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This might seem strange since we already know that
for

any branch gift of the inverse of et we
have

y
' th -- tz .

However
,
it is impossible to define

GH on Cll fol ! For example , Log Al is
analytic on d l l- o , 07 ( but not e- Lol )
-*-

A look ahead
• We know it feel has an analytic primitive function
FH then f. yffzldz = o for all closed

piecewise smooth .
• We will now start proving Candy'sTheorem which

says that
it f-H is

'

analytic then

fyffzldz -- O for all closed piecewise
(This version true in disks) smooth 8

.

• We also aim to prove the converse namely it

fyffe) dz=0 for all closed piecewise smooth 8
then feel is analytic (Moreira'f,em)
- *-

We begin by proving Cauchy's Theorem for rectangles.
We will need a version of Cantor'sTheorem

.

Special case Let R; be a decreasing sequence of closed
of rectangles . Then II. Ri t 0

cantor'sTheorem ( "t.fi:7?nFoi=hzs ) )



④

Illustration of Cantor'sTheorem
-

It.
. ,1-

Lemma1st Cauchy's Theorem for rectangles)---⑤ If f is analytic in an open set k then

for f-Hdz = 0 for
every

closed rectangle R in U
.

'

÷
:

iii.ii.÷:*.
.
.
.

( with obvious abbreviation )

Put I -- fortHdz and I? = for, f- Hdz .
The triangle inequality gives III E II.' Itt Ii let HIM

.

tet III --
may
{ III
'

HIM ,
II? I, II'll I .

We see that f
,III E III ( otherwise we get a contradiction

keep dividing and (with (hopefully?) obvious notation)
we 9A

II , ⇐ 4h II. 1 for a- 12,3, c . . .

Let Rn be the rectangle corresponding to Fnl .



⑤

By Cantor 'sTheorem ⇐ Rn# 0 and therefore

r u
F Zo such zo E Rn for n- 1,213, . . .

diameter = maximal Nole that the diameter of the rectangle R is
distance between two Vats if R is

points in the set 'S
b

-

Also the perimeter of R
a is that 26

Let D= 1¥ and L-- Tae 2b .
Note that the

diameter of Rn =dn= Ind and the perimeter d- Relight
since f- is analytic we have ( for Zo defined above)

ffzt-ffzdtffzdfz-z.deEH where hinge
.
t¥¥! , - o .

O
.

This means that for e > 0 there exists do such that

I z - Zol Cf then I E- Cz)K E IZ- Zo l . Choose n

so big that Rn fits in the disk Ezell; Iz-Zoloft
( dm-- Ind -8 does the trick )

.

Then

In= {puffed dz = ↳f-Go) t f
'
Czo ) Cz-Zo) t Etz) dz =

= for
,

EHdz ( since Izz -- 1 and ¥ HII!Ezo))
We get tint -- I fmEHdzlefr.IE#lldHEednLn
Recall III E 4

"

THE 4
"

edn 4=434# = edh
since es O is arbitrary we get III IO and

I-- offHdz -- O



⑤

We will weaken the assumptions a little in the
previous result . It will turn out to be useful in
the future. ( when we prove Cauchy's Integral Formula)
Lemmy 16 If a function f is continuous in an open

④ set U and analytic in U- hat for some

point Zoot U , then for f-Hdz -- O for
every

closed rectangle R in U .

Pirot : Assume Zo ER ( otherwise we already know
- the result is true )

:÷÷÷÷÷÷÷÷.
We have fr f-Hdz = ?!

,
I
, fruitHdz

tf Zo Et Ree then GraefHdz -- o and if Zoe Rae

then ftp.ueftzldz/EMnI where L is the perimeter
of R and M-- max {HAH

,
2- ER)

since Zo is contained in at most 4 rectangles
we get

lfgrffzldzle 4M¥ and n is

arbitrary we get
for f# dt --O Q



⑤

Lem-ma.tt Let D be an open disk in the complex plane , and
ht f :D → e be continuous with the property that

for f Hdz -0 for
every rectangle R in D with

sides parallel to the coordinate axes
.
Then f has⑧

an analytic primitive in D . Meaning as a

consequence f
,
f- feld-2=0 for

every
closed

, piecewise

smooth path 8 in D.
,

Prost: Let zo be the center of D
.

F-

÷
:

÷
so ÷:*::

I • a

Zoo. : Define Ffzkfyzflwldw =i

.
.

.

'

-

i
.

.
.
.
.
-
-

i
'

= ↳ flwldw
( well - defined since Soettzldz--O)

We have FIH =/! flxotittidttfxoffttiyldt =
= !! ffttiyoldttfyoflxtit) idt

Now
, by theFundamental Theorem of calculus

,

¥ Feel = flxtiy) -- f-Cz) and f-yfczt-iflxtiyl-if.tt
So F satisfies the CR- equations , has continuous partial
derivatives and hence is analytic .

Also F'G) = fat
f FF -- tidy = ulzleivlzl Q

off -- off + iffy -- iluahiuizh-vh.in# } ⇒ ¥f=Ey
= - ft
y,



⑤

theorems ( Cauchy'sTheorem - Local Form)
Assume that A is an open disk in the complex plane⑧ and that f is analytic in D C continuous in
band andlytic in D shed enough) .Then

Jyffzldz = 0 for every closed , piecewise
smooth path 8 In B .

Prof.. By lemma 16 forth de = o for every
closed rectangle in D and by lemma 17

f :b →e has an anialgtic primitive function
in D. By Corollary 14 the result follows

.

Notice that the path must be contained in a disk .

We

will later remove this restriction .

The following example
hints at

ways of doing this .
II Let R be a rectangle with center z. . Show

that fr ¥zodz= 2mi it IR is oriented

positively ( counterclockwise)
solution
-

"

We know that

&
.

s a. *i

iblzoifl

→
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we see

÷
.

.

'
.

-

ow
.

8

\ ly ztzodz -- O
\

since ¥z
.

is holomorphic

Repeat for all sides of R
in bcwoifo) .

and we get £¥zodz =/ z.tz.dz -- Lai .
*2B Hop)

The next result will give us a way
of

creating analytic functions
.

Preposition het 8 be a piecewise smooth

④ path in the complex plane , let he be a function
continuous on 181

,
and let k be a positive integer

( K--12,3, . - I . The function H defined in the

open set U-- Qi 181 by

is analyst!#
' ft ads
and

H' lzkklychgktzyu-u.de .
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Prodi : We want to show that
,
for z e ahh

,
we

have

t¥H# -af
,
fyids I → oW Z

as w -so
,

let r>0 and s > O
'

such that

disks D ( z Rr) and Alo, s) satisfies
BC z

,
Lr) E Q - 181 and HI C- Alois)

'

For Wto we have

HzkH- kfff.dz, " , ds =
= fhls) ( wt ( Famitsu) - ¥zµhd5-

Put a-- 5 - z
.

④



⑤

Then ⑤ is

It n
- ah) - Ine 's - ¥. .

not:÷i:÷:"t÷=÷÷ia÷. .
÷I, I ah"-ifw's" - k ca-wi! kak-j.Eajklak-i-ic.ws

"
- k

.

Makin
'

--
=

=

a
KH fa - w)

k
ak-" (a -w ) k

= ÷: at" -its" - k¥7ah-ifwli.fm/E.j4akttifwi7tz!lklakitwiY-aktl/a
-w)
k ah-' ' Ca- wth

Notice that re Iz -51=1ales and it lwkr
we get la - wlzr then l⑧lEcs:÷, lwl
If 1=118) and M-- max lhlzll (which both are

Edm

finite since 181 is compact and he continuous )
we see

I HjH- k ! ftp.adsl E
E C÷I! LM Iwl → 0 as

hot → o

Fbo k=1 as an exercise It needed )
,

We can use this result to
"

create"
many analyticfunctions

.

However
,
the functions created are not

always so easy to
work with

.



⑤

WindingNumber
Let 8 be a closed piecewise smooth path and let z

be a point in Q181 .

Det : The winding number (or index) of 8 about z is
n ( 8, z) = # f ¥2 .

Iroparties .. . n ( V ,
z) is always an integer .

. .
. :÷i÷÷÷÷÷÷÷."
Lai n 18,z) = Init 2mi

•

y lHz) is locally constant ( since y lHz) is analytic
in a181 and hence continuous)

tix :

. .

n HH⇒



⑤

'
' "

Ex
, nHH- O always true

] in unbounded component.

I 11
• If 8 is a simple closed piecewise smooth

path ( simple = no sett - intersection (except
for Hal = 8lb) ) )

then n (8,2-1=1 or n (8. z) -- t it
Z is in bounded component .
This depends on the Jordan CurveTheorem that stats

that a simple closed path divides the plane in
two components ( one bounded and one unbounded)
This seems obvious but is difficult to prove .

go



⑤

0

.

Terminology : We say that a simple ,
closed

,
and

piecewise smooth path 8 is positively oriented it
n (8,2-1=1 for z in the bounded component
( Negatively oriented if n (8 ,z)= - I in the

bounded component . )

Theo: Cauchy's Integral Formfahad form)⑧ s¥Fi analytic in

an open disk
D and that 8 is a

closed
, piecewise smooth path in B .

Then
my ,⇒fc⇒=¥n. I

,
t¥zd5

for every ZE BIH I


