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Complex integration
- -
-

We want to define integrals of complex-valued
Functions along paths in the complex plane .

A path 8 in the complex plane is a continuous map
8 :[a,b) → Q (acb) 8cal
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smooth paths
A path is called smooth it

Jlt) = tinHtH ends for all

t E Cais) and 8. It) to
.

( one - sided derivatives at a and b)

A path is piecewise smooth if it is made out of
several smooth paths .
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A path is closed if Hal -8lb) and is simple
if Htt#867 when tis and act ab

.

Some examples of paths
Lineaments #

Zz

•
181

Z
,

V :[ 0.1] → Q Htt = tzze (t - the

circle ÷÷. a
•

Httzotfz,-Heit €04181
Osten

Reverse paths
-
-

Let 8 :[aid → E be a path .
Then the

reverse path f-81 :[a.b) → e is -841=8 (bta -t)

Ex -8cal
-
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.
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Path sum

Tt:[a. . bit -se and I:[aa.bz] -76 be two paths
with 8,141=8, lad .

Then the path sum is

8
, -182: Eaa, bubs- a,] → Q given by

[Kira] Ht . { htt
) it a. eteb,

Itt- b.tag) it bite bribe
-as

⇐
*

wanna

Let f :[a.b) → E be continuous and write

f- (x) - ulxltivlx)
.

Then

fabfcxldx = fabulxldxti fabvkldx
The Fundamental Theorem of calculus gives

fab flxldx = Fcb) -Fla) where FKI = Ulxltivlx)
and U' Kk uld and V'Ktvk)

.
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let 8 :[a.b) →E be a path .
let f : A→ e

be continuous and 181 CA .

Then we define

the contour integral of f along 8 as

↳ ftztdz:= fab faith) J Hdt
and the

integral of f along V
with respect to

arelength as

ft Iz) ldzl : = labforth 18%-11 It

:

8 Hunt -others 8
'
Itu) Hui -tu)

18 Haul -8Hull I HADHt
..

-ta)

⇒ Is fHdz x E f- HAN HAW-Otta))

↳ tfztldzln & f- Html Html - rHH
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Properties of ordinary Riemann integrals immediately
carry over to these integrals

fyffzlecgthdz-ffhdz-icfgfzldzfffatcgfztldzl-ffh.tldel to fgtzldzl
We also have

I f f-Hdz l E f tfHHdel since

I? f- Intan (Html -Nhl)#{HAHA I 18Hunt -Utah

Det : The length of 8 is

1181 = f l l dat
t
Notice not Length of 181 ! Why?

iii. s

→
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E± Evaluate f
,
¥ dz and { Lzzldzt

where HH -- Zeit for Otte 2n
.

so'¥:

now"

sit
↳ tzdz = to

"

¥ . Lieit dt -- f
"

i at = Ini

f # ldzt - f
"

÷, 2 At =
'

z I
it
at =

=L !
"

cos tht) - isin httIt = 0

✓
In fact

,
we could also use # e

-Zita
-Zi e

- lit

,

we also have the following properties
↳ ffztdz = - fzflzldz
f.+yaftzldz = f

,

fade-if
,

f-Hdz

fq.zflzydzt-fg.tt#ldzItfqfIzHdzIBUIfyflzIldzI--fflzIldzI
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Reparametrization of curves and integrals
-
--

÷
.. ..÷÷→¥

2=8oh
We

say
that y is a reparametrization of 8 with

change of parameter
'

h
'

if h is continuous
and strictly increasing with hla) -- a and hcp) -- b .We say that

he is a smooth change of parameter
if h is smooth as a function . (Piecewise smooth
in the same way )
If we use the chain rule we see that

fyffzldz = f, f-Hdz
and f

,
Heyday = fy Hall del



④

④ Proposition 1211 HAI EM on 181 then

I fth de l E M 1181
Prod "

If
, ffzldzlefrlfhildzt E Mf

,ldzt.MN#ExLet8HI=2eitwhen - tf et ETE .

Estimate / f ¥¥dzl from above
.

Solution: Notice that 18HYE 2. Therefore

fz3.it/zIz3l -1=8 - 1=7 on 181
.

Hence ¥11 Etz on 181 and

I ftp.udz/Etz.2E.2--fF
Primitive functions
-

Assume that U EE is open and

f : U → e .

A function F : U→ G

is a primitive function of f it

F is analytic and Ftztfcz)
= =

for ZE U -



④

④ theorem 13 Assume that f is continuous on an open
set u and that F is a primitive function
of f in U . If 8 : Laib] → U is a piecewise
smooth path , then

f ftzldz -- [ FED!!!! =
= Falls) ) - Final)

.

Pivot: Assume 8 :[a.b) →U is smooth

( The case 8 piecewise smooth follows easily from
this

.
)

write Htt -- x#tight and put
GHI -- FCHtt) -- Ulxltytttltivlxlthyltl) .

Then ① ② ③ ④
G' IH -- Ux . x' Htt iv. x' IH t Ug . y

'HeiVy . y' IH

by the chain rule .

The CR- equations give
① ④ ② ③

G
' IH -- Ux . x' ttttilkoy

'

htt iv. x' Itt -Vi y
' htt

= Ux. ( x 'tHei y
' HD + ith . ( x' ltltiy' Lt)) =

=(U , t ith) . V
'
It) = F' (HtD8' Hk

Therefore
= FAITH .Htt

.

{ f-Hdz -- lab fHHDHHdt=IaG' Hdt = Glbt -Gtd =
= f- (Hb)) - FHM -- [ FATIMA

,



④

Corollary14 It fill→ Q is a continuous function
on an open set UEE

with a primitive④ (analytic ) function F. U→E then

↳ f-Hdz -- O for
every

closed
. piecewise

smooth path V in U .

Proof fgflztdz -- [ FED!! go
Hal --HD ④

¥ Calculate f z ' dz when

Htt -- t't it
,

o stet

solution : Since Fez) = ZI is a primitive
function for z2 we get

{ z' de -- [ ET!!,=¥ ) :
"

.

-

= Kyi? tt3it i! - 2÷fi
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EI Evaluate Ig Zsinzdz when Hl is the

one

Solution .. We can use partial integration to find a
primitive function since we have

€zfHgH - f
'

Czlglzltflzlgllzl
for analytic functions .

I#edz = f- z cos Ef! + fgcoszdz =
= -hi cos hit [ sin z )!

"

=

= -E c

' (Chi! e-
2 ie

g- )
+ s in Li =

= - i Ce -3 + e 2 I + ethic- ji
'

Ti
=

=
- i le-2 + e

2
tf e

- 2
- iz e
' ) =

= - i (f e's +3g e-2)

E- The analytic function Hz) = Iz defined
in a lot has no primitive function !
This must be true since fy ¥ dz = Zai
when V is the unit circle oriented counterclockwise

.
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This might seem strange since we already know that
for

any branch gift of the inverse of et we
have

y
' th -- tz .

However
,
it is impossible to define

GH on Cll fol ! For example , Log Al is
analytic on d l l- o , 07 ( but not e- Lol )
-*-

A look ahead
• We know it feel has an analytic primitive function
FH then f. yffzldz = o for all closed

piecewise smoothV .

• We will now start proving Candy'sTheorem which

says that
it f-H is

'

analytic then

fyffzldz -- O for all closed piecewise
smooth 8

.

• We also aim to prove the converse namely it

fyffe) dz=0 for all closed piecewise smooth 8
then feel is analytic (Moreira'f,em)
- *-

We begin by proving Cauchy's Theorem for rectangles.
We will need a version of Cantor'sTheorem

.

Special case Let R; be a decreasing sequence of closed
of rectangles . Then if Ri t 0

cantor'sTheorem ( "t.fi:7?nIoi=hzs ) )


