
Exercise Session 3

⑦ a) Prove the reverse triangle inequality

11z1 - (wi) = (z -w)
for
any

z
,
WeK .

Hint : z = (z - w) + w

b) Show that the set

(201) = 4z = D ; /z
- z

. (2)

is closed
.

Hint : la is useful to show that the
-

complement is open .

Station : a) (z) = /( - w) + w) = /z -w) + (w)

by the ordinary triangle inequality. We get

121 - (w) < /z-w1
.

Let z and w switch roles to get
(w) -(2) = 1z -w|

=>((z) -(w1) = 1z -w) ④



We want to show that

⑮xr) = 4zee ; k - z(r)"
the set ( red in figure(

is closed .
We do this

I by showing that the

complement (blue in figure-
[zeD ; /z-zo>rY is

open
Pick I such that (z-z01 = v+k(k>0)

2Ii [WeD ; (w -z)"T
Claim :

I is contained in

(ze4; /z - zo3r)

This is indeed the case since

(w-z01 = 11W-z + E - z0) = 11w-z1-1z-zoll=

=

v+k - (w - z) = r+k - 2 > r

rtks
Hence (z= D

;
1z-zo1> rY is open

and therefore

is dos20r)
= (ze D ; 1z

- z0 =r)



& Compute d when

a) En = in ! + 2 -
m

b) En = gin
+ im

c) En = YE
,
for ze K

.

Solution: a) Notice that :* = A and that
-

n ! is an integer multiple of 4

when n=4
.

Therefore En=1+ 2n when n =4
·

We now calculate

lim zn= lim 19
*

= 1
n -3 n- ④

b) En
= 2

-n+ iF
=g

-n

. gir _

= y -
n.

:

=cos(Yn M2) + isin(Inh

Therefore Izn)= 2- and since

lim Izn)=he = 0

n - D

also lim En=0
.

n - D



n

C) En = VE = en(Log(z)) =

= en((z) + i(z) -

= ethz)(cos()+ :sin(())

him 2
= 0 and also die Art = 0

2
n- is

Since exp ,
c and sin are continuous

we get
li En= = e . (1 + i0) =

= 1

/unless E= 0
.

It z = 0 them E is

undefined ! I

③ A complex sequence is defined recursively
Zby -

1
= 0,Ez

= i
,

and En= Entire
For n = 3 .

Show that

En= (1 - 1 - d) )
when n=2

.

Calculate En



station : We verify the formula

zn= 2(1 - ( - t)v-) frnz

by induction .

Bestep :

n
= 1

-(
-

Y= (2) = "ok !
n = 3

Zzz = I
:(1 - ( - z)

-

-4) = (1 - 4) =2 = !

Induction step-

Assume the formula

Ea
= (1-1-2)") is true

for 2 = kIp .

Zp + 1
=

Ep + Ep -
= ((1 - (-2(7) + (1 - (- -2)
I

- ↳ .2
-

- (d)

=E(*(*) = (1 - 1 -( - (2)

-(1-( - 2)") ok !



So the formula is true for n = 2 by
induction

.

We get

En =b (1 - (5) ) = Es .

&

④ Compute :

a) tim , It

be ene
Warning: You cannot use l'Hospitals rule (yet) !

Solutio :

alSince polynomials are continuous
we can just plugin z = : (unless
the numerator is zero (

him It = it = =I =-Z -> i



b) E! = ?-

Notice that the numerator - it i = 0
.

However

also"-1= 1-1=0
.

2 = (2- 1)
- (2)(z)

Therefore E =E :

(i)(zE =

--2i(i2-1) = 4:
-

c) dis Eite
2

Notice (2i) + 4 =
- 4 + 4 = 0 and

(2i)2 - i(2: ) + 2 = - 4 +

2+ 2 = 0

So 22 - iz + 2 = (z -2i)(z + i)

and 2
2

+ 4 = (z-2i)(z- bi)

Therefore Ge :*- =

-= =


