MEC-E8001 Finite Element Analysis; Formulae

GENERAL
Displacement: G =uy I +uy J +uz K =uyi +uy ] +u,k =ui +vj+wk

Rotation (small): 0 =0x1+&J+0,K =0, +0,] +0,k =g +0] +yk

!

Ix Iy Iz

i
Coordinate systems: {jt=|jx Jy Jz [1J
K| [kx ky k7 ||K
Oxx Exx Oxy xy

Stress-strain: ow =[EI eyt 10y (=G 17y

Oz €2z Oz2x Vzx
Elasticity matrices: [C]=[E], [C], =[E],, G= E
Y ' e e 2(1+v)
1-v v v 1 v —v
[E]:# 1-v v |, [E]_lzl -v 1 —v
@+v)@-2v) E
1-v -v —-v 1
1 v 0 1-v v 0
[E], = E v 1 0 [E]. = E v 1l-v 0
1=vTo 0 @a-wi2 =291 5 5 a2

Exx ou / ox 7xy ou /oy +ov [ ox
Eyy (=YOVIOY ¢\ 7y p=10V/0z+0w/ oy
£y ow/ oz ¥ ow/ox+0ul oz

Strain-displacement:

Eo| [en (6u/ox)% + (ov 1 ox)% + (ow/ ox)?
By (=12 (+31(0ul0y)? + (v ) + @wl oy’
En) ez (0u/ oz)? + (v oz)? + (ow/ 8z)?
Exy Vxy (@u 1 ) (0u / dy) + (v 1 ax)(ov ] dy) + (w /] ox)(@w ] dy)
Ey, =% Vyz +% (ou/oy)(ouloz)+ (ov! dy)(ov/oz)+ (ow/ dy)(ow/ oz)
E,x Yox (ou/oz)(oul ox)+ (ov/oz)(ov ] ox)+ (ow/ dz)(ow [ Ox)

PRINCIPLE OF VIRTUAL WORK



W =3 o WE=0 Via, oW =[ owdQ

Bar (x): owilt =9 gl SwSt = suf,, oWl =—sup Aa—“ swPl = 40U Epong
OX OX ot? X
SWI = —SE,  A°CE,,, swS = A°p°(Sugy +6vgy +EWg,)
i dsg,  dg
5 |nt___kA 5 ext 5193
Pa dx dx | Pa
Torsion (x): SwWt = 885¢ GJ ?é SWS = spm,, SWE = —5gpd Z f
t
2 2
Bending (xz): owlt = é;WEIyya , swet = swi,
OX ox?
2 2
S = —swpal W—85Wp| O W s = _9OW N\ W ere N = gAY
a2 ox TV a? ax dx  dx dx
Bending (xy): owit = ﬁEI o SWEL = svf
o o P v
. 2 2
swi® = —supal Y OV O N spsta GV IV here N =AY
o’ ox ot2 ox dx  dx dx
Thin-slab (xy):
osulox T ou / x sulT (1
Swit = — o6V 1 oy t[E], ov 1 oy ,5w§{‘={5“} { fx}
\'
oSU 1 By + 05V | % ou | oy +ov 1 ox y
T T
o= (20 [ (2", 221
ov) |ty ov ot
5 T
Exx Exx T
. ou g
int _ ext 040 X
OWge =—1 OEyy ¢ t[Cl5q Eyy ¢, SWee {5\/} Pt {gy}
20K, 2E,,

T T
oou /o 1 ;
S _ u/ox|" Ea Agdz §p'”t=— 00931 ox * 091 0ox | 5pext 596
We Q
ooviox| 1-v 1 00810y 0310y



Bending (xy):

.
025w/ ox? , 0%w / ox?

Switt = 1 525w/ oy? ;—Z[E]G 2wioy? L, sw = s,
20%5W 1 oxdy 20%w 1 oxoy

T.3 2 2
: OOW/oX| t 0% [ow/ ox oW
SWE = - Ly _swtpd W
e {aaw/ay} 12 a@{aw/ay} r

T S ou / ox
oow/ox) " | Nyx  Nyy | [ow/o
5W§a:_{aéwl X} {NXX NXy]{GW/ X} nere 1My :t[E]G ey
w
oy xy Ny %y N ou /oy +ov [ ox

Xy
I G " aE Asdelt
Wy ==y, ) —1_ij z1
o*swl oy
Solid:

osulox)’  (oulox) (osuldy+osviox)'  (ouldy+oviox
swilt = _Jasvioy\ [Eldovioyl—losvioz+aswioy! Glovioz+aowldy

00w/ 0z ow/ oz 00w/ OX+0doul oz ow/ox+oul oz
T T
ou ! fx SE Exx 5EXY EXy
W' =16V < fy b, owss =—4SEyy t [CIAEy t—{JEy, 4G1E,,
5W fZ 5EZZ EZZ 5EZX EZX
T T
asu | ox . 1 0591 6x 09/ ox
5w§f'= o6V 1 oy 2 A8{1}, Spitt=—las9/oy; kiadlay!, spSt=59s
oW/ oz Yh os8laz| o9l er

APPROXIMATIONS (some) u=N"a, ¢ =%

N [1-3&+2&2 Uyy
Quadratic: N=qNj, =< 4£(1-¢&) ¢, a=qUy, ¢ (bar)
N3 §(26-1) Uxs



No)  |L-6)7@+28) ol [ U
N h(l- &) u -0
Cubic: N=J—2Ll— d-¢re L a=i-tl(= it beam xz-plane bending)
N2o (3—2&)&2 Uzo Uz
N u -0
21 hé‘z(é‘—l) 21 y2
1 1 1 17
L 1t 1 1 1M
X{ Xp X3 X
Linear: N:{ } {},N: X| Xo X3 xp, N=[1 "2 73 ™ X
R X Yi Y2 Y3 Vs y
Yi. Y2 Y3 y
Zl 22 23 24 VA
q2
VIRTUAL WORK EXPRESSIONS a=d_2a
t

ouxy T Fx 00y 1 T My

Rigid body/point force: W' =2 Suy, b < By t+4 681+ 1 My
Suz1) Bz ) 90z1) Mz

T .
) ou x1 x1 50x1 J xxé‘xl
oW e _ _ 5Uy1 m Uyl - 59)/1 Jyyeyl
ou 71 1 5921 J 7z 021

T
Bar: é\/\/i”t:_ Suyy E 1 -1jjug , Sw et = Sy M 1
5UX2 h -1 1 Uyo 5UX2 2 |1

5Pint__ 5‘91 T@ 1 -1 ‘S%L 5Pext_ 5‘91 Tﬂl
6% h|-1 1%’ 6% 21

-
9xOUyg +gyOUyy +9;0Uy p°A°h° {1}
gxSUyp +gySUys +0,6Uz5 2 1

é\Nint:_5 hCAo [( )2 l],é\NeXt=
he 2 he

2 2 2 2
h® = (h°+Uyp —Uy)" +(Uyp —Uy)" + Uz —Up)

T T
Torsion: swit =190l GII 1 —1\j0a| ovea [00a| meh ]l
59)(2 hi-1 1 9)(2 ’ 5HX2 2 1




é\/\/i”e __ 8651
00y

Bending (xz):

5U21
50,1
5UZ 2
56,7

5U21
50,1
5UZ 2
56,

5U21
BEH
5U22
50,7

Bending (xy):

ou yl
00,
ou y2
00,5

ou yl

00,
ou y2
00,5

5Uy1
00,
5Uy2

}T

2 1
1 2

ph
6

i

T

é:xl

9x2

|

(12 —6h

2

Ely, |-6h 4h
h3 |-12 6h

| —6h 2h?
T (36 —3h
Al | -3 4h?
30h |-36 3h
|-3h —h?

T T3 -3n
N | =3h 4h?
30h|-36 3h
| -3h —h?

T (12 6h
2

El,,| 6h 4h
h3 | =12 —6h

| 6h 2h?

T 36 3h
2

(pIZZ 3h 4h
30h | =36 —3h

T 3 3n
N | 3n 4h?
30h| -36 —-3h
| 3h —h?

00,5

CONSTRAINTS

|

3h

-12

—6h
12

—6h

-36 3h |

-3h
36

6h |
2h?
—6h
4h? |

_h?
-3h

Uz Ouz 6
Oy1 WK 30| f,h|-h
u,o ’ 5U22 12 6
Oy2 58,7 h
(156 —22h 54 13h | [y
,pAh| -22h 4n®  -13n 30’ Oy
420| 54 —13h 156 22h [ |,
| | 13h  -3h? 22h  4h? | (G2
Uz1
Hyl Ux2 —Uyg
where N = EA(———2%)
u,- h
Oy2
T
Uyl 5Uy1 6
921 ’ é\NeXt _ 56)21 M h
Uy2 5Uy2 12 6
0,2 60,5 —h
156 22h 54 -13n) iy,
, pAn| 22h 4h?  13h  -3h? ) G,
420 54 13h 156 —22h Uy
|-13h —3h? —22h 4h? | |6,
Uyl
) _
2 \where N = EA(X2 )
Uy2 h
922



Frictionless contact: -l =0
Joint: Ug =Up

Rigid body (link): Tg =Ua +6 % Pag » O = Oa -

MATHEMATICS

Polar representation: el =cosa +isine, sinia=isinha, cosia=cosha, i>=-1
Eigenvalue decomposition: A= XX

Matrix function: If A=XaX"1, then f(A)=Xf ()X !

8R(a))

Newton’s method: If a=a—( 1R(a)sG(a), then R(a)=0

n _
Taylor series: f(x+a)=)_ %(a%)' f(x)Jr;f("”)(g)an+1 xe[x,x+a]
i=0 I

(n+1)!

TIME INTEGRATION (free vibrations)

(i+1) -1 (i)
—1/2 | 1/2
Crank-Nicholson: % = ! / / % , a = M 1KAt2
alAt al/2 | —a/2 | alAt

(i+1) -1 (i)
l-a/2 |
Disc. Galerkin: % = ¢ of 0 % , o= MK At
alAt —l-a/2 al/3 -1 - alAt



