
 
BlowingupapointinAZ

Resolving the singularities of a curve C means finding a

smooth projective curve X and a birational morphism

f X C

In particular the points on X correspond to DVRs of
k c

Rough idea of the strategy

it S u
c

P from P2 and replace it
w a P w each point b
corresponding to a tangent
direction at P The new curve

will have bettersingularities
ie ptswill have lower multiplicities

First we'll show how to blow up a point in 1A replacing
it with an 1A For this we need the following definition

Def If f X Y is a morphism of varieties the graphs
of f is

f x g cXx'll y f x



This is in fact a closed subvariety of X Y and
the projection G f X is an isomorphism

Note The Zariski topology on X Y is inherited by
the p x xp xAm x Phx xplsxAP it sits inside This
is Let the producttopology

Since we can always move a singularpoint to the origin
we only need to know how to blowup1A at the origin

Direch.ms winguplAat o0

let P o o U xg HAZ x 1 0

Fyefiff ytf.ymx.rphismfi.tl
IA k Tµ

u
let GE U XA EA XIA4A be the

graph of f So G x y.DEA3 y xz x 1 0

let B x y 7 cIA ly xz i.e Theclosure of G in IA
Xt y is irreducible so B is an affine variety

let IT B 1A be the projection T x y 7 x y
Then IT B U U PJ



let L T P 0,0 E 2ck IT U G so IT

restricts to an isomorphism of IT u onto U

IT is loyally the blowup of 1A Soon we will look at the

projective case where the equations are more complicated
but it will locally look like this

Ex let C V y x xxi

IT c will be the union of
a line L aanedtuegpn.ua
divisor and then a curve C
that is birational to C called U
The striatum of C To

get take the closure of the preimage of C EP
ie IT C PD

C

em sina.m.IMYju ea it is

exc
divisor

To figure out what C is and which

points lie over P we projectonto the
xz plane

let 4 1A B be the isomorphism 4 x z x x't z



Projection onto xz plane gives the inverse Then the map

Y Toy AZ 1A is 4 x z x x z

and is birational

Then the preimage of C is 4 c V CxzT x xn

xzzz x xn

Exc divisor C

so C is birational to the parabola V 22 x l and
the points lying over P are x t l x xz o.o
i e O l and 0 1

More generally let CELAZ be an irreducible curve not equalmm

to the y axis Let Co Chu an open subvariety of C

let Col 4 co and C be the closure of Co in 1A
Let f C C betherestriction of 4 to C Then f is
a birational morphism just as above

let C V g g irreducible and g g gmt tgn gi
a form of deg i r Mp c

Chaim C g where g g lit x gut I z t x gn 1,27



PI g x xz x g I z t xtttgn.fi z t Ng
Since gr 1oz 1 0 x doesn't divide g

I f g ab then g xra x Xx b x H would be reducible
Thus g is irreducible and g 2 Co g C D

Now using the same setup as above we want to show
That the preimage 4 P consists of a unique point
for each tangentdirection of C at P

Since we are working only in U which doesn't contain
the y axis we can assumeV x is not tangent to Cat P
possibly after a change of coordinates We won'tneed to
make this assumption in the projective case

Then after multiplying g by a constant we can write

g y xix

where y aix are the tangents to C at P

Chaim f P R Ps wherePi o ti and

Mpi C ftp.fc.SE ri
excdivisor

x



Thus if P is an ordinary multiple pt on C ie each h L

then each Pi is a simple point on C and ordp x L

PI f P C NE o a I g 1 d O

9since x divides
And Mpi C EIpi g exeryother

Ipi tr i z
summand

Ipi dj a Ipi Cz di ri D
7

otherfactorsdon'tpassthrough
Pi

Q what happens to a singular point w only one tangent line
i e a tangent line w high multiplicity

Using the same strategy
as above we blow up
the origin using the map
4 1A Af defined
x z x xz

4 C

577 II cutout by

When resolving curve singularities we usually
want the strict transform to intersect



The exceptional divisor transversally so we blowup
again However our tangent line is now X O so we

do an affine change of words first to get
3

221 2 z The blowup gives C
xw 2 x2 xw 3w2 x w

de.EC nsnaI sIaiitsarm

ofE of c
so C is birational to a P
which we already knew

2 Now let C 2 4 3 2y y22y3ty C

i anti i

The preimage under the blowup becomes
2x 3 32 21222 2 323 x z e

i i Ha
ax

A change of coordinates gives s he
he22 222 3 2 1 2 2 3z t XtZZ

the

singularitywash
ish ll

NowBlowing up again yields axah.hea.ae



Ww2 2 2WZ 3 2w t 2 2 4w x6wZ
x w 2 2w2 3net 2x2wtX4w2

C

In

2E

Blowing up PZ at a point

Rough idea let P Co O D U PYP
U

Define f U IP by fCx X X x X P

Let GE U xp EP XP be the graph projectionff
of f fromp

let ya ya be thehomog words for IP Xi Xa XzThe homog
words for P Then define

B V yixz y.x.IEP2xp

Then GEB In fact BIG coO D x ix7 I Cx X cP E
9In particular 13 5 exc
dingo

let IT B IP be the projection onto the first factor



This is called the blowup of 1102 at CoO D and is isom
When restricted to BIE U

Locally this is the same map as in the affine case

Suppose we want tostudy an affine neighborhood of a point
Q i X c E

let 43 AZ UsCP2 be the morphism x g Ex y D

let 4 1A A 2 be as above x Z x xz

4,23 Cx xz Dxd iz
iDefine 4 1A P'x IP by 142 B

ye fix xz D C HEB I
g aThen 4 AZ is a neighborhood of LAZYQ so we can just work 4 27

with MA LAZ instead of IT


