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Terminology :
We
say that a simple ,

closed
,
and

piecewise smooth path 8 is positively oriented it
n (8,2-1=1 for z in the bounded component
( Negatively oriented if n (8 ,z)= - I in the

bounded component .)

Theo: Cauchy's Integral Formfahad form)⑧ s¥Fi analytic in

an
open
disk D and that 8 is a

closed
, piecewise smooth path in B .

Then
my ,⇒fc⇒=¥n. I

,
t¥zd5

for
every ZE BIH I



④

Preet :Define , for fixed ZEA 181
,

gist
-

- ft'9⇒ if stz

f- '

Cz) it 5=7
.

The function
g
is analytic when

5. + z and since shjnzgls)
-

- f'HEgH
it is continuous in z

.

Therefore

by Cauchy'sTheorem ( Theorem 18)

O=g÷ fgtslds-fniftffds-s.fi/f#ds
s r

⇒ tf zds=÷fc⇒f¥z -Lai

= f-Cz) Steiner ,-2)
Ei

⇒ nlt.z.lt#--ITifyts'I.zds
We will now start reaping benefits .

EI Calculate fy (z 't z )
- '

eat dz where

IH -

- IH --21 positively oriented .



④

""

'

"

a:÷:÷:÷¥::÷¥¥*.
zz¥TziE It ii. + it

Therefore

ggE.n.dz = JEE de - If de -
'zI¥÷d⇐

= Ini ( ero - 'ziti - 'zeti ) -- hail 't '

z
-iz) -- 4mi

EI Calculate f- T¥zdt .
Solution : we want calculate f-=/! III. dt
Notice that T.tt#i- 7¥, and =

.

.

Therefore t.in. !
"

.gs#et=ts..n..S.iiastEIsintdt--

we have
e
.

.

.

'Tt's. !
"

at
.

Eee
- £÷¥i , and writing fat =e÷?

we get fee)=¥fµ¥ de where

is '
'

I:*:*;e
#g→
-N



④

So Sy
,

dz -- Lai f÷ = tie
- '
= Ie

.

Also

↳ E÷dz= !! in- + Ip de
.

We get Ifp date f. I :÷aHdHelp# Idek
=

MI
N'- I

Therefore

fins !! at -- E and

faff, at -- Fe ④

We see that Cauchy's Integral Formula gives us
a way of calculating some neat

. .

integrals .

We will
later get even more techniques for doing this . But
now we turn to some important theoretical results.

⑧ theorem H f is analytic in an open set

U then f
'

is also analytic in U
.

Prod : Pick a point zell and an open disk A E
U

with center z
.

Then we know that

fH=g÷f
.
t des lwtpaositi:{ oisrienka )



④

Now using Proposition 19 we see that f
'
H can

be written f 't⇒ = ÷
. So
,
t¥zpdS .

Using the same proposition we also see that f
'

is

analytic in D
.

Since the argument can be repeated
for any zell we find that t

'
is holomorphic in¥

Another thing that we can conclude is that
¥ , Fy , 0¥ , and Ey are continuous and therefore
f- e IN

.

Corollaries : It t is analytic in an open

⑧ set a thin f'" is analytic in U for
K -- 1 , 2,3, . . . .

Moreover f E CHU) .

⑧ Corollary 23 (Morera 's Theorem)
Tt tis a continuous function in an openat

K

such that for ffzldz -- O for every rectangle
with sides parked to the coordinate axes then
f- is analytic in U

.

Prod : By lemma ft f has an analytic primitive
function F in U

.

Since Hz ) -- Ftz) then
F is analytic in A



④

Prepositional Let t be a continuous function
in an open

set U and assume that

④ t.eu?htEtisinanaYjk:ostrsminru:mtPro-ofCombine Lemma 16 and Morera 's Theorem
.

Ox

In fact f- can be assumed to be only bounded
in U and analytic in U l Ezo } for the
conclusion to hold

.

This is the Riemann
Extension theorem (which we will pro're later. )

We can deduce an integral formula for derivatives
theorems

Assume that t is analytic in an open disk

⑧ D and that 8 is a closed
, piecewise

smooth path in D . Let kzo be
an integer .

Then

nlrrtf
"'H=gk÷. I

,
fzy. ds

for
every ZE

AHH
.

Prod : we hwenw.zyfizy.kz. des

by the CauchyIntegral Formula .



⑧

Since n 18 it) is locally constant repeated
use of Proposition 19 we get
nHH F'"ht .

'
- f f¥zµ ,

ds
.

Ox

tix Calculate Jg Et¥s dz where

IM =L lxltlyl=L} positively oriented .

solution :

.¥r, nHot- t

Let Hz) = et tzsinz .

We have

f EtEd⇐ff¥opdz=ng .

ftCz) -- et t Lzsinztzthcosz

f-
"

Iz) = CZ t Isinz t 2.zcoszttdzcosz - Isin't
f-" lo)= oft . . .

= I

⇒ f
,
e¥inZdz=ni



④

Next we prove the Cauchy estimates which
lets us relate the size of derivatives to the
size of the function .

theorem ( CauchyEstimates)

⑧ Assume that f is analytic in an open
disk D=ACzar) and IfCz)IEm when ZED

( m is some constant)
.

Then
,
for each integer key

we have
Iflkyzll E Y!Iz÷⇒kH

for zeb
.

In particular, If
'"Holle k¥7

.

Proof :

⇐and:c , ÷:
" Eli's Theme

Osl z -Zo laser
let Nsl be
{ 15 - Zo l = s )

positively oriented
Then

face , = fi! ↳ fzµd5
When 15 -zots we see 15 -¥15 - Zo t Zo - Z l Z

Z l l S- zol - l Zo- ZI f- S- Iz- Zol



④

We get
H'Keitel 's.÷. f. ftp.dsle

⇐
'

¥1
.
'¥¥⇒.. lasts 'fI÷µ.

Let s→ r
.

We get

If"4zj/ ⇐ Her(r - Iz -zo1)
ke '

and it 2- =zo If "dfzdlE HIT
From this we derive a surprising (maybe ? )
result

.

theorem (Liouville'sTheorem)

⑧ Assume f- '

- e → e is entire and

bounded ( that is If# IEM for all zeal.
Then f is constant .

Proof : Let zed and DIZ, r) EQ
Use Cauchy's Estimate with k=1

If
'

# I e- My and let r→o

Therefore f ' G)= 0 and f is constant .



⑧

Next we prove the fundamentalTheorem of Algebra

⑧
theorem (the FundamentalTheorem of Algebra)

Let plz) be a polynomial of degree nzl .

Then there is at least one zoe Q suet that

photo .

Proof : Assume that plz) to for
every

zee
.

Polynomials are entire functions and
f-H = ¥ is entire it plz) to for every zee

.

Write plz) = anzht . . . tanztao (anto )
and note

I plz) I = IH
" I aint a t . - - eff, taoznfz

7- let ( tant - k¥4 - . . . faff )
¥#→co

Since lant > 0 we see that lptzll→ o as

124-70
. Therefore I f-HI→ 0 as IH→P.

This means Helle t when Izl > R for some
R

.

Since L is continuous on D-(OR) it is
bounded there and Iffell is bounded on

G
. By Liouville's theorem f is constant and

therefore also p is constant . This a
contradiction

. Ox



⑧

As a consequence of
this result and the Factor

Theorem we get that every polynomial
plz) = an2-

"
t

. .
. ta

,
2- + ao can be written

plz) = an ( 2- - Z , ) (2--2-2) .
.

. (z - 2-n)

where plzjl = 0 j=1 , . . . ,n ( the roots can be repeated

The next result we will prove is the maximum principle (for

analytic functions) .

For this we need the concept of
a connected set

.

An
open set ✗ is said to be connected

if it is not the union of 2 disjoint
, non-empty open sets

U and ✓ -

we formulate this as follows :
it U

,

V
open , UnV=¢, and ✗=UuV then U=¢ or V=¢ .

1-For general sets ✗
you

should look for U and ✓

open in the induced topology .>

Domain In complex analysis an open
connected set D

=
is called a domain

.

IEimumpri-ciplelmaxim-mdulustheorenhe.ttbe analytic in a domain D. Assume that there
exists a point Zoe D such that 11-12-114-712011
for

every
2- c-D. Then f is constant in D.

Proof : Assume that 11-1%11=14 and

choose R such that Atto,R) c-D

Pick r such that Ocr < R
.


