
Exercise sheet 4

1
.

For each of the following functions determine
the largest open set in which it is

analytic and calculate its derivative

a f(t
=

? (1 + e

c) h(z) = (E)"27

Solution : a) f(z) is a polynomial and hence analytic
in the whole plane D(that is f is entirel

f(z) = 3z2( +z) + 6z3/1 +z)5 =

= 322(1+z)5/ + z) + 2z) = 322(1 + z)5/1 + 3z)

b) g(E) is analytic if z-2i F0
.

That is

when I =:

g((z) = /zit= ii

C) hIz) is analytic if =3-2770

23 -27 = (z-3)(z+ 3z +9) = 0

2432 + 9 = (z +2)2+ 9 - 2 = 0

(2 +2)
2

=
-

2

I
=> z3-27 = 0 if z1

= 3
, zz

=
- +i

,
ar

zz
= -z -i



So h(z) is analytic in K-93 , -+i3,--

and hi(z) = 4 (Ez) : (E =
= 4). =
= 4(223+322-27)

(23-275

8 Let f(z)=1-y2+ : (2xy-y2) .

Locate
all points I at which I is complex
differentiable

,
and determine f(z) for

each such point .

solution : We will use the Cauchy-Riemann equations.

First f(z) = u(x,y)-iv(xy) where

u(x,y) = 1 -

y
2 and r(xy) = Say -

y

So Ux = 0
I y

= 2x- y ,

vx = by ,
and uy=-hy

These are all continuous so if CR-equations holds

at a point them o is complex differentiable there
.



So Ux= Vy gives O = 2x-2y and

vx=- by gives hy=hy
The second equation

s always satisfied
The first holds if

y
= <

.

=> The Cauchy-Riemann equations hold on the

live y
=x

.

f(z) = xx/z) + iv(z) = 0 + iSy for these

points .

(Sanity check ?: I'(z) = - i(ry(z) + ivy(z))
= vy(z) - iny(z)

= (2x-2y) - i(-zy) =

F
0 + i2y I

x=

y



③ Let UEK be an open set .

Assume that
hill-RR has continuous partial derivatives of

1st and 2nd order and satisfy Laplace's
equation xx+ hyy = 0 in U.

.

Show

that

f(z) = hx(xy) - ihy(xy) is analytic
in U

.
SA function solving Laplace's equation is

called harmonic
.)

Solution : We will use the Cauchy-Riemann equations .

Puttwhy u-hy and =-by we see that

ux = hxx
, y

= Lxy , Vx
= - hyx ,

and vy
= -hyy

are continuous
.

Also the Cauchy-Riemann
equations are easily verified since

ux
=

Vy is equivalent to hxx=-hyy
--E hxx+hyy = 0 V

and since
hay

: hyx we get

my = -

vx . Therefore f(z) = hy (xy) - ihykx,y)
is analytic

/We started with a harmonic function
and produced an analytic function)



⑰ Assume that UCD is an open set and

that fill ->K is analytic .

Let u
= Relf)

and v = Im (f) and assume that u and v

has continuous partial derivatives of 1st and
Ind order

.

(We will later see that the

assumptions on u and v are automaticallytrue)
Show that U and v are harmonic (that is

solve haplace's equation in Exercise 3
.

)

Solution : Since I is analytic s and v

satisfies the Cauchy-Riemann equations
Ux=Vy and My =

- Vx .
Now

Uxx =

vyx and
Kyy

= -Yxy
So Uxx+Ugy

=

Vyx-Vxy
= 0

Since Uxy=Vyx .

Also Vgy= Yay and Vxx=-Myx which

in the same way given
vxx+ gy

= -

Myx +Uxy
= 0

.

(We started with an analytic function and
produced two harmonic functions

. )


