
④

topology and geometry incompleteplane .

We have already seen that we can measure
distance between Z and the origin 0 using
Iz I = ✓ZT = Vx2_yT . (This is a so called norm)
Using the norm we can useastandard trick to

define a metric ( which measures distance between

any Z and w) as

dfziw) =/ z-w l
.

theorem 2 The function d : excl → [o.o) satisfies

② It::#E. do
'"
⇐e.

dCz
, izz) Ed Cz, ita) + dtzz ,Est

Es (That is , d is a metric on G )
•

# We will leave ① and
as exercises and now work

.

ZT
.

Er to verify (the triangle inequality)
The verification goes through a series

of observations
about lzl = IFE

• 1=42-21 = Iz , I 12-21
• I Retell ⇐ Izl and I ImHIGH

( lzl = Vx⇒ z 1×7--1×1=1Retell
for example )



④

Now we investigate
Iztw12 = (ztw) (Itv) = ZE tzw + Ew two =

= Izl't 2Re (za) t Iwl' E I -212+2 tzwltlwl
'
=

= Izl't 2Izllwltlwl' = ( IzIt Iwl)'

⇒ lztwl ⇐ lzltlwl by taking square roots
of real numbers

This is a version of i since
d (za , -23) = Iz ,

- Zz I = Iz , - Zz t Zz-2-31 E
E IZ

,
- Zz I t Iz,- Zz) =D (Z, izz) + d (zzizs)

tpensetsinc

The open
disk with center zo and radius r> o is of

the form Dfzo , r ) -- { zed ; Iz - Zo l L r }
I

A set U EE is open if for eeryzeu there
is an r such that Blair) EU .

Exercise : The open
disk Dfzo ,

r ) is an open
set

Hint:

÷ :
'

instr
?



④

Other
open sets are Q and of (the empty set )

( It might feel strange that the empty set is counted

as an open set but if you doubt
it find one point

in 0 which doesn't satisfy the defining property for
an open set . You can't since 0 has no elements )

Also
, you can

build new open sets by taking unions
of

open sets . Namely, let Ui c Q be
open sets

for ie I ( a set of indices )
.

Then ¥, Ui is open.

Finally , if U and V are open then UN is

open .
( warning: Only finite intersections work in general )

ctosedsets

A set U is called closed if it's complement
U
'

= Gn U = { zed ; z# U } is open
E± U = {z e Q ; I-21 It } is closed since

Gi U = L ZE Q ; I -2k I } is open

The set After = {zed ; Iz-zol Er f is
called the closed disk with radius r and center zo.
( It is a closed set since tze Q ; Iz- zol>rt
is open . Why ? This will be on one exercise)sheet



④

Interior points , exterior points and boundary points

Let U E E be a set . We say that z is an

interior point of U if Fr >0 such that Dfzirleu .

We
say that z is an exterior point of U it Fr > 0

Such that b Cz
,r
) E U
'
= Q -U

.
If z is neither

an interior point nor exterior point of U it is a

boundary point of U . More precisely , z is a
boundary point of u it for all r >0 we have

sfz ,r) n Utd and Bfzrln (awtf .

We use the following rotation
int ( le) = { zEG ; z is an interior point of Ul
ext (H = L zee ; z is an exterior point of a }
OU = { 2- Ed ; z is an boundary point of a 1

Notice : . Q = int (Ulu ext CU) od Q for any
set UE Q

.

• U = int CU) ⇒ U is open
• ext (u) and int (Q1 are always open

• VT = Ul udU is always a closed set
This set is called the closure of U
and is the smallest closed set containing
Us



④

EI A ( o , 1) = { zee ; Izktg

-

"than - no,"

extfbloits) -- { Zee; let> I }

dacoit) = LEG ; tzktf

Blatt = int (Alo.it/udACoiH=fzECjlzIE1f

Sequences of complex numbers
-

Limits of sequences in Q- -

Let (Zn)n7
,
be a sequence where ZNEQ

We
say Hina has the limit cee and

write thing,zn=c if for every e - O
there is Ne IN such that

Zn E D ( c, e) whenever NZN
.

[ He > 0 IN such that new ⇒ IZn- clone
,

µ÷÷÷



④

An observation .

Z

II
Zo

We see that

I Re (z-Zo)) E IZ -Zo) El Retz-zo) / e l ImCz - zo) )
and

I Im Iz -zoll Elz -Zo l El Retz- Zo)ft l Im Cz - zoll

Preposition3 : let (zu)n! be a sequence of complex

③ thumbs winglet. effi:fI¥?
and

yn
-

- Imani
.

① they Zn = c

tirso Xn = ReCc) and figyn -- ImCd
^

1
(These are

l
sequences of real numbers )

Proposition 4 :Assume things Zn = Z and thisWn--W

④ Then fine, C Zn= CZ , digs In = E , tin#I = HI,
£→m• Zn +Wn = ZTW , InigoZnwn= ZW, and
if w to fire

n

-

- E .

[ Some Wn can be zero and therefore ZI
is undefined for these

.

It wto then only finitely
many bn are zero and are ignored ,



④

E± Let En)! -- I In! -- fi , -I , - is , 4. . . . )

calculate tins
,

Zn .

We use time Xn = king , ELI -- O
and Ego yn = tiny {?÷ -- O

.
Therefore

tiny Zn = 0 .

Continuouspkx.ua/uedfundims-

Let A EIC and f :A → Q
.

Since Q is

IR ' equipped with a multiplication we can write

f-Cz) = u H t i vCz ) where u : A → IR and
v : A → IR

.

Let a e A and cee . We say that
the limit

of f at a is c and write fig Azt - c
it for every e > 0 there is a f> o such that

it (Oc Iz-al es and *A) then I feel - c ke

You can use what you
learn in Differential and

Integral calculus 2

liganH - Red) & ti;avH= Im Ccl

⇒

Ifsa fth = c



Illustration of limit of a function f. A- → e
f a

→

t÷ / :

-
For zhizaflz) - c to be true

you
should be able to :

① For any
choice e>o find

② 8>0 so that

③ if 0<1 z -al ed (and E-A) then
I f-Cz) - clone



⑧

Definition :
A function f : A → Q is a continuous

function at aE A if

Lisa f-Cz) = f-Ca)

tf f : A→G is continuous at every point at A
ther f is continuous in A

.

Complex differentiability-
Definition : We

say
that f : A → a CA open set)

is complex differentiable at ZoeA if
f-Cz) -ftzo)ft tho) =tfzo ¥

A function that is complex differentiable at Zo
is continuous at Zo .

Let us reformulate the definition of complex differentiability

⑤
Proposition5 let A E E be open and f : A-→ E

.

Then f- is complex differentiable at zoe A if
there exists E : A →E and Ceci such that

f-Cz) = ffzo) tic Cz - to) t ECE)

and line
. ¥94, -- o .

Note: c -- f ' Ito)


