
Exercise sheet 7

① By means of the local CandyTheorem
( Cauchy'sTheorem in a disk) , assuming
arches are positively oriented, calculate

a) f ✓9-z-T.dz
12-1=1

b) I ¥zzd2-
12-1=1

Solution : a) The function V9.7 is
analytic in the set where
Im (9-2-2)=10 or where Re 19-2-420

and Im C.9- E) = 0 .
That is

V1 I
1

, ,
in the

red set .

-¥¥←"
i
" /

Hence I ✓9--7 dz 0 by Cauchy 's
'

12-1--1 Theorem



b) We use use partial fractions
decomposition .

Ansate

¥22
.

' Ft IE,=lAtBA2- (ze2)

A- 'la ⇒ 13=-42
.

We know that ¥, ¥ dz
-
-
Zizi and

therefore

he
! ¥zzdZ -- Lfa

.

. .tzdZ-I.fi#sdZ--Tli-tzfz,..z.tzdz-F
Tei

candy

② Let HH -- 2 cost -i isint for Osten .

Evaluate :

a) I
, ¥ dz .

b) ly z¥zizdZ
Hint : Winding numbers help here



Solution : The path trajectory is an ellipse

Hl={E- xtig ; xIey2=1 ) since

¥5+ sit
-

- it
.

* r

a,

{ ztdz = Lorin ( 8,0 )

¥sf÷¥ name
fgtzdz -- Lai



b) Partial fractions B
,1-

I
+

Zeki
Ethic }

=

CA +B) Zt Litt
-

Ansate z2e2iz

⇒ A- = - iz ⇒ B -- iz
Note that z=-Li is outside 8 so

f
'¥gidz=o .

We
'

get ly z¥↳dz= - iz f, ¥dz=
= - Ig Lori = TL

③
Calculate ¥,⇒z¥EdZ¥!E: is

positively orientedSolution
24 e z2=z2fz2e1)

Therefore I
-24-izz

is analytic in

G- Lo
,
i

,
- if



We draw the trajectory I# it -_ 312

÷.

Partial fractions Ansate

z.fi#tzEeEtf-z?..=AfzeiHz-i)tBzfEtiKz-itt Czyz- i) tDEG.ci)
-

ztczeilfz- i)

= (Btc-D) Est ( A - ict ID)EtBztA
-

ZZ Ceti ) Cz- it

⇒ A -1,13--0, Tei (D -0=0 , GD
-

- O

⇒ G- -D & Ie i 213=0 → D=-÷ - I

⇒ z¥e= # + iz # i - iz ziti

Since feet - ta we get ¥,⇒,¥dz=o



and since i is outside the curve we get

Izeifsg ¥dZ=0 .

+↳

¥,⇒.az#Edt---i2z.!,..,zFidt--Ia2ni=Ti
④ Let 8 and p be closed

, piecewise smooth

paths in E with the same initial point .

Show that nl-Vitt = .

- nl8iz) for
every

ZE QIN and that

nlr-ip.at -- nlthzltnlpiz)
for

every 2-
E Q- ( lrlulpl)

solution :

neo ,⇒=÷f
,

Feds =

'

= - I t.z.dz = - n Wiz)
for

every ZEE
- 181

.

Also
, n(8tPiz)=÷. ftp.tfzds =
= # f # dstf.si/ps.Lzds--nlHzItnlf.zI

for every ZEEYIHUIPD ox


