
⑧

Definition :
A function f : A → Q is a continuous

function at aE A if

Lisa f-Cz) = f-Ca)

tf f : A→G is continuous at every point at A
ther f is continuous in A

.

Complex differentiability-
Definition : We

say
that f : A → a CA open set)

is complex differentiable at ZoeA if
f-Cz) -ftzo)ft tho) =tfzo ¥

A function that is complex differentiable at Zo
is continuous at Zo .

Let us reformulate the definition of complex differentiability

⑤
Proposition5 let A E E be open and f : A-→ E

.

Then f- is complex differentiable at zoe A if
there exists E : A →E and Ceci such that

f-Cz) = ffzo) tic Cz - to) t ECE)

and line
. ¥94, -- o .

Note: c -- f ' Ito)



④

EI ft) -- z 's

fins
.
2÷¥=h÷

..

Ezo

So f-
'

Go)=2zo (as expected ? )

II f-G) = I

t.EE#Io--EnaE.I
.

doesn't exist

bhy ? Because tin
.

"
=L and

'

Efi. . .
So f-G) = I is not complex differentiable
at
any point

in e .

Peroposition 6 Assume that F and
g are complex

differentiable at to
.
Then

⑥ ① @f)
'

Ao) = elf
'

Cao)) for e- Q

(ftg)
'
(to)= f- 'Ho) -1g

' Ho)

ft g)
' (a) = f-

'

fzolglzoltftzdg
'

Ao)

it gfzdto then
Go, = ftogofczogzo

)
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⑧

For example, Hg,
'

Go, -- fi;t-HLI.es#---zhjnzofGII.fgH+tzi=zofEo)⇒gGo)
Z -Zo

= ftlzdglzo) t flzolgllzo) .

Chainrule : let f : A →E and
g
:B → a be functions

Chain rule such that f- (A) c.B . Assume that t is complex
- differentiable at Zo and g is complex differentiable

at Wo
-

- flzo)
.

Then got is complex differentiable
at Zo and (gof)

'
Go)=g

' (wolf 'Ho) -- g
' tfczo)) f

'
Czo)

Proof .. We have f- Cz) = ffzo) t f' fo) Cz - zo) t Efe)
where tin.IE?II.=o and

glwkglwoltg' two) (w - Wo ) t Eg (w)
where

qq.YIEII.io .

Therefore gfflztl-glffzodtgllf.h.DH.us - that
t EIICHI =

= glfftol) -' g ' ffczo)) (f'# Cz-⇒ + E
,
H) t IzHH)

= glfczo's) t g' Htzos)f
'

fzo) (z-Zo) t Este)

where Eg#= g
' HHOHE

,
felt Edta)
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It ¥zo¥¥¥! = o we are done
.

since F¥¥, ' ⇐ Ig ' Hizon ht¥¥¥⇒iY¥t÷,"---
→O → o → If 'C⇒)
as Z → Zo

we are done
. ④

One easily verifies that when fat -- E, n-1,2. . ..
then f 'Cz) = hzh- I

.

EI Calculate h
' Iz) for ha - D

"

First we calculate

⇐ K¥1 -- 'Ii"- " ¥÷.
Therefore

40 2- ( z2- 1) 9

h 'm -- to k¥1 . ¥÷,. - Ei
Aenalgticfmcims
Let A EQ be open and f : A → Q
be complex differentiable at every point

ZEA
.

Then f is called analytic .

( A
synonym is holomorphic )

-



④

At the moment we don't know so
many analytic

functions
. Basically only polynomials of z and

rational functions of Z
.

We need more examples
to make this theory interesting .

Cady -R-e-manwequat.ms
We will use the fact that f ' Cz

.
) -- hi

⇒
H¥¥

gives the same value it
you approach

Zo parallel to the x-axis or parallel to the y - axis

if f is complex differentiable at Zo .

That is
fix+ iyo) -f Hotiyo)

④ ¥2 ¥
=lying.tl#iy)-fotiyoliy-iyo

Write Re flxtiy) -- ulx.gl and Imflxtig) --vk.gl
Then both u and v are real-valued functions

of 2 variables
.

The htt -hand side of ⑧ is

¥2 + I ¥ and the right - hand side is

÷. ti :;) -- Ey - ion.



⑧

Since these have to be the same we find

¥
,
Kayo ) -- Fy Ho ,yo) & Fy lxoiyol = - 8¥ Go .gg

These are the Cauchy-Riemann equations that hold
it f is complex differentiable .

We would like to use the Candy- Riemann equations
to check for complex differentiability .

However

the CR- equations alone is not enough to
conclude complex differentiability . We need stronger
assumptions
Theory 7 Assume that f- = u + iv is defied in

an open set A Ed and that the partial⑦ di: Fai: ::.ir#II::::iIe:z:hE.
are continuous at toEA and that the

Candy - Riemann equations hold at Zo .

Then f is complex differentiable at Zo
(and f'Gol -- f

,
Ho) = - i fy Go) )

Drood c
. Assume that 2-0=0 (with no loss of generality

)

( This assumption simplifies notation )
Let D= Dco

,
r) EA

.

Let c = at ib

where a = Ux lol = Vy lo ) and b = 4101 = - ugly

Our goal is to show that

him / FH
-Hot fin IHH -Hol -at

2-→ o F
- c / = z→o

= O



⑧

""

tuk, - no, = way, - aloof• -

O(g) =uyftuHy
B

-

= uxlslxtuglnly by the
mean value thru

similarly vfz) -viol - 415
'

)xtVy(y
' )y where 5

'
and

y
'
are on the

same lines as

5 and y .

Note that max ( 151,154,1Gt , In'll ⇐ let

Now
,
f- (z) - flo) - cz=ulz) -uloltilvft) -viol) -laeibkxtiyt-nxledxtuylnly-axtbytifylstxtvycn.ly-brag)=

-4×151-419)xtdyGl -uglollyt
i (4×151) - yeol xtlvyln') -vylo))y)

and HH¥H Eluxlstuxlosltluylnl - uyloslt
+ 1415

'

) -vxlolltlvylnl ) -vyloll
Since the partial derivatives are continuous at O

and max ( 5
, y ,

5 '
, y
' ) → 0 as z -70 we

see that

¥gfHo'
-
- c

&



⑤

Assume A EQ is open and also assume that

Threw u : A → IR and v : A →R have continuous
1st order partial derivatives Then f- = utiv

⑧ is analytic if and only if the
Cauchy-Riemann equations

U×H=Vylz) j uyfz) = -vxlz)
hold at each ZE A

.

Ex Determine at which points ffzt-2xy-iifxz.ly)-

is complex differentiable .
Is fley holomorphic in

some set ?

SIEM"

uh
,g) =2×g ux -

- Ey ay
-
- 2x

Hay) =x2ty2 Vx -- 2x Vy
-

- 2g

Both u and v have continuous partial derivatives
so we need to check the CR- equations

u×=Vy
? Yes

,
since Ux -2g and vy

-

- 2g

What about v×= -uy
? This equation holds it

2x = - 2x or when X=0 .

So
, f- Cz) - Lay ti (x'ty) is complex differentiable

on the imaginary axis{ kid 's to b)µThis is not an open set

so fH=2xytiG2+y2)
-×

is not analytic anywhere .



⑧

Lets use the CR-equations to verify that th-- ez
is analytic for

every
ZEE

.

f- Cz) -- et = ex (
cosyrising

)

relay) - ex cosy vlx
,y
) -- ex sing

Ux = ex
cosy vy=

ex cosy

my
= - ex sing y- ex sing

That is u×=Vy & Uy =
-Vx and since

all partial derivatives are continuous Hz) is
analytic for all ZEE . Also

f- ' ft) = Ux t i y = ex (cosy tisiny) = It .

Det : An analytic function f : a →Q is
called an entire function.

+

Polynomials and et are entire functions .,
we have eit = cost + isint

,
te IR

,
and

e-
it
= cost - isint at EIR

which can be rewritten

cost = eittg.it & sint =et
it

Zi

for tEIR



⑧

We define
cosz=ei

it

and sin z=eiZ_g
for all 2- E Cl

.

T wsz and sin z ane entire functions
,

EI Verity that wsthztsinz -- t for all zee

cos
'
z -isin 2£ = Kitty

-it )! 1eit_y!
=

edit + g + e-lit - (e
'dit
- 2. + e

-
2 '
'

-2) 4

4-
=

4-
=/ .

Some
consequences

of the Cauchy -Riemann equations- - -
-

First assume that DEE is atrpmeimstuset
where

any =L
,
WE D can be connected by a

continuous curve
.

Such a set is called a domain
( non - empty, open , connected ( or equivalently

atFFated) )


