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1 Introduction

Variational calculus is used to find extrema of functionals, which are mappings from a function
space to scalars. The problem is therefore not to simply find a point at which a function is an
extremum, but to solve for functions which extremize an expression. Some famous problems, like
the Brachistochrone problem or finding the shortest line between two points on a surface, can be
solved using calculus of variations. In physics, the method is typically used in classical mechanics,
but also has applications in, for example, field theory, general relativity, and quantum mechanics.

2 The Euler-Lagrange equation

The simplest problem of variational calculus is to determine a function y(x) that extremizes the
functional

I=/ Bf(x,yw’)dw, (1)

given boundary conditions y(z4) = ya and y(xp) = yp at the fixed endpoints x4 and xp. The
function f is assumed to be continuous and twice differentiable. To solve the problem, we will
derive the differential equation y must obey to make I a stationary point. Two ways to obtain the
equation are presented here : the first involves using test functions, and the second uses functional
differentiation.

2.1 Derivation with test functions

Let us denote the function which extremizes I as y(z). We now define a family of test func-
tions y(z,€) = y(x) + en(z), where 7 is an arbitrary twice differentiable function that satisfies
n(xa) = n(zp) = 0 (see Fig. []). The following conditions then hold for the test functions:



(i) 9(za,€) =ya and G(xp,€) = yp for all ¢,
(i) ¥(z,0) = y(=),

(iii) g(z,€) is twice differentiable for all .

We now define the function
zp
I(e) = / f(z,7,7)dw.
A

Clearly, when € = 0, the test functions are replaced by y, the
extremizing function. By the definition of y, I(e) therefore
has an extremum at ¢ = 0, and

dI(e)

de

Figure 1: Example of solution
function y(x) (full line), and test
functions (dashed lines).

=0.
e=0

Using the chain rule, the derivative can be written

df Y8 ofdy  of dy
O _ ["oriy ordy
de 2, Oyde Oy de
As the test functions are continuously differentiable (condition (i), the order of differentiation
in the second term can be changed:

dl(e) ("2 9fdy  9f d dg

de 2, O7de 0y dxde
_ [ordy . dyof xB_/zdedaf
2, OFde de 7' |, , v, dedz oy

By condition , the e—derivative of ¥ at x4 and zpg is zero, so the second term is zero. The
expression then simplifies to

dI(e):/’”B dy [8]" d 8f] b

i ~ )., d|oy away

Setting € = 0 is equivalent to setting y(x,¢) = y(z), ¥ (x,€) = y'(z), and dy/de = n(x). Then

dI()| [ [of d of _
ae ﬁL[@_M%+MM”ﬂ

e=0

As this integral is zero for arbitrary n(x),

0 d
of _dof o)
Jy dzx oy’

which is the Euler-Lagrange equation.

When f does not depend explicitly on x, the Euler-Lagrange equation simplifies considerably.
Assuming df/0x = 0,

d af of of d of of of of of
Bt R et R Rt n w9 Y7 Y)
=Y dx 0y’ Y dy Ox Yz oy’ ty oy’ Y oy’ 4 Oy Ox 0

=>i [y'af— }:0

=y’ —— — f = constant. (3)



This result is known as the Beltrami identity.

It should be noted that the assumptions made in the derivation limit the applicability of the
Euler-Lagrange equation. All functions were assumed to be continuous and differentiable, so if
the solution is actually discontinuous (which can be the case in e.g. control theory), a different
method should be used to solve the problem. Moreover, the condition 9I(e)/Je = 0 at € = 0
is a necessary but not sufficient condition for an extremum: the solution of the Euler-Lagrange
equation can be a minimum, maximum, or inflection point. The nature of the solution is usually
clear from the nature of the problem, but if it is not, one has to study higher derivatives of I(e).

2.2 Derivation with functional differentiation

Recall the definition of the derivative of a function

of S+ - f@)

dz e—0 €

The derivative is the rate of change of the function as an infinitesimal change is applied on z. The
functional derivative is defined in a similar way, where an infinitesimal change is applied on the
function taken as a parameter by the functional [3] :

6F o Fly(a!) + ed(o = a')] - Fly(e')
Syl e | W

where z’ is a dummy variable integrated out in the functional.

The functional derivative of

-/ " () (@) do!

is
oI . 1
= 111m —
oy(z) e0e

/ T @) + e — 1),y (&) + '@ — o)) — fle sy ) A

The Taylor expansion of the first term around ¢ = 0 is

of 2", y, '] of ', y, ']
oy (') oy’ (z')

When taking the limit € — 0, the terms of higher than first order in € tend to zero, so

61 :/IB offz’ y(a'),y' (=")] offz’ y(a'),y' (=")]
oy(@)  Ja, dy (') oy’ (x')

Integrating by parts and assuming z is in the interval (z4,xp), we obtain

flo' y+ed(z—a’),y'+ed' (z—a')] = f[2',y, 5] +e d(z—a')+e §'(z—a")+O(e?).

Sz —2")+ 8 (x —2') da’.

oL _ Offwyl@) (@) | Ol )y @] @)y @
Sy(z) Oy(x) i oy’ (z) o ) I /IA dz’ By’ (z') o( ) d
_ Ol yy]  d Ofry,y]
Ay dz 9y

At stationary points, the functional derivative is zero, so we again obtain the Euler-Lagrange
equation:



2.3 Generalizations
2.3.1 Several independent functions

The Euler-Lagrange equation can easily be generalized for a functional of the form
B
I:/ f(x7y17y27"'7ynuyivy/27"~vy;1) d:E,
TA

for which we want to determine the independent functions y (), y2(z), ..., yn(z) that extremize
the functional. When we assume that y;(x) are in the extremizing form for all ¢ # j, the problem
is the same as in the case with only one function, which means y; solves the Euler-Lagrange
equation. Repeating the argument for all the other functions, we find that

of d af

————=0 ,=1,...,n. 5
Oy;  dx Oy, ’ ! AR (5)

2.3.2 Higher derivatives

We consider a functional on
I: / f($7y7yl7"'7y(n)) dx’
TA

where y(™ denotes the n:th derivative of y. Here, we use functional differentiation to derive the
Euler-Lagrange equation is this case, but the same result is obtained by using test functions.

As in Sec. we Taylor expand flz',y + ed(x — 2'),...,y"™ + 6™ (z — 2)] around € = 0 to
calculate the limit

1
lim —
e—0 €

B
/ flz',y +eb(x—a'), ...,y + e (x — 2] - flz',y,...,y™] dz.
TA

The term of first order in e corresponding to the derivative of order m < n is

of

2 sm) (!
eay(m)é (x —2").

When calculating the functional derivative of I, this term is repeatedly integrated by parts to
yield

of Of  ctm- S A R ) A
6(m) o d ’_ 5(m 1) o 7/ e 5(m 1) o d/
gy @) dd =g (z—2) en Jun da’ Oyt (z—2') dz
d of .. _ s owmoq2 gf
B _77(5(7” 2)(.’1,' _ {I,'l) + (m 2)({L' _ LL'I) da’
da’ ay(m) - va dax’2 8y(m)
d(m—1) 8f TB T qm af
_ _ (_1\(m-1) _1\m o /
=...= ( ]-) dl‘l(m_l) ay(m) o + ( 1) /wA dg/m ay(m) 6(£C T ) dz
m 4™ Of

( ) dzm ay(nz)

A similar term is obtained for each y("), 1 < m < n, and the Euler-Lagrange is

of L dboof
8—y+;(—1) O 3y =0. (6)



2.3.3 Multiple integrals

The Euler-Lagrange equation can be generalized to extremize functionals

I= / f(xivyj, %) dzidxs .. .dx,,
S

Tq

where S is an n-dimensional region and y;, j = 1,2,...,m, are functions with a given value on
the (n — 1)-dimensional boundary of the region.

The set of m Euler-Lagrange equations to solve in this case is
o O o
Qy; = Ok g (%)

azk

=0, j=12...,m. (7)

The derivation of the equation for n = 2 is given in [I].

2.4 Examples
2.4.1 Shortest line

Suppose we are given two points A = (x4,y4) and B = (xp,ygB), xa < Tp, in a plane, and we
want to determine the shortest path between the two. The length of a curve given by a function

y(z) is

B
I:/ V1+y? de.
A

Applying the Euler-Lagrange equation to f = /1 + 3’2, we get
of dof d Y

= =0
Oy dx 0y dr /1 4 y2

/

éyi = constant.

i

This implies that 3’ is a constant, so
y=ax+b,

where a = (ya — yB)/(xa — zp) and b = (zayp — rpyYa)/(xa — xp). From the nature of the
problem, it is clear this function minimizes the functional I : the path between the points can be
made arbitrarily long. The shortest line between two points is therefore the straight line.

Note that since f does not depend explicitly on z, we could also have used the Beltrami identity
to get the same result.

2.4.2 Brachistochrone

The Brachistochrone problem was proposed by Johann Bernoulli in 1696 [I]. The problem is to
find the path between two points A and B (A being the highest point) that a free-falling particle
M will travel in the shortest time (see Fig. .

We define the origin of the coordinate system to be A, and take the y-axis pointing downward.
The time taken to travel from A to B along a curve s is

B B 2
1:/ %Z/ vity® o
AU A v



As the particle is free-falling, A

1
§m02 =mgy = v =+/2gy.

The functional to minimize is thus

1 rB 1 12 y
I = —/ Yy dz. A
V29 Jo Yy

B

Figure 2: The Brachistochrone.

The function f = /(1 4 y'2)/y does not depend explicitly on
x, so instead of applying the Euler-Lagrange equation, we can

apply the Beltrami identity.

Vi v: 1y
Ay’ Vy(l+y?) y
1 _ 2
Tydty?)

Defining 1/C? = 2a, the equation becomes

/ [2a —y
y:
Y
1
m—xoz/—,dy:/,/Qy dy.
Y a—-y

We change variables y = a(1 — cos(¢)), and

x—x9 = 2a/sin2 g do = a(¢ — sin(¢)).

The solution to the problem is therefore the cycloid

z=a(¢p —sin(¢)) + 9, y=a(l—sing),

where a and x( are constants determined by the coordinates of A and B.

3 Introducing constraints

3.1 Global constraints

In some problems, we want to extremize the integral

B
I :/ f(xayay/) dﬂj’,
TaA

while satisfying n global constraints of the form

B
Ji:/ Qi(ﬂf,?J’y/) dz = Cj, 1=1,2,....n,
x

A

where C; are constants. This problem is solved with the use of test functions in [I]. A derivation

using functional differentiation is presented here.



To minimize I while satisfying the constraints J;, we introduce Lagrange multipliers \;, and define
n T
K=1-) \J;i= / h(z,y,y') da,
i=1 Ta
where h = f — %" \ig;.

Once again, the functional is extremized when its derivative is zero. The derivation of §K/dy is

the same as was presented in Sec. so the equation to be solved is
0K 0h d Oh (8)
Sy Oy dzoy

with the constraints .J; = C;.
If the functional depends on m independent functions y;, the Euler-Lagrange equation is

oh d Oh
- = i =1,2,...
ayl dx ay; 0, Z b b 7m? (9)

where h is defined the same way as above. The full system of m Euler-Lagrange equations and
n constraints, with the boundary conditions, determines the coordinates y; and the Lagrange
multipliers A;.

3.2 Local constraints

In this section, we extremize a functional of the form

rB
I:/ f[xayla"'7yn7y5_7"'7y1/q,] d.’L‘,
TA

this time while satisfying m local constraints of the form

gi(xay17~-~>yn)=0, 121,7771
As in the derivation in Sec. we introduce a collection of test functions g, (z, €1, ..., €my1) such
that
(a) T;(xa, €15, €mt1) = Yia and G, (B, €1,. .., €my1) = y;.5 for all €1,..., €mp1,

(b) 7,(x,0,...,0) = y;(z), where y; are the solutions,
(¢c) g, are twice differentiable.

Note that we introduce m + 1 parameters, where m is the number of constraints, so that the
parameters are not determined by the constraints.

To get the constraints in integral form, we introduce a set of arbitrary functions ¢;(x),7 =1,...,m.
Then

rB
gi(mayla e 7yn) =0 & Ji = / ¢’L($)gz(xayl7 e >yn) dx =20
Ta
Now we proceed the same way as in the previous part, and introduce Lagrange multipliers \; to

define the functional .
K=T+Y M\J;= /
i=1 z

x

B m
F4Y Ni(@)g da,
A =1

and the function

zB

K(elv"'7€m+1):/ h(x7y17"'7ynay/17"'ag;L) diE7 (10)

A



where \;(z) = \j¢(z) and h = f+ > 10 Xi(x)gs. -

We compute the derivative of K with reference to each ¢;, and integrate by parts :

0K <~ (" Oh Jy, Oh 07, " (*579h d Oh] 9y, .
- = — 2 dz — | =1,... 1
d¢; . 35,0 7, 0 =2 / 9y,  dz0y,) oc, J=heoma
The derivatives are zero at e¢; = 0 Vj, so
d 6n] ,
— — | ni(z) dz = i=1,... 1 11
Z/ @ a0 =1, (1)

where 0! = 97, /0e;.

Here, contrary to the derivation in Sec. the functions né are not completely arbitrary. Indeed,
the derivative of the i:th constraint with respect to €; at e, = 0 VEk is

891 83/[ 891 l _
Z 7, O¢; Z Gyl

€ — 0 Vk =1
so the functions 7]; are mutually dependent for each 1 <[ < m+ 1. However, we should remember
the functions \;(x),i =1,...,m are arbitrary. Equation can be rewritten

3] ML D N

=1

dg;
dEj

ex,=0 Vk

] n(z)dz=0, j=1,....m+1

We can now choose the functions \; so that the coefficient of 172- (z) vanishes for all 1 <7 < m, so

of d of ~~,O0qu
y; dm8y4+z/\l

The last n — m coefficients are then independent, and

af d of Z

Oy; dx Oy

0, t=m+1,...,n,
=1

from Eq. . Combining the results, we obtain a set of n differential equations

oh d oh .
%_aaiyl: 3 J=1...,N. (12)
Together with the m constraints
gj(x7yla"'7ynay/17"'7yiz):03 j:17-"ama (13)

and the boundary conditions on the functions y;, these equations uniquely define the functions
Y15Y2, -+ s Ym and )\1,A2,...,/\

3.3 Example : maximum area

Using the results derived in previous sections, we determine the shape that gives the largest surface
area when the perimeter is fixed. That is, we want to find x(¢) and y(¢) so that

[t
A= */ (zy’ —2'y) dt,

2 Ji,



is maximized when

tp
L:/ Va2 +y2 dt
ta

is fixed. We define

1
h = 5(a;y' —2'y) + A2 +y2,

where A is a Lagrange mutliplier. Applying the Euler-Lagrange equations, we get two differential
equations

on doh , d o

— =y A= ——=0
Ox dt oz’ 4 dt /272 4 2 )
!

on don . d y

— — —— =+ A\—————==0.
oy dtoy dt /272 4 2
By integration, we obtain
!/
x
Y—Yo = A /71'/24»3/27
e Y
0 1./2 + y/2

= (z —20)* + (y — 90)* = N°,
which is the equation of a circle of radius A. Since the perimeter is L, A = L/(27). As the area
of a figure with perimeter L can be made arbitrarily small, but not arbitrarily large, it is clear
that this solution gives a maximum. With a fixed perimeter, the area is therefore maximized in a
circle.

4 Application to classical mechanics

In physics, a direct application of variational calculus is in Lagrangian mechanics, which is an
alternative to the Newtonian formulation of classical mechanics. It is often advantageous over the
latter, as solving constraint forces is not necessary in Lagrangian formalism, and the coordinates
can be chosen more conveniently than when calculating with vectors. Moreover, Noether’s theo-
rem (see Sec. |5 is easily applicable, and allows to relate symmetries in the system to conserved
quantities.

Let us consider a system specified by generalized coordinates ¢ (t), ..., g, (t), with kinetic energy
T and potential energy V. The Lagrangian is defined as

where the dot denotes a time derivative. The motion of the system follows Hamilton’s principle :
the motion from time ¢4 to tp is such that the action

ta
S:/ L dt (15)
ty

is an extremum.

Based on the results from previous sections, the Lagrangian therefore solves the Euler-Lagrange

equations
oL doL

- — =0 L =1,2,...,n. 16
an dtaql ’ ¢ )4y y T ( )




When the coordinates are constrained by

gj(t7q17"'7Q71):07 j:1327"'m7
the set of equations to solve is

oL d 8L:Zm: dg;

_—— pyptas  =1,...,n. 17
0q; dz 0¢; 7 0q;” Tl (17

j=1

In mechanics, the Lagrange multipliers are related to the forces needed to constrain the motion
[1L 2] : the generalized reaction forces for the system are

Qi = Z/\;agj_’. (18)

As an example, we consider a simple pendulum of length R and mass m (see Fig. [3). We use
generalized coordinates r and 0, and neglect friction and the mass of the string. The Lagrangian is

1 1 .
L= imr'Q + imrzf)z

The motion is constrained so that

+ mgr cos 6.

r—R=0.

The Euler-Lagrange equations yield

6= —gsine,
r

mit = mré? + mgcosf — \. Figure 3: Simple pendulum.

Using the constraint » — R = 0, we obtain

6= f%sinﬂ,

A = mré? + mg cos 6.

The first equation describes the motion of the pendulum, and the second is the constraint force
needed to keep r equal to R. Note that the first equation could have been obtained by simply
using only one generalized coordinate 6, without solving the force of constraint. The reason to
include the generalized coordinate r and the corresponding constraint is to get information on the
reaction force.

5 Noether’s theorem

Let us consider a functional

B
! /
I:/ f(x7yqu"'yn7y17"'yn) d.’II,
T

A

and a transformation

‘f:z+€£(x7y15'"ay?“wy/lv"'vy;z)a
gi :yi+€n7ﬁ(mayla"'aynvyi""7y;L)'

10



According to Noether’s theorem, if the functional I is invariant under this transformation, meaning

B
I(E):/ f(ﬂz',ﬂl,...,gn,gll,...,g;):IVE,
TA

there exists a corresponding conserved quantity
— Of ~ ,Of
’ _ / =C. 19
;:1 oy +¢ (f ;:1 Yigy (19)

Put another way, for every differentiable symmetry in the system there exists a corresponding
conservation law. A proof of the theorem is given in [I].

As an example, let us consider a two-particle system with an interaction potential that depends

only on the separation of the particles. The corresponding Lagrangian is

m . m .
L= 71|r1|2 + 72|r2|2 —V(ry —r2).

The Lagrangian, and thus the action, is clearly invariant under the transformation
t=t+er, r1=r1+e, To=rg+ ey,

where
T:07 gl :(17()’0)) 52:(17()’0)

According to Noether’s theorem,

2 9L oL oL

P = A 5. — Pz w:C,
5 8931+8232 p1+p2

i=1 91
where p,, and p,, are the z-component of the linear momentum of particle 1 and 2, respectively.
The z component of the total linear momentum of the system is therefore a constant of motion.
In a similar way, it can be shown that the other components are also conserved, so the total
linear momentum of the system is conserved. In general, translational invariance gives rise to
conservation of linear momentum, rotational invariance to conservation of angular momentum,
and time invariance to conservation of energy.
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