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1 Immittance

Many physical quantities are either

potential-type: pressure, force, voltage
flux-type: volume velocity, velocity, current

In practice, these two types work together as a Kirchhoff pair
(e. g. voltage and current) and are related by physical laws
(e. g. Ohm’s law).
Immittance is the relation between the Kirchhoff pair in the

frequency domain
potential / flux = impedance
flux / potential = admittance

Example: velocity / force = mechanical admittance
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1 Impedance

Impedance is a physical property of an object or system.

In
practice, the term “impedance” is used when talking about
impedance or admittance.

frequency-dependent impedance is complex
the real part is called resistance
the imaginary part is called reactance

simple resistance does not depend on frequency
For waves or signals:
input impedance (e. g. how much current the device takes

with certain voltage and frequency)
output impedance (e. g. how much current the device can

feed with a certain voltage and frequency)
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1 Impedance Matching

Waves reflect at impedance boundaries
e. g. an acoustic tube
the bigger the impedance mismatch, the bigger the
reflection

impedance matching describes the relation between the
input and output impedance

if impedance matching ≈ 1 ⇒ “good” impedance
matching (negligible reflection, good power transfer)
if a large mismatch between I/O impedance ⇒ “poor”
impedance matching (systems don’t load each other).
Often a desired property in electroacoustics!
Impedance matching devices: hearing horn, buffer
circuit ...
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1 Relation to the Transfer Function

driving point impedance denotes the impedance at some
certain location (the K-pair measured at a
single point)

transfer impedance denotes the impedance between two
distinct points (potential and flux variables
measured at different points)

Important interpretation: if the input and output signals form
a K-pair, the impedance can be interpreted as the transfer
function!

e.g. at the bridge of a violin or at the mouth of a wind
instrument
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1 Example: the Violin

Figure: The driving point admittance at the bridge of a violin.
Adapted from Fletcher, N. H., & Rossing, T. D. The physics of
musical instruments.

Complicated system; impossible to design admittance
(difficult to replace Stradivaris!)
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1 Example: the Guitar

Which one has the higher bridge
impedance?

mechanical impedance =
force/velocity

with a given force, harder to move the
electric guitar bridge (= less velocity)

⇒ electric guitar has higher bridge
impedance!

vs.

Note: it is easier for the string to move the acoustic guitar
bridge ⇒ better energy transfer to the body ⇒ louder sound
and shorter sustain for the acoustic guitar!
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1 Usage in Calculations

How to use impedance in calculations
in principle, all acoustic calculations could be made with
wave equations...

... but real systems very often too complicated!

impedance representation is a “black-box model” of the
system

simplifies especially the estimation of the interaction
between subsystems (impedance summing)

used in acoustics with lumped systems
valid, if dimensions of the system < wavelength
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1 Impedance Types

electrical impedance: Zel = U/I

mechanical impedance Zm = F/v (= 1/mobility)
acoustics (FF, chap 4.4):

acoustic impedance Za = ⟨p̃⟩/Q̃
in FF (and here), ⟨p̃⟩ is the space-averaged pressure
(not energy)

specific acoustic impedance Zsa = p̃/ũ
normal specific acoustic impedance Zsa = p̃/ũn
radiation impedance (vibrating object) Zrad = F̃/ũ
wave impedance (line and surface wave, distributed
systems)
modal radiation impedance

be careful not to mix different impedance types!
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wave impedance (line and surface wave, distributed
systems)
modal radiation impedance

be careful not to mix different impedance types!

ELEC-E5610 Acoustics and the Physics of Sound, Lecture 8 10/36
Stefan Wirler 16/11/2023
Aalto DICE ELEC-E5610 Lecture 8



Immittance

Impedance

Impedance Matching

Relation to the
Transfer Function

Example: the Violin

Example: the Guitar

Usage in
Calculations

Impedance Types

Example: 2DOF
Oscillator

1 Impedance Types

electrical impedance: Zel = U/I
mechanical impedance Zm = F/v (= 1/mobility)
acoustics (FF, chap 4.4):

acoustic impedance Za = ⟨p̃⟩/Q̃

in FF (and here), ⟨p̃⟩ is the space-averaged pressure
(not energy)

specific acoustic impedance Zsa = p̃/ũ
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normal specific acoustic impedance Zsa = p̃/ũn
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1 Example: 2DOF Oscillator

Let’s calculate the
mechanical impedance
of a 2DOF mass-spring
oscillator at location A

Impedance for mass: Newton: F = m ∂v
∂t , harmonic

excitation: F = F̃eiωt ⇒ v = ṽeiωt , ∂v
∂t = iωṽeiωt ,

ZM = F
v = iωM

similarly for the spring (why?): ZK = i K
ω

start calculating the impedance from the rigid wall
backwards. Impedance for the wall Zt =∞
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, ∂v
∂t = iωṽeiωt ,
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1 Example: 2DOF Oscillator II

Let’s calculate the
mechanical impedance
of a 2DOF mass-spring
oscillator at location A

impedance seen right at D?

Are the wall and K2 in
series or in parallel? Point D and the wall do not move
together ⇒ flux variable (velocity) is not constant ⇒ Zt
and ZK2 in parallel. ZD = Zt||ZK2 = ZK2
ZC =? ZM2 and ZD in series or parallel? M2 is rigid ⇒
points C and D move together ⇒ flux variable is
constant ⇒ ZM2 and ZD in series! ZC = ZM2 + ZD
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1 Example: 2DOF Oscillator III

Let’s calculate the
mechanical impedance
of a 2DOF mass-spring
oscillator at location A

ZB =?

Points B and C do not move together with
constant velocity ⇒ ZB = ZK1||ZC = ZK1ZC

ZK1+ZC

ZA =? ZA and ZB in series. ZA = ZM1 + ZB
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1 Example: 2DOF Oscillator IV

Let’s calculate the
mechanical impedance
of a 2DOF mass-spring
oscillator at location A

Finally(!) : ZA = ZM1 +
(ZM2+ZK2)ZK1
ZM2+ZK2+ZK1

M
a
g
n
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u
d
e

Frequency
Admittance of the system with
some example parameter values
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Immittance

Impedance

Impedance Matching

Relation to the
Transfer Function

Example: the Violin

Example: the Guitar

Usage in
Calculations

Impedance Types

Example: 2DOF
Oscillator

1 Impedance of components & rules

Electrical impedance:
Inductor: Z = iωL
Resistor: Z = R
Capacitor: Z = 1

Ciω

Mechanical impedance:
Mass: Z = iωm
Resistance: Z = R
Spring: Z = K

iω

2 impedances in series:
Z eq = Z 1 + Z 2

2 impedances in parallel:
1

Zeq
= 1

Z1
+ 1

Z2

2 impedances in series:
1

Zeq
= 1

Z1
+ 1

Z2
2 impedances in parallel:
Z eq = Z 1 + Z 2
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2
General Principles
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Analogies

Lumped Elements

Applications

2 Analogies

Analogies are two or more systems that produce similar
mathematical representations (apart from
constant coefficients and units)

e. g. lumped mechanical or acoustical
systems and electric circuits

In other words, acoustical and mechanical systems can be
represented with electric circuits (especially when
considering low frequencies).
What is the advantage of this? There are well-known
methods for solving electric circuits ⇒ calculations are
typically easier
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Analogies

Lumped Elements

Applications

2 Lumped Elements

If the dimensions of an object are small compared to the
wavelength, the wave variable can be considered constant
throughout the object.

the state change can be considered simultaneous at
every point on the object

⇒ physical dimensions become irrelevant, the object
may be treated as lumped (or point-like)
e. g. inductors, capacitors, resistors (electronics)
e. g. point masses, springs, dampers (mechanics)

Remember: it depends on the frequency range of interest,
whether the lumped representation is valid!
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Analogies

Lumped Elements

Applications

2 Applications

Where can the equivalent circuits be used in?

electrical representation for a mechanical or acoustical
system
mechanical representation for an acoustical system
linear representation for a rotational system
unified representation of a multi-domain system

Figure: Equivalent circuit for a SET power amp output chain.
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3
Analogies Between Domains
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Mass and
Inductance

Spring and
Capacitance

Resistance

Other Components

Type of Analogy

Interconnection of
Components

Analogy Table

3 Mass and Inductance

The inertial components relate the potential variable to the
time derivative of the flux variable:

Mechanical
domain

F = mv̇

where:
F - force

v - velocity
m - mass

Electrical
domain

U = Lİ

where:
U - voltage
I - current

L - inductance

Acoustical
domain

p = LaQ̇

where:
p - pressure

Q - vol. velocity
La - ac. ind.

See the analogy?
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3 Spring and Capacitance

Also, potential energy storage components relate the
potential variable to the time integral of the flux variable:

Mechanical
domain

F = K
∫

vdt

where:
F - force

v - velocity
K - spring
constant

Electrical
domain

U =
1
C

∫
Idt

where:
U - voltage
I - current

C - capacitance

Acoustical
domain

p =
1

Ca

∫
Qdt

where:
p - pressure

Q - vol. velocity
Ca - acoust.
capacitance.
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3 Resistance

Finally, dissipative components relate the potential variable
directly to the flux variable:

Mechanical
domain

F = Rmv

where:
F - force

v - velocity
Rm - mech.
resistance

Electrical
domain

U = RI

where:
U - voltage
I - current

R - resistance

Acoustical
domain

p = RaQ

where:
p - pressure

Q - vol. velocity
Ra - acoust.
resistance
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3 Other Components

Also other electric components (but not all) have mechanical
or acoustical analogies

e. g. an ideal transformer corresponds to a massless
ideal lever (no acoustic counterpart, though!)
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3 Type of Analogy

In the previous discussion, the relation between the K-pair
(impedance) in different domains was seen analogous.

Thus, this type of analogy is called impedance analogy (or
Maxwell’s or direct analogy).
However, alternative analogies exist, too! For example:

admittance (or mobility or Firestone or inverse) analogy
treats the (I,F , p) as analogous

m ∼ 1
C , 1

K ∼ L, Rm ∼ 1
R ,

The suitable analogy type depends on the system.
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3 Interconnection of Components

The components connect to each other either in series or
parallel. The type of connection depends on the chosen
analogy.

if there is the same force (or pressure) affecting the
ends two components, the components are in

parallel according to the impedance analogy
series according to the admittance analogy

if the ends of two components move at the same
velocity (or there is a common volume flow through
them), they are in

series according to the impedance analogy
parallel according to the admittance analogy
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3 Analogy Table

Table: Component types and connections

el. impedance el. admittance mechanical acoustical
voltage U current I force F pressure p
current I voltage U velocity v vol. velocity Q

impedance Z admittance Y mech. imped. ZM ac. imped. ZA
resistance R conductance G mech. res. RM ac. res. RA
inductance L capacitance C mass m ac. ind. LA

capacitance C inductance L compliance 1
K ac. cap. CA

series conn. parallel conn. common velocity common vol. vel.
parallel conn. series conn. common force common pressure

ELEC-E5610 Acoustics and the Physics of Sound, Lecture 8 27/36
Stefan Wirler 16/11/2023
Aalto DICE ELEC-E5610 Lecture 8



4
How to Make Equivalent Circuits
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4 Outline of the Procedure

In the following, we will learn how to make electrical
equivalent circuits for mechanical systems using the

impedance analogy

admittance analogy

and also how to transfer an impedance analogy into an
admittance analogy.

This is a “rule of thumb”-approach, meaning that the
equivalent circuits can also be formed by analyzing the
combined movement of objects (as done previously).
Comparing these approaches would make a good brain
exercise!
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4 Impedance Analogy

The algorithm for going from mechanical to electrical
representation is as follows:

1. make a circuit loop for each mass
2. make a circuit loop for each generator not connected to

a mass
3. into each loop: add the electrical version of the directly

involved components in series
4. connect different loops by combining their shared

elements

Let’s make the equivalent circuit for a 2DOF mass-spring
oscillator system...
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4 Admittance Analogy

Alternatively, the admittance analogy may be used. The
algorithm for this is as follows:

1. for each mass, make circuit node with a grounded
capacitor

2. make a grounded node for each generator not
connected to a mass, and a node grounded for a rigid
body

3. into each node: add the electrical version of the directly
involved components in parallel

4. connect different node branches by combining their
shared elements

Let’s re-make the equivalent circuit using the admittance
analogy...
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4 Star-to-Triangle Transform

How to go from impedance analogy to admittance analogy?

1. inside each loop, insert a reference point

2. insert also a reference point outside the circuit

3. connect the points with lines

4. re-draw the connected pattern next to the circuit

5. for each line, change the intersecting series connection
to parallel and switch the components into their dual
versions

Let’s re-make the equivalent circuit using the admittance
analogy...
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4 Suggested reading

Beranek & Mellow, Acoustics, Chapter 3.
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