
⑨

We show that II n-Z converges uniformly when
ReCe) Zo>? . Study In-z I =/@

Inn)
-

Zf mireHen-r

We know that II n- T converges ( it is a p- series with poll
so Weierstrass M- test gives the result . Normal convergence
follows and 5th = FE

,

n
-Z is analytic .

This is the

Riemann zeta - function ( -representation valid in Retail
We also get gyz , ⇒IF

,

an-Z (witheringly )
Iajlorseries

A Taylor series is a function series of the
following type .

Take a sequence
of complex numbers

( an)! and Zo C- 1C . Then

¥4 an ft - Zo)" is a Taylor series
(or power series ) centered at zo with coefficients lad .
It is interesting to determine for which z this
converges ( and also to see what type of convergence
we have) . The following will be important .
Iet The

"

number
"

ft lo ,
e) old defined as

f=µn=gug Flat )
- it

is called

the radius of convergence of theTaylor series .
Convention : f- =P & f- = O



④

LI tinmsup an = figs ( sup ( an ; Kzn) )
tf tin gu exists then lineups an -- liaison
are

'
In lineup th -- O

an = { 1 n Wen

lingam does not exist but
O n odd

linesup an -- fig
1=1

.

Another characterization

lineup an = A it for
every e>

0 exists N so

that ans Ate it new and

there is k z N so that an z A-E .

⑧ theorems suppose that p is the radius of
convergence

of a Taylor series Ifan (z- Zo)
"

centered at z
. .
The

series diverges for any z satisfying H -Zo l >p. If p > 0 ,
the series converges absolutely and normally in the disk
A =D Hof)

,
and f-CH = Ioan Iz -H" is analytic in A .

The coefficients an satisfies

an= ht
.

f-
"' (Zo)

.

Proof: f- ⇐ time,ypTFaii .

If zee satisfies Iz - ed -- rap

then
,
Shee f- Cpt , we can find Nj →

'

o

so that ni shr or fan; I > Irn; .

Therefore

lay. Izzo)nil -- Ian; I Iz - zolhi s tf; rni =L and

the terms in the Taylor series doesnt approach 0 .

Hence

the Taylor series diverges outside I



④

Now if f> O and I z - Zo l Er < f . Let e>0 be

such that f- te et .

Since f- = him sup PIATT we

can find N such that

Flail a fee it now .

Then I an (z -Zo)
" I = lanl Iz- zoln = ( fee)

"

r
"

-
- x
"

where a = r ( fee) at .

Then using Weierstrass M-test
( Iah converges when Osaat) we seethat Ean Cz - tot

converges apbsolutely and normally In A(Zor) .
⇒ f-(z) = I ante -zor is analytic En Attar) since

u=D

Ahfz-Zo)k are for k = 0,1 , 2, - . .
.

Also fled= ao
.

We can

differentiate the series term-wise so f- 'Cz) = IF nantz-H
"

and f- 'Gol -- ae .

Continue differentiating and by
induction we get an -- nt.fm/Zo7 . ④

So we see that a Taylor series defines a function
that is analytic inside Atto, p ) .

We now show that

any analytic function can be written as a Taylor series .⑧ Theorem39_ Assume that f is analytic in an open
set u

,
that ⇒ c- U and that D= DCZar) EU

.

0

Then f- (z) = I an Cz -ZOT in D and
n= O

an-_n÷, f" (Zo)
(This means that the coefficients Can)
are unique ! )



⑨

Proof : .

..

-

- -

n
.

.

,

we wmttoshm that ftp.E.anfz.z.ie
.

.

! in D= Dhar) where an .- ht, fatted.

-
' '
-

-

'

.

" Dick ZED and Ocscr so that
( c

' f Ze Shas)
. By the Candy integral( (

( U ' formula we have
- .

'

-
.

' tht - ¥if*s¥¥d5 .

-
s,

Aso t¥=f'÷if÷=f¥ .

. ..it#o.tz*..i---ftzIoI..lIEz.5sinuIEod=eu.
.

0

By Weierstrass M- test the series I. the
(viewed as a function of 5) converges uniformly or
15-Zoks

.

Therefore
, byTheorem 33,

Htt- Ini !
.".is?EtTEITIu.ds--tIIi.E!.....?t#z:Yds--n7..E
-zo5lInif⇒⇒7¥,m

= Are

Now by Cauchy's integral formula again
Fmla)=ng÷. fg.ae?f#.,neids--n!an .



④

EI f- Iz) = et ; f
" H --E

Therefore
,
since f- '" lol =L

,
we get

it = Iot, E when # Lp . What is g
?

It has to be g
-
- o ! This is something that

can be deduced from Theorem 39
.

There must

be a point where f is not analytic on Iz -Zoff !
Sime EZ is entire the series converges everywhere.

tix flzl = sin z
.
Differentiation in the usual

way gives sina.E.at }s7y
.

for zed

We can also differentiate Taylor series and

get valid formulas cither convergence is uniform)
Hence us 2n

as z --El-H'ftp.#--n?..nnzI
no @n)!

for ZE ¢
.

EI f- (z) = EZ? Differentiating here becomes
tedious

.

However since ew = 7Iow÷, and with w=z '

we get ee-
- II ZIT .

This is
a Taylor

series and since they are unique we are done
.



950

EI f- G) = ¥z= ¥oZn .

This is theTaylor
series with center zo -- o .

Where is the

representation valid ? When 12-14 since

i

p

EI f-Cz) = ¥zz=
zz,
= Enso C- D

"

zh

Valid when I -214 since
.

•.
l

•

- i

This explains why the Taylor series for(
fld - ¥2 behaves

"

strange
"

.

Also aretanlx) )
II Expand fH=¥¥ in a Taylor series

around Zo = i . Also determine f for
the series . -

"

Hither



⑨

You can try to calculate ft
"
Ci) but this is tedious

.

The reasonable method is to use geometric series .
- 2¥

.

-

- Ii'
'

Ea
.

-
- caitlin, ' Eisen

=¥n¥÷it¥n¥÷
t.in?eiifiiiitit..iI.niK:÷h.
= II C- IT (Ci - IT't Citrin

- t

] ( z - it
-

= f-
"'

filk !

Consequences of the theory of Taylor series- -
- -

Theorem 40 ( Identity principle )④ H¥alytic in a domain B and if there exists
a point Wo ED such that f'" two1=0 for every integer net
then f is constant in D.
Pret : Let U =L ZED; f

'"
E-1=0

,
nai integer}

and V=D IN
.
We show that U and V are both

open and
sine UFO and D= UN we will conclude

that D= U and heme f
'
Iz) = 0 in D and

f- is constant
.

V is open since f- 'h't⇒ to
implies that f- '" (z) to in a open disk

is far) EV by continuity .



④

Now take zoe U We
can then find A Go , r) ED

and f- Cz) = II tho) (z - zo) k in A Czar ) .
Therefore f- CH is constant in Attar) and
we see that B (Zo ,

r ) EU and hence U is open

and non- empty .

Hence U =D and f is constant.

④
theorem (The FactorTheorem)
suppose that a function f is analytic and non- constant
in a domain D and that z

,
is a point of D for

which f- Czo) = 0
.

Then f can be uniquely represented
in D in the fashion

f- Czk (z -Zo)mgH
where m is a positive integer and g:D→ e is an
analytic function such that

g
Gol # O

.

Prod : Since f is non- constant there is a minimal integer met
so that f'm' Got to .

Therefore the Taylor series
around Zo has the form

f-Czk Im an H- Zo)
"

= (z -zoTEIam.dz-zolk
The function

g#=L ¥ao,m ,
if 2- * Zo

,
if 2- =Zo

is analytic in to .

Also gfto ) = am ¥0 .

Also
g
is unique since the Taylor series is unique .



⑨

The integer m in Hz ) = (z - zolmgfz) is called the

multiplicity for order) of the zero at to .

EI Determine the order of the zero of flzl -- et - z - I
at 2-0=0

Solution : First
we verify

,

flol = eo - O - 1=1-1--0 .
We calculate f'Cz) = EZ - 1 ; f

'

G) = co - 1--0

f- "ht -- et ; f
"
lol -_e°= 1=10

So the order of the zero is 2
.

rffzl = et - z - I = z'GH ; got to j

EI Determine the order of the two of
f-CH = cos ft ') - t

.

So
as z -- i - Ea

, if, -

.

. .

f-HI = - It cos (2-3) = -It 1 - ZI, t Z÷ . .
.

=

=

'

- tzzb t tf, z
'2-

. . .

Therefore fat has a zero of multiplicity 6 at zoo .

T
cos I - 1 = 2-6 gfz) j glol to ,



⑨

Theorem 42 ( t
'

Hospital's Rule )

⑧ Tetfand g
be non - constant analytic functions

in a disk Dfzo, r ) .

Assume that f-Go)=gtzd=O .

Then

¥=⇒tg¥⇒=h¥zotg¥H
( meaning that

if one does not exist neither does
the other

.
)

Prot : flzklz - Zo Th
,
(H ; he Got to

g. HI
= (z -zolk ha Ce) ; hgfzo ) # 0

Then

Ea
. .tt#ziEsz!z-zosm-hehfzfz,-.fIz:nititI:

undefined if male

Also f
'

H -- m (z - zolm
-

thatH t G-to)mh!Cz) and

g
'IH = h ( Z - Zo)

" "

light t (z -Zolkhg
'

ft)
.

We get

E÷o¥¥i¥.¥⇒m:÷¥i¥¥:⇐iK÷÷!iii:
underlined itmeh

⇒ Ez
.
!I¥=E⇒tI¥, ox



④
Z cosZ - z -LEE

E± Calculate him FT
z-so C - 1

Solution : ftz) -_ z cosz - z -2z2 Hot O

gfz) - ee - I got O

e' Hospital ⇒ ¥.no#gF.u--E.notIfYTz,
f-
'
G) = cost - zsihz - I - 4z f-

'
lo) - O

g
'# = 2zeE g'lo) -- O

EITI.ie#otgiEei-E:tgEtz,
f-
"

G) = -Sinz -Sint - zcosz - 4 f-
"

co)= - 4

g"fh=2eEht4z2eEh g
"lot 2

So hi oZ°÷h¥Z2= - 42=-2
Laurent series
-

Deoubly infinities : ¥oZn=⇐iEntFoZu
= (Zyt Zzt . . . ) t (Zotzyt . . . )


