ze (201

,
wel

Since the logarithm is multi-valued also

zwwill bemulti-valued i e e

Ex ji = eilogi = ei(hnk) + :( + 3nw))
_

j

- (2+ Stin)

n + Y

Of course one could choose for example the principal
logarithm and get a single-valued power .



⑬

This what we will do in this course and when we

write (and say nothing else) Z we mean the

principal wo-power of Z
.

That is zW=ewhog(z)
,

Secomments : · If nel the
any n-power is

equel to the principal n-power

z = en(h)z)+iArg(z)) = en(m(z)+ i(Arg()
+ Enk))

ke R

· YE = z"

FAll"problems" stem · Be very careful with generalizing laws like

from the factthat (zw)= 2 w to complex exponents !

Ang(zw) = Arg(z) + Arg(n) Almost none hold in general
is false in some cases

, Example :

-

E. Fr FXEw in general

Think about the following "paradox"
- 1 = =2 = FI - /1)

=
UT = 1

WRONG !

Serve : It is true that zw: zw=zWith a

Isfor complex exponen .


