
Week II

Overview
▶ Tree, Paths and Cycles;

▶ Shortest Path;

▶ Minimum Spanning Tree;

▶ Dijkstra’s, Prim’s and Kruskal’s.

Definitions
▶ Shortest Path (SP): is the problem of finding a path

between nodes in a graph such that the sum of the

weights of its edges is minimized.

▶ Minimum Spanning Tree (MST): is a subset of the

edges of a connected, weighted undirected graph

that connects all nodes together, without cycles

and with the minimum possible total edge weight.

Shortest Path ILP

min
∑︁
(u,v)∈E

fuvxuv (1a)

subject to:∑︁
(s,v)∈E

xsv = 1, (1b)∑︁
(u,t)∈E

xut = 1, (1c)∑︁
(u,v)∈E

xuv −
∑︁
(v,w)∈E

xvwi = 0, (1d)

xuv ∈ {0, 1}, ∀(u, v) ∈ E (1e)

Dijkstra’s

Algorithm 1: Dijkstra’s Algorithm
Input: undirected, connected graph G, weights

c : E(G) → R, nodes V , source s
1 dv distance to reach node v
2 pv node predecessor to node v
3 Q ← ∅ set of "unkown distance" nodes.

4 for each node v in V do
5 dv ←∞
6 pv ← FALSE
7 add v in Q
8 ds ← 0 while Q ≠ ∅ do
9 u← node in Q with min du

10 remove u from Q
11 for each neighbor v of u still in Q do
12 d ← du + cuv
13 if alt < dv then
14 dv ← alt
15 pv ← u

Prim’s
Algorithm 2: Prim’s Algorithm
Input: undirected, connected graph G, weights

c : E(G) → R
Output: spanning tree T of minimum weight

1 choose v ∈ V (G)
2 set T := ({v}, ∅)
3 while V (T ) ≠ V (G) do
4 choose an edge e ∈ 𝛿G (V (T )) of minimum

weight

5 set T := T + e
6 return T

Kruskal’s
Algorithm 3: Kruskal’s Algorithm
Input: undirected, connected graph G, weights

c : E(G) → R
Output: spanning tree T of minimum weight

1 sort edges such that c(e1) ≤ c(e2) ≤ . . . ≤ c(em)
2 set T := (V (G), ∅)
3 for i := 1 to m do
4 if T + ei contains no cycle then
5 set T := T + ei
6 return T

MST ILP

min
∑︁
(u,v)∈E

fuvxuv (2a)

subject to: (2b)∑︁
(u,v)∈E

xuv = n − 1, (2c)

ykuv + ykvi = xuv, (u, v) ∈ E, k ∈ V (2d)∑︁
k∈V\{(u,v)}

yvuk + xuv = 1, ∀(i, j) ∈ E (2e)

xuv, ykuv, y
k
vu ∈ {0, 1}, ∀(u, v) ∈ E, k ∈ V (2f)
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