
Esheet 5

① Let = wir be analytic in a domain

D .

Assume that v(z) = u(z)" for all zeD.

Prove that I is a constant function .

Clint : Differentiate u(z)"-v(z) with respect
to x and

y .

(
Station

We have u(z-v(z) = 0
for all z =

xtiy
in D

. Differentiate first with respect to x
.

We get ① Luux-Vx = 0

Now with respect to y
⑪ Inuy-ky = 0

Using the CR-equations Ux=Vy ; Ug
= -Ve we

get ① Suux+uy= 0

⑪ Luuy-ux = 0

Multiply & by my and i by-Ux and

get
⑪ Lunxuy + up = 0

⑪ - Enuxuy + ux
2

= 0

Add ① and and we see up + Uy = 0

for all points in D . Hence ux=uy
= 0 in D

and u is constant
.
Therefore also v is

constant and we see that = utir is

constant
.



8 Let f= univ
,
where u(z) = x3 + axys and

v(z) = bxzy + cy3+ 1 .

Determine the values of
the real numbers a,

b
, and c that make f am entire

--

function. Then express I as a polynomial function
of 1

. (Hint : X= Once
you have determined

a
,
b

, and C tart think about how z= (x+iy)"S

looks
.

Here the binomial theorem is useful
.(

station : We calculate ux
= 3x4+ ayz , uy

= Laxy ,

vx
= 2 bxy ,

and Vy
= bx+ 3cy2 .

The Caushy-Riemann equations must hold for

all x and
y .

So Ux=Vy
and

My
= -Vx

gives
① 3x + ay

*
= bx + 3 cy

d" E Eaxy =- 2bxyfor all x and
y . Therefore b=3 and

a
= 3c from & and a = -b from .I

That means a= = 3
,

b= 3
,

and c =- 1
.

So f(z) = x Y -3xy2+ :/3x2y -y + 1) is
3

entire
.

Now z3 = (x+ iy).= x3 + 3ix2y + 3i2yx +iy3

= x3- 3xy2 + i(3xy - y))
so f(z) = z3 + i

.



③ For each of the following functions
determine the largest open set in which it is

analytic ,
and compute its derivative in that

set : a) f(z) = =
24+ 1

b) g(z) = Sit
Station : a) f(z) is analytic if e4+1F0

We solve et+1= 0 > et=-1 E)

z = Log)-1) + :2xm = in + i hin =

= i(2n+ 1)π

Therefore f(z) is analytic in the set

(1(z = :(2n+1) ; n= 1)
% 3r :

· -31i

We hare fil-extdate: i

a



b Remember that I is the principal square
root that is analytic in D-[x+i0 ; 403
Therefore sin It is analytic outside the setiz + 1

where Im liz + 1) = 0 and He (iz+1) = 0
·

Since iz + 1 = i(x +

1 ) + 1 = ( -y) + ix we gety
that sinpy1 is analytic outside the

Set [x+iy; x = 0
,

1 -

y
= 07 = [x+iy ,

x= 0
, y

= 1)

That is sinxit is analytic here

I
-
*

-

-1

For g(z) to be analytic also z1 F0
.

Since

z2 1 = 0 if z = 1 : we get that g(z)
is analytic here E

-
Since Elit = Siz we get



↓ sinviteve and

i cos Viz+ 1 122
+ 1) - 2zsinVit

=g((z) =
-

2 + 1

-

(z2+1)
*

-in
42 sincee

⑧

④ If
a function f is analytic in a domain D

and satisfies the differential equation
f((z)-Gf(z) = 0 in D for a

constant at show that f takes the
form f(z) = Ae for some constant ACK

.

(fint : Study the function

q(z) =

e
-xzf(z) . )

Solution : The function g(z)=e-42f(z) is

defined on D
. Also

g((z) = - Ge
-

xzf(z) + e-azf((z) =

= g
-

27xf(z)) = 0

=> 0

Since gl(z) = 0 on D we know that g(z)
is constant on D . That is g(z)= A and

e
- zf(z) = A a f(z) = bec

.


