
Exercisesheetll

1) Determine the disks of convergence of :
a) É Fu

'

(£-1T
h=l

•

b) In
" /⇒2)

&
"

n=1

c) I
,

n ! lz.it
!

Solution : a) The dish of convergence is

All , g) where f-= him sup
"✓Tant for

u → is

an= FT
'
.

We try to calculate figsF-an .

Ñ- (g)
"n
= fetntnnj" = etnenn

.

Hence him fat = him etiln- = e° =L
n→ is n→ is

and the disk of convergence is D (1,1) =

= { 2- c- E ; 12--11<1 }

b) The disk of convergence is Al-2,1 ) whenU if
-

a- 2k

g-
1-
= him sup

"

VAT
.

Here an
- {o it n -1-2"h → is

we calculate linF-lim@2tnh2k.k
-70 k → is

= him e%¥ = e0=1
has

him sup YAT is not changed if we drop 0 's
n→ is

from the sequence .

Hence limsupv? = tin =/
n→ is k→p

and f--1 .

That is
,

☐1-2,1) is the dish of convergence.



c) The disk of convergence is

Ali , f) where f- = bin supY? where
n→ is

an=/ k if k=n ! We calculate
0 if Ktn ! •

him YT = him et"= e° --1
.

k→p k→o

Again , since dropping 0 's doesn't effect
him

sup fat we get p-1=1 so

n → is

the disk of
convergence is

Ali
, 1) .

② Find the Taylor series expansion of f- about
the origin , and identify the largest opendisk
1>10 , g) in which the expansion is valid:

a) f-(e)= ¥+7
b) flat EP
4 flt= Log (1+2-2)

( Hint : Remember the geometric Serie .

Also
remember that Taylor series can be
differentiated and integrated termwise )



y

solution : a)
We know that ¥ = I z"in=D
12-1<1

.

Since
d

E- (1--2)-1=11-2-52
is

we get (¥p= I nzn-1--34+112-6
n--1 kid

valid in 12-1<1
.

b) We keep differentiating and get
¥z 11-2-52=+211-2-53 = µ?-⇒s .

That is
, #-)> = JEE ¥11k 2-4-1=2%+1112-+21,h=D

•

Hence ¥z2p=¥zyp= Eat
2) £2m

n=d

valid when 12-1<1
.

p

c) If we integrate ¥ = EZ
"

we geth= d

- Log (1--2) = a +I
zntl÷ ¥ .

Since hog 117 -0
we have

Logy -z) = - É Ed
n =p

N

when 12-1<1
.



Now
, Log (1+2-2) = Log (1-(-2-2)) =

= - § fzsyn
n=,
I

= -§
"

z2n=
2=1

= § a)
"-4

n= ,
T
Z
"

when 12-1<1
.

③ show that E- =É(ÉLT )z" when
n=d 6=0

12-1<1
. twist : Taylor series can be multiplied

in their disks of convergence . /
Solution :
If flat -_ Eanz" and glz)=EbnZh

nthen
ffzjgfh-E.az" where cn={ aabn-n

4=0

=£znSince eZ=É¥Z" and ¥z
no

n -0

we see that q= £17.1 = } 1-
k=o

k !
k=o

That is
, ,e÷=E?(§⇒¥ ) -2" when

→
12-1<1

( since ¥z=Ez " in 1-21<1 only)



⑰ Assume that f is a non-constant
entire function. Assume there is a constant
*#1 such that f(xz)= f(z) for every
zEK. Show that there must be am

integer men such that 5=1. Also show that
there is an entire function such thatI
f(z) =g(zm) where m is the minimal

integer man such that 6= 1.

Station;ftEanER in scene

Since t is non-constant
at least one coeficient ant0, n21.
Choose the coeficient with minimal index
m: Since F(bE) = f(z) and the

Taylor expansion is unique we get

an= X" am x = 1
We also see that an=0 unless J = 1
and K20. Also an =0 since a = da, and
31. Choose M as the minimal so that

k>) and x = 1.

We see that, since m is minimal,
that an= 0 unless K=lm for some

D

leN. Therefore f(x) = "amItm
Define Dn= anm and put g(z)=bnzm
We get g(zh)= Ebuzum =f(z).


