
④

Evaluating Integrals with the ResidueTheorem
-
-

EI Evaluate f
,

dz where 181=11×1 -ily --H
( positively oriented )

solution " ④I
f- the ¥7 is ditched an analytic when et# t

.

That is
, z

-
- think

,
KEL

. Only -20=0 has
k

n 18,01 -1-0
.

Is zo
-

- o a singularity for f ?

We check hfyofht-zhinoezptz.no Iz 't
Hence Fiz) = { HH ⇒o

e'Hospital

inside 8 and
I 2- -- o

'
'

s analytic

f.
y F.adz -0 by Candy's Theorem

II Change 8 to the one in the figure .

Calculate Sy ¥fdz .



④

NH - snail -- 2

⇒ f
,
EE,de -- 2mi . 2. Rest-Ini

, ¥ , )
since

g-
- ft -- ett and gl-2nd

-

- o
, g'H

-
-

t"iI£,
and

g't
-2mi) = -77%1=0 we see thatHail is a

simple pole for f. So

2- (2-Hail
Rest- Ini

, ¥, ) -- hi mi et =

= ¥7.sn; Iti = - 2miT
e'Hospital

The residue theorem gives ly e¥ydZ= -4mi
E± Calculate ly EYE, dz where

¥0



④

f-the LIFT, has singularities at 7=0 and 2=1

We see that n (801=-1 and not11=1
.

We see that both singularities are simple poles,
Res ( O

,
flat)=¥mozfH= MIO =-1, and

costRes ( 1
,
f- CHI - fine Cz -Hft) -- I = -1 .

⇒ fr FIE, de -- 2mi Htt
. Htt t -Hito

OX

Remember that x=ZtzE and y=£g÷E. Also
note that when HH then E-¥ (

since I? ZE -- t

)
This can be exploited when we integrate

r f!
"

Rlwsoisinoldt where III.Indignation
.

t- tan 1µL ) This is because when E- eit = cos Oti since then

also gives a asf=Z=Zz and sun 0=237 -- Z÷¥
.

Also

way
to solve these 2

but often with note that de -- ieiodo⇒ do = FE
.

more work , E± Calculate If" sin20 DO
Solution: (this can be solved using calculus weather.de)
[
"

sin'Oda -- ¥
,

12¥ de - Ii
,
!¥G - Haz

= - Hi
,
!
,

'
'

de -- - fi !
"

'
de --

= - Yi knit-2) = IT



II Calculate &
"

#Odo , where a >1
.

Solution : We use the same trick .

S!"÷asodt -- ¥
,.it#eze.de--!..iEEiih--=it!..ez2.i2Iz+edz-

2- It Laze1 -- (z t a)2+1 - a' = o ⇐ z ta = IVAI
⇐ Zi - at Iaaf and 2-5-

-a - VAI

2-
,
is inside HI -- 1

Rest- await
, E.az#l--E.z?E?nuIj-zFzitaz.T

⇒ {
"

Faso do - itani . = III
EI we know how to calculate to y¥dx

using £ another = ¥2 .

We can also

use residue calculus
.
We calculate fqe¥dZ

where

,#µ Vr=ERR7tdN

It R > 1 then Syr# de -- 2mi Res (i
,
¥ ) =p

since Res Ci
, ¥) -- zhai Gi)¥ze=zh÷iz÷= Ii



④

On the semicircle

,
CCR) we hanger

lion, Feed# *
Let R-so and we see

£! ¥dx - R .

However
,
the residue theorem lets us do more

.

⇐
Calculate !! ¥1,444, d" .

Use the same contour as before
.

On OCR) we have

I far
,
c¥Hz* del ⇐ III.4,

and for R > 2 the residue theorem gives

tht -
⇐¥644, Jp @¥cz2µ , de - 2mi (Redi,FEI )

-ites (2i
, fall

Since Res ( i
,
f- CHI -- lizzi (t -ilf# = tini fizzy,' hits 7

and
Res Iki

, fall -- figs, G-Mfm
-

- Eai ⇐¥z.si, = i

we get fqzd.iq#y,dz--2ni6it-tI.=t- It .

Therefore
,
after letting R-70 , we get

to ¥k*y , de - if



④

Given f : IR → IR we can define it's Fourier transform

Ff : IR→ IR as

F-ftp.fffcxleipxdx
(There are

many slightly different
definitions of Ff

.

Also
many

times Ff is defined for p being complex .)

II Express the Fourier transform of feel=L
E.it

in closed form
.

Solution : Ffg) = !! ¥t ok .

We use the

residue theorem but we need to be a little careful

depending on if pzo or
p
< 0

.

Assume pzo .

We study g#
= ezi÷I on

Vr from before
.
We are interested in leith )

on c (R) ( also from before)
.

( eipzf = ere
"PH

= e-
PIM#

⇐ e-P on DRI

so / ! fifty def ⇐
"e-PR-htna.FI
R2 - L

.

*so

g. eziI÷dz -- hniasli.IE#I=IniEn.i:iFi---LniEg!--ne-P



④

Let R-so are we get

Ffcp) -- f! da .

- re
- P

when
pz 0

Similar considerations using

t.
"
r

me
gives ffcpi-f.pe:7#dx--

when PLO .

So finally, Fffpl = tie-IN
.

④
We can use !! flxleicdx when cso to

calculate !! flaws# die and fptflxlsinlcx) dx
since I! fc⇒eic×d×= !!flxluslcxldxeifuflxlsinkddx



④

E± Calculate !! de

solution : We use fc⇒= Zeit
⇐4152

and

Humif-R R

If.EE#ideIe- I÷,
§
,

f-Hdz = 2mi Res ( i
,
fall

.

We see
that zoo.- i

is a pole of order 2
.

resliifh-D-E.ifzlcz.ii.EE#...irI--EiIzLY::t--
hazy ; leit-izi.it?f;;iI2Zieit=hz;ni i44?!;

'
=

=
c-
' ( O - Lil .

T.is Fir. 're
Therefore

, fqsfczldz -- 247 : =iTLe
Let R-su and we conclude

f: ax -- I



④

These examples makes it clear that we surely can
can calculate some difficult integrals using .

.

residue
calculus

.

Also it is clear that the choice of the
contour is important .This choice is often the

biggest obstacle and
requires luck and cleverness.

EI calculate
Ica)= for dx for Ocad

solution : Here we choose fcz) = Z
2- t 1

There are two "

issues
"

: za
- t

define on E- I brought

Lets choose
Zo- -
t pole

( not principal za- ' elam@Ht IO) where Oe lo , 2x)
branch )

hen
'

feel is analytic hey

f :
l l l l T



④

When R-so ⑦→ f! III dx = ICa)
④ → - e

""- " i f! die = -E"ai Ita)

④tear 'II -- II. → o

4

I I e- In# R'T -

- Ea → o

↳ f-G) de = 2mi Res ft
,
fth)

Resft
,
HH) -

- tea, €+11 fat = da
-⇒ i"

so (t - ednai) Ila) = Ini ein la-H = - Ini eina

e
"ai ( e

-
nai

- e
"ai ) Ica) = - Ini eine

- Li sinCan) ICal = n l - Li)

⇒ I Cal -- f! III dx = Elan ,
when O ca a 1

.


