
0 Generalized momentum
,

cyclic coordinates :

Conservative holonomic system  ⇒ tasks- ¥50 ,

n .
he independent

coordinates 9- r

Define : Po=skgj generalized momentum  or canonical momentum

⇒ Pj=¥
Go

If go doesn't appear explicitly is L it  is called cyclic .

then 3 Yoq .

=D

⇒
'

Pr = 0 and Pr  
= constant of motion

.

Note : Po is not always linear momentum
.

Use the above

definition to  compute it
.

Conservation laws related to symmetries ,
In case of a cyclic

coordinate you can  change the coordinate qr→ got [

and lagrangian stays the same .



TO Lecture 5 : Hamilton 's dynamics

Previously "

Fahey
.

s÷g=0&Pr=Tz

⇒ ftp.iE
.

Lagrangian  was L=T -
V

tat L - ? = stg 's tstgif
'

- Fqitpg '=d#( pg ) -t0

There  is no Yonservatio- law  of the lagrangian
"

But define Hamiltonian H= § Prgj - L

�1� then dH= tflprdqjtqjdp.
. stgjdqrshsgdgj ) - HE at

is
these cancel

⇒
dH=§ ( gjdpr - jtgrdqd

⇒ ?_

=§(
ajrir -

sotgiirttht
on the other hand it . '÷g

.

⇒
d#

= O - jet ⇒ If L has no explicit time dependenceat

H= constant

20 If Potential VK
,

, , x. ) doesn't depend on time and

constraints are time independent
,

then H  is the total
energy

of the system . Why ?

in '=5¥giir'-

set -73ft
.

air

Admin

Admin
Hamiltonian dynamics



0 Kinetic
energy is then

T.tk?.miii2=kH&mi3Ias'5IgDiqogix
.

mo
, =m×

.

=  mad =m×T
±

ma

⇒ ma is real and symmetric matrix

Tit §] matt ) it rit,

1 quadratic form btw )

then Hifsitr - Lifsegsir - l if '¥¥o9io - 4-Y=§Y÷s9It+v
¥ ,

where we  assumed potential that didn't depend on

generalized veolia ' ties
.

* -¥kI§ mniitiekfmaotitkf
.

;÷n9i
. Emmitt

⇒

2÷f[mE9o9em
)

= Ttv =E=H
o

when J is a quadratic form  of the generalized coordinates

H  is the total
energy

of the system



0 Let  us make the earlier  more transparent  with an example .

.

2- variables

of( i
,

't  xi
'

) - VK
, ,X , )

,

new  coordinates of
,

&
q ,

Xixlqq )
.

T Xs =XkG
, ,

of < )

then xiiftgaitssstiti & xi=¥ngiB¥Ei

so kinetic
energy takes the form : T.net Agjtt Biggest City )

⇒ H . stg,ai+3tgiti - L - mlaaitrttilgitmtttitcgdgi - L

= IT - Tt V = Tt Vo



o

*€÷÷eMj¥NO ( D

A) Example : x=xlq ) , x'=3±gq
'

,

L . me 'x2 . vk ) ⇒hE¥gfg2. Vlq ) =L

p=3tg=ml5±gk.

p2
H -

- PI -

L=neR±gfq'
'

tvlq ) = - tvk ) =

energy2h

p2

B) vevlxt ) : task
'

- VK.tl
,

P -

-

mx

'

=) H= En
tvlx ,t ) = E

but A is not conserved since there is

an explicit t dependence .

4 Bead
on  a rotating rope : xttl -

- rttlvgwt
, glttrttjmwt

& potential Vcr )

'

xinvsut . rwsiwt
,

5- - isiwttrwvswt

Line li 't5
'

) - VH = net 'r2+iw2 ) - vh )

p ...}÷=m 's
⇒ Herd' li

¥i#
" "

conserved
.

There is no explicit A dependence So H  is

But  it  is not
energy since there  is a minus sign in -nfr§

^5 Ta
D) Acceleratingrod with

a
bead :

 ⇐5.
. at

, g-
- at 'k

Line li
'
+ lats

'

) -

mg last )

p -

- ftp..mx
'

=) Hipx - L -

-

P÷ - P÷n - Fsa 't 't my ¥
H

 not

conserved:
since explicit time dependence

Also  not E since -

Fsa 't '
has a  minus sign .



O Hamilton 's equations :

For N degrees of freedom  we have H= (§
,

,pr9j(app )) - Llq
, gilgp) )

,
Prifhgj

where
we used shorthand ( q

,

p ) - (9-
,

. .
. Gn

,

P
,

.
. . Pn )

For clarity assume just ID problem
.

( N ) I goes similarly )

Let  us see  what 34551 is
←

note the qp dependence Possibility

ftp.THjtjt# - 744,914¥

- Tarr)

ta) ⇒ it +p39f

in ⇒ 3¥HfpaIs where the  
=p

⇒ ftp.gitps#p.p39pI=gi

what about ?±g=}p5gGsI -

0LGiiGp÷
-

←±
-

a tank ¥5 '÷tp¥s
Lagrange equation : D= stet

⇒3±g-#

we have a pair of 1st order differential equations
of }p± & D= -0¥

g-



0 Result generalizes to many variables :

gj=3±se p'r= .

3±I
.

Example : harmonic  oscillator H : P÷n+m¥×
'

x'=3±p .

-

Rn & D= -3¥ - mw
'

×

Hamilton's equations via modified Hamilton 's principle : ( assume lb for clarity )
L =p 'q . H

=) sjtlhdt = f( Pit - Halt lintegnandfpltldattl- HlqtttptttDdt
E

Hamilton 's principle :  action  at  extremum  with respect to variations in both of RP .

ptthpttltfpttj I qtthqhttfqtt )
,

fptt , ) -

- SPH
, )=O & fqtt , ) -

-

Sqttd -
-0

t÷- I I psq 't

ftp.t#gsg.3Hpfp)dt=Oti

d-
at fq

¥t'gfttsttitfpiotejtqtlai. Fftsp ] at

v

:& tq variations are independent  ⇒ iq=3#p & D=
-31g

... generalize to H=§Pr9j - Llq
,

... oh
,
gjlqp ) ... GIGPD

by independent variations Sofa & fpr .



O More carefully

S+ss=f¢p+Sp) ( gitsg) - Hlqtsg
,

pt sp ) ] It

÷÷  al

k ) ⇒ 1st order in 8 : fpgitpdatq

⇐ D= ) 1st 
order

 in variations using Taylor expansion

test tastes

=) Then Follow the steps on previous page .

The Book derived also like this :

Htpogo- L ⇒ dH=§gjdporpodgj - ¥ .d←3÷jd9j - Ittdt
r

-

Cancel

⇒ ? Girder - Hg
.

dqd - ftp.dt - at

on the other hand : dHf3#gd9t+3±bd%+2'Felt

⇒ itostftg & -

÷hg=3±gr ,
but Lagrange equation implies stg

.

=P's

⇒ Hamilton 's equations 95=3
't

-
- ¥

Go



0 Example : 2D + Central forces

Ttflx
'

't5Y
, fxjnnofo

.
iiiuso - iorio

,
jsiiotnoivgo

⇒ T.me ( i2+n' E2)

thflitn 's . Vh )

Pr ?In=mi⇐si=p÷ & Po=tjo=miE⇐so=p±n ,

H -

. Pnitpo . E - T+V=P£÷+f€÷
,

tvk )

i=3¥n=hHE?¥€:e¥I±*fYHIk÷.

Last one :  mio =L =P
.



O symmetries for time translation ?

Let  us say we shift time coordinate A
'

-

ttdt
⇒

t.tt
dt

4941

,§AH1→LlHt+H
,

qtttdtl
,

ttdtl9-

lttdtkfltitdtqiltl,ajtttdt) :=§( +keg§ Lagrange eq .

for the 1st term

dot digFeet- ÷a. +3¥a- +3¥ = sttaitsteoitttt  =¥tHFHt¥g9"tstt

= take giltthe
,

if L has no explicit time dependence Not -0

⇒ d- [ fatal - L]=O H .

. skeg
.

- L - conserved
-

- Hamiltonian
at

generalize to  many generalized coordinates ⇒H=§¥yj9r -

L

L .

- na .x2 - VK ) ⇒ 4- . skxi - L = Mei . x

"

- ne .x2+vlx)=FaK' TVKI = energy



O Example on symmetries '

.

Lets inspect symmetries of the Lagrangian

Line ( 46-2×5+252 ) + C ( 2x - y )

Now {xjsxyttg
,

⇒ Potential term ( key ) is clearly
invariant (actually to all orders of [ )

Also in → '×ttdtg=× =) Also kinetic part invariant
.

is -35

Symmetry transformation had kx= 1 d ky=2
Conserved momentum

Play ,xi5 ) -

- 2¥ kx+2£ kg =

1.14M£
- my

'

) +2 ( 2mg - mi )

= 2mi +3mg
.

Another one : the lx
' 't 'y2tEY -

most •~

This is invariant under × . )×+[ ( × = cyclic ) and y→yt[
These have conserved momenta P×= I . ma -2 'x=mx

'

& B =  mj .

For 1st symmetry (kx
,
14,14) -

- ( l
,
0,0) & for the 2nd

( kx.ky.kz )= 10.1
,

0 )

We could also look at the combination

x→Xt{

§→z±→ Kxks
.

14-1=41,01 →P×
,

- mitmj = conserved
.

Note :  when ka is a function  of generalized coordinates kinetic term

might  not transform this easily .

Here Ka was just constant
.



0 Example : Atwood machine ( more complicated )

×f¥¥0÷T}
" ied:pk¥s¥¥e:c

L=4¥i2+3zfx ' -54+2252+4 mgxtzngfxzjtmgy

=±2mK2+3mx'j+2mj2+mgk - 2g )

Transformation : × -7×+4 leaves L invariant K×=§Ky= I

y→ yte

⇒ conserved P=Tzkx+3tgky=mH7x' +10J )
.


