
④
Z cosZ - z -LEE

E± Calculate him FT
z-so C - 1

Solution : ftz ) -_ z cosz - z -2z2 Hot O

gfz ) - ee - I got O

e' Hospital ⇒ ¥.no#gF.u--E.notIfYTz,
f-
'
G) = cost - zsihz - I - 4z f-

'
lo) - O

g
'# = 2zeE g'lo) -- O

EITI.ie#otgiEei-E:tgEtz,
f-
"

G) = -Sinz - Sint - zcosz - 4 f-
"
co)= - 4

g"fh=2eEht4z2eEh g
"lot 2

So hi oZ°÷h¥Z2= - 42=-2
Laurent series
-

Deoubly infinities : ¥oZn=⇐iEntFoZu
= (Zyt Zzt . . . ) t (Zotzyt . . . )



④

Definition : A Laurent series centered at

⇒ed is a doubly infinite function series
of the form

II. an (Z - Zo)
"

=

-
it III.pet II.

o,
tao taitz-Ht. - -

In general a Laurent Serie converges normally
in sets { 2- EQ ; OEFIL Iz - Zo l L fo Es }
where

fo -- ( lineupYET )
't

and ft
-

- tin INIT
fo(

i

Look at ¥
,
an (z - zo)

"

.

This dehns an analytic
function in Iz - Zola fo .

We write

go
(z -Zo) - Ifan Ce -tot .

Now gtlw)- It a-nwn
defines an analytic function in Iwl a fit

Therefore
O

f- G) = -2 antz -H
"

-

- golz -Zo) tgfztzo)
n= -is

in OE fest z - Zola fo E o ( if FIL fo )
The convergence is normal in

{ f- 4 Z
- Zolcpo I so f is analytic



④

Moreover
,
we can check that

"¥ !
.*.
.IE#nn..dz-

if fear < fo .

This is true since
f-Et l

(Ezo)nth
= ¥⇒nttf! an (Z -Zo} =

= ZIP ace (z - Zo) kn
-t

and

2¥
,zfzok.FI#zoinedz=fTiI?faafCz-zoie-n-'dz---

¥.
an . 2mi = an .

We can also prove
that

any analytic function f
in O E a < Iz - zol <be as can be written

as a Laurent series
. Namely,

Theorem 43

⑧ Tupposeloht a function f is analytic in an
annulus D= Lze Ej O e acte- Zo l ebsco f.Then f
can be represented as a Laurent series centered
at Zo

.

The coefficients an in
f-Cz) =

→

an (Z - ZOT are unique .

We have

"¥!*
.

f¥zoi" de

for
any r satisfying a crab .



④

The formulas an --g¥¥*
,

fz.tt#n-iidz- are usually
of little use practically .

EI Expand HH -- e
#
in a Laurent series in

D= Lz; 042-1205 .

Solution : we know that ew -- II WIT for wed
.

Put w = Yz
.
Then

e
"'
-

- Eno Zn÷= IE
,

cI = It tzttatzi - - .

This must be the Laurent series by uniqueness .

EI Determine the Laurent series representation of
f-the fifth} in D= {zee; 04z-Ike 4

Solution
-

:

First we develop sinRz in a Taylor series
around ⇐ I
=

gfzl -- SinEE GC 1) = sins = o

g
' ft) - TecosNz g

' ft) = Te coste=
- Te

g
"

.CH-
- TR sinter g

" (11=0

!

g
"" (H -- Hien"shirt glue'll ) =D
gthkttlfz) = f- 1)Knuth uspz

gkk.at 111 = fight
'

p2htt



④
p

f- yyk-1,22k" 2K -11

So sintiz -- Z -
Ko (24+1) !

( Z - 1)

when 2- E Q
.

So

e
- E. '

"

cz.ie.'

= -E.pain, - II. G-Hat . .

.

EI Develop FH -_ Lz and gGl=¥2 in
Laurent series in the annulus

D-Lz; 142 - il cost .

Solution
4 , I

¥=¥
. ;)
- it z.is) looks promising

but doesn't

I work since

tTf lice - ill > tints



⑤

But tz=¥i=¥÷÷. with

so ¥=¥E¥¥n=÷¥÷n!÷i"
!

.ie?IEitn-ik--iln--I.nin-
"
G -it

Finally ddztz = - I zt = - zte so

- ta -- II. mint' Cz - it-1=1:@thin-"⇐ii
or tzz-n.IE/n-i1li4z - ith

(Isolated) singularitiesgticfunctions
Let A.* (zo ,

r) = { ZEE , 0 LIZ - zolcrf
We call of Czar) a punctured disk
het f : A* Czar) → Q be analytic .

We want to studyhow f can fail to be
analytic at 2-

o .
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Reserngularities
If we can defined ffzo) so f becomes
analytic in Zo we say that the

singularity is removable .

④ Then: Tikaram:÷¥¥÷:Y÷÷
Zo is a removable singularity iff f is
bounded in D* (Zo, s) u Iz -zots for some

Ser
."

proof
"

Expand f in a Laurent series in
D
't (Zo, r) .

f-Hk Fg
.
pan (z-Zo)

"

where

an - Ini !
.

.ae?f#osneedz . Hence
I am ELI fairs = Yn .

It neo

then land EM s
- n

→ 0 as s→ 0

Hence ffz) = FI an Cz-Zo)" is
analytic in D (Zo, r) .
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So Zo is removable if him sup I fall < o
z→ Zo

lim sup HGH = ? Therefore Zo is a

' '

true
"

singularity if2-→to

tizzy HEH - .
Either tinHat -- is

Ezo

limo. ( suptlth.tl ; lz.z.hr))
or zhfz.tt#l doesn't exist . If the

= fizgig, Iffyf
limit tzzol Hell doesn't exist we say that zo is an essential

singularity . If fizz
.

HGH =p then Zo is called a pole.

Poles
Fssume that f : B

't Go
,
r)→ E has a pole at zo . Since

hzirnzo IfAll -- o we can assume that f-Gtfo in D
't tear)

.

Then ft is analytic in DMZor) and also
zhijzolft-zh.jo HI -- O so ft is analytic in Attar)

( by Riemann's ExtensionTheorem) .

Also ¥zd=0 and

the FactorTheorem says ftp.j-lz-zothcz)
where his analytic and hczolto . Rearranging
we set

ffzy = gf¥⇒m where gGkhT⇒



l⑧

Expanding gfe) in a Taylor series we get

f-H - ftp.ognI?oanlz-zoT--FEmanimE-ZoT--z#zogm-fzFz
,
mi

' " - t III.+ am tame.E-Zo) .
-
-
-

-
singular part at Zo

We
say
that f has a pole of order me at Zo.

Tf f has an essential singularity at zoo then

the singular part is of " infinite order "

¥
,

a
-n
Cz -Zo)

-n

,

The ResidueTheorem and Residue Calculus
-

Say that we want to calculate fyflzldz
where 8 is as in the figure and f u

-
in Diaz. ,

is analytic



④

If we knew the Laurent expansion of f- around
Zo then we would have flz) = gantz -ET
and

fyffetdz-JIE.aulz-zdndz-E.am/yh--Zoide--2ni
ay
,

since { CZ -Zdndz -10 nF- I

Ini re- I

The coefficient a. ,
is called the residue off at

zo
.

We write a
,
= Res (Zo ,f) .

Exe fu
,

e'Adz = 2mi Res (O
,

e'H ) ( Assume Izkt

p
positively oriented)

@
"Z

= I t ¥ t g÷zgt -
'
'
t

znt
- - -

so Res (O
,
e' th =L

and

f e'Hdz -- 2mi
12-1=1

What about f zke"Zdz= ?
12-1=1

¥
. ,

2-he"Zdz=2ni Resto ,
# e'A) = Ini# ,



④

This seems quite powerful however two problems
sho.nl ,d be addressed .:

-low do we handle several singularities ?
° How to avoid Laurent series expansion ?

Lets handle several singularities first .

"

÷:÷¥÷÷.
Let Sn be the singular part of the Laurent
series expansion at zu.

Observe that

f- - So - Sr - Sa - Sz is analytic in U !
Then Candy'sTheorem tells us that

f.
y
f - So -Sa -Sa- Szdz -- O in this case

So fyfdz = Effy Sndz =L
= Ini ( Res (Zo,f) +Resfznf) tresAgf))④ the:÷t.IT?e::d::IEEre:LeisaTdisarete--

points are isolated discrete countable set fz ,) ( finite or countably infinite) in U.

= Assume T is a cycle in UE that is homologous
④④
④

L j
to zero in U

.
Then

£ ffe) dz - Lai Entre) Reshef)



④

Now
,
let 's turn to the second question .

How do we avoid Laurent expansions ? It is
not always possible .

However
,
for poles

we can find a formula
.

. Say that Zo is a pole of order me
for f-Cz) then Residue

f-(z) - fzfz.int -
-
- - e f¥zo, tao ' . . . -

(Z-ZoffG) = A-mt . . . - t④ (z -zoT 't . .
.

.

dd_zfZ-zoTfteIf-a-mezt.r.t@r-Ha.Qlz.zof
'

'

.
.

⇐Y z-zdmfh.IT = @ - t ) !④ t . . .

So we have a formula

Res Go
,
f) =¥j

.

zhigz.de?Im.IIz-zoihfGD
Notice that you

need to know the order
of the pole to use this formula .

This
you
find out by finding the order

of the Zero Zo for Yf .


