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As a consequence of
this result and the Factor

Theorem we get that every polynomial
plz) = an2-

"
t

. .
. ta

,
2- + ao can be written

plz) = an ( 2- - Z , ) (2--2-2) .
.

. (z - 2-n)

where plzjl = 0 j=1 , . . . ,n ( the roots can be repeated

The next result we will prove is the maximum principle (for

analytic functions) .

For this we need the concept of
a connected set

.

An
open set ✗ is said to be connected

if it is not the union of 2 disjoint
, non-empty open sets

U and ✓ -

we formulate this as follows :
it U

,

V
open , UnV=¢, and ✗=UuV then U=¢ or V=¢ .

1-For general sets ✗
you

should look for U and ✓

open in the induced topology .>

Domain In complex analysis an open
connected set D

=
is called a domain

.

IEimumpri-ciplelmaxim-mdulustheorenhe.ttbe analytic in a domain D. Assume that there
exists a point Zoe D such that 11-12-114-712011
for

every
2- c-D. Then f is constant in D.

Proof : Assume that 11-1%11=14 and

choose R such that Atto,R) c-D

Pick r such that Ocr < R
.
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the Cauchy estimates
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?? have

¥,
- Hail I ¥zddH .
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'

8DHurt

\ 1 Parametrize dblzar) so that
-T

z-Zo = reid 010 ⇐ 212
.

2h

Then I fc2.is/-EtzfttcIrei9lrdO--tfoYfczotrei9ldo-
0

212

If I f- Got reid ) ILM for some 0 we get a contradiction

MEEEE
""

Hence I fczotreit) 1=14 fer all O and If -611=14 on

B (Zo ,r) .

This means U={ ZED ;ftCzH=M/ is open and

non-empty . Since tf tht is continuous the set

✓ = { zeb ; If #1444 is open ( general topology) .

Now D= Uu V and since U # of ⇒ V=p .

Hence D= U=L ZED ; I fall =MY ox

Corollary: If D is a bounded domain in the plane
and f: D- → e is continuous which is

analytic in D. Then Ifl attains it 's
maximum on 8D.
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Prods: The maximum of 1ft in D- exists sinceI
is compact ( closed & bounded ) and Ifl is

continuous
.

If Ifl attains the maximum inside

D it is constant by the MaximumPrinciple
and therefore also constant on B. Then the

maximum is attained on 8D
. OX

EI Let f-H=z2 - Lz
. Compute the maximal value of HH

in Q -- Lz ; Oexet , OEyet }
Solution : We examine It fell on DQ .

¥E÷ :*:*:*:
glxt. If#f- 2x- if

y
' (H =L- 2x = O# x=1 got -- O & GH ) =L -1=9

On : X--I
,
OEyet

-

f-Czk tu t ig) -- fltiy,
'
-2Gt ight thing -y

' -2 -Liye
= -yr-I

fly) - It fell - tty
'
⇒ hCG=L & htt)-- 2

ONHII : OEXEI , y
-

- I

f-Cz) = f-Cxti) -- ( xeif-2cx.ci) -- tht Lxiii' - 2x -Zi
= X
'
-2x -It @x-2) i

• . ' maximum = TE
On :

.
. .
maximum -- Fs

⇒ max Ital -
zag

- TF
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The Global CauchyTheorem- -
Remember that so far we have only
shown that

Jfc⇒ dz ⇒ ft analytic)
when 8 is a piecewise smooth closed path in
a disk . It is desirable to remove this

requirement . We will now explain how this is
handled

.

This will not be a formal proof but
hopefully the idea will be clear .

.
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- The idea
<

l

- i is to modify
i ! Feet:*.I

-
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I
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Et"'d
. If f-Hdz =(

i

i i ffhtdz
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Keep changing the path until you can use the
local version of Cauchy's theorem . Hence

{ f-Hdz-- O (in this case)
Is it always possible to change the path in this way?

No
, for example ,

in this case it is not possible

,

u

-
-

'
e
,
✓

-

- - I
,

-
- - t

i

.

:÷iIi÷Q÷::Li

. L j
! path across

i

. I
- - the

"hole
"

-
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-
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-
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'
e
,
✓

-

- - I
,

- T / We also

i

.

ii. '
'

sina.tatz.to
i

. L r
!

: I it feel =L
. T Z - a-

- --
'

when
a is

any point
in the "hole

"
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I However if
- J -- I

i. i
so

a:*
- I the hole in the
- l r .

i

. I opposite direction
L ✓
-

- --
-

we are
"back in business

"

ii.
"i÷÷÷÷÷÷÷

.

÷
.

÷÷÷÷÷.
§, f-Hdz

-

- o

Why did it work now ? The reason is
that n ( 8

,
a) 1=0 but ncr

, a) entreat = 0
for any a in the hole .
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In order to formulate the result in enaality
we need to introduce cycles of piecewise
smooth closed paths ( or cycles for short )

Given a collection8 , , . . - 18k. of piecewise
smooth closed paths in a set A E Q a cycle
in A is a k- tuple r= Hi, . . . ik)

we define

↳f- G) dz = fqftzldzt . . - t fqftzldz
and n ( r

,
a) = n CK

,
a) t

. . . t n LK .a)

We say
that two cycles r

,
Ind re are

homolog -int it n la , a) = nlra , a)
for events a c- kit

.

We
say that a

cycle r ish@ogousto_zeroinAifnlr.a) = O for entry at QiA. Finally
two n#d piecewise smooth path V, and
Vg sharing initial and terminal points are
honedgousintt if F- 8 , -8, is
homologous to zero in A

.
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⇐

an

The closed paths a, P, and 8 are not homologous to
in A ¥.

The cycles (x, p) , la,8) , and Cp ,H are not

¥¥a. However (a
,
13,8 ) is

homologous to zero in A
.

The paths by and da
are not homologous in A .

We haven't proved the following but I hope the previous
discussion is convincing .

Cauchy's theorem ( Global version)

Let o be a cycle in an open set U .

Then

I f-Hdz= O for every analytic
function f -- U-se

it and only if r is homologous to zero in U .
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⑧ Corday21 : H f- is analytic in an open set
u

and if ro and r, are cycles that are
homologous in U, then

↳ tlzldz =L
,

ttzldz
.

⑧ Corddry 31 : H t is analytic in an open set U
and do and be are non- closed piecewise
smooth paths in U that are homologous in U,
then

fyoflzldz = ↳ f-Hdz .

Cauchy'sIntegraltGlobal version)
suppose that f- is analytic in an open

set U

and that r is a cycle that is homologous to zero
in U

- Thnff
,
⇒ fat -- Ini fr d'

for every Ze U - Irl



⑦

EI Evaluate Ig ZIIII.tn dz where 8 is as in

the figure

÷÷B
Solution : First we note that ffzk ZIM

is analytic in Ciego, -11
Z' 'Z'

( since £3 t z2=2-2 ( z -i 1) )
It is not really clear how to do this calculation .

hits experiment a little and see if we can make some

progress . If we use partial fractions decomposition we see
ZZ tztl I

¥-1)
=

Iz
t ¥1

.

Now sirree - ¥ is

a primitive function for ¥ we see

ly HH de -- f - I] ! + fyztedz = - ti -it tf#de

= it It by ¥+1dz
We now concentrate on by ¥1 dz .

¥1 is analytic in Q - f- th
.
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÷÷¥B¥±÷:!:*
.

Also Log (zit) is a
primitive function for
Yeti, in di l-o ,

-1]
.

Therefore
g
,
¥, da = { ¥, de -- dogEAD ! =

= LogGti) - Log121 -- turn titty - Ing =
-

'

z his titty .

and I
,
ZIYI! dz = Iti - Leng + ie -- t-hrs till -1¥.

Sequences and series of Analytic Functions
--

Given a complex sequence ( Zn)n% we can form
the partial sums Sn = ¥

,

zu .
If the sequence

(sin-7 converges to s ( that is kisses)

then we say
that Ii zu is convergent with

sum s
.

We write s -- I
,

Zn = anting f! Ze .


