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Logic-Based Breadth-First Search

Before SAT-based reachability, previous breakthrough
in 1989.
@ sets = formulas, relations = formulas

@ plugged in in a conventional breadth-first search
algorithm

@ model-checking and verification (Coudert et al.
1989, Burch et al., 1994)

o formulas as Binary Decision Diagrams



Image Operations

When viewing actions as relations R, the successor

states of a set S are obtained with the image operation.

imgr(S) = {s'|s € S, sRs'}

We will later define a logical image operation when
both S and R are represented as formulas.

Analogous pre-image operation defined similarly.

preimggr(S) = {s|s’ € S, sRs'}



Reachable States by Breadth-First Search

INPUT: | = set of initial states
R = binary relation on states

Q@ /=0
QSOZ:/
Q /i =i+1

Q S = 5i_1Uimgr(5i-1)
@ if S; £ S;_1 then go to step 3

S0, 51, Sy, ... consist of states reachable by
<0,<1,<2,... actions, respectively
In the end, S; consists of all reachable states.



Formulas as Data Structure: Relations

Successor states of {000,010, 111} w.r.t. relation
{(000,011), (001, 010),(010,001), (011,000)}?

First Step: Select matching lines from state set and
relation by natural join:

0 0 1
000 000 011 0 1
010 ™ 001 010 = 000 011
111 010 001 010 001

011 000



Formulas as Data Structure: Relations

Second Step: Project the successor states from the
selected subset of the relation

0 1 1
M; { 000 011 | = 011
010 001 001

Successor states of {000,010,111} w.r.t. relation
{(000, 011), (001, 010), (010,001), (011,000)}?

They are {001,011}.



Relation Operations in Logic

When sets and relations are represented as formulas,
how to perform the corresponding relation operations?

relation operation logical operation
(natural) join conjunction
projection J-abstraction




Natural Join as Conjunction

0 0 1
000 000 011 0 1
010 ™ 001 010 = 000 011
111 010 001 010 001

011 000
((-A@0 A =B@0 A —C@0) V (-AQ0 A BGO A ~C@0) v (AGD A BQO A CQ0))
A
(~AQ@0 A —=A@1 A (—B®@0 «+ BO1) A (—C@0 - C@1))

-AQ0 A ~AQ1 A ((-B@O A —CQ0 A B@L A CQ1)V (B A—-CQOA—-BOLA CO1)



Formulas as Data Structure: Relations

What logical operation corresponds to projection?

0 1 1
M; { 000 011 | = 011
010 001 001

From -A®@0 A ~A@1 A ((-B@0 A -C@0 A BOL A C@1) V
(B@O A ~C@0 A ~B@1 A C@1)) produce
(—AQ1 A BO1 A C@1) vV (mAG1 A —B@1 A CO1).



Existential and Universal Abstraction

Definition
Existential abstraction of ¢ with respect to x:

Ix.¢ = o[ T/x] V o[L/x].

(Cf. Shannon expansion ¢ = (x A @[T /x]) V (=x A ¢[L/x]))

Definition
Universal abstraction of ¢ with respect to x:

Vx.0 = [T /x] A\ d[L/x].




J-Abstraction

Example

dB.((A— B)A (B — ())
(A=THIA(T—=C)V({(A—= L)A(L— Q)
=CV-A

=A—>C

JAB.(AV B) =3B.(TVB)V(LVB)
={(TvT)v(LVvT)YVv{(TVvL)v(LVvl))
=(TvT)v(TvL)=T




Properties of Existential Abstraction

Theorem
Let ¢ be any formula over atomic propositions X and
v : X — {0,1} any valuation of X.

Q@ Ifv(¢) =1, then also v(3Ix.¢) = 1.

@ Ifv(3Ix.¢) =1, then there is a valuation v’ such
that v/(¢) =1, and v(y) = V/(y) for all
y € X\{x}.




VY and J-Abstraction with Truth-Tables

V¢ and dc eliminate the column for ¢ by combining

lines with the same valuation for variables other than c. |

Example
dec(av(bAc))=aVhb

abc
000
001
010
011
100
101
110
111

aV(bAc)

0

e e M )

ab

de.(aV (bAc))

Ve(aV(bAc))=a

ab

Ve.(aV (bAc))

00

01

10

11

0

1

1

00

01

10

11

0

0

1




Example

From -AQGOA—-AQ@IA((—~B@OA-~C@OABOLIAC®@L)V(BGOA
-~C@OA—-B@1AC®@1) produce
(—AGIABOIANCO1)V(-AGIA-BOINCO1).

®=-A00N-AQ@IA((—B@IA-CQOANBQIACO1)V(BQIA-COIA—-BOINCO1)

JAQ0BQ0CQ0.®

—~3B0CQ0.(P[L/AQ0]V[T/AR0))
=3BO0CQ0.(~AR@IA((~BOOA~COOABOIAC@L)V(BOOA-COIA-BOIACEOL))
=3C00.((—~A@IA(~COIABOIAC®O1))V(~AQLA((—~C@OA-BOIACOL))))
—(~AQ1ABQIACO1)V(-AQIA-BOIACEL)



Computing the Successors of a State Set

Procedure
INPUT:

@ ¢ representing a set of states
@ Oy formula for a relation

@ Compute the formula 3Xp.(¢@0 A ©g1) where Xy
is all state variables with subscript 0 added.

Q@ Replace all remaining subscripts 1 by 0.
Denote the resulting formula by imge,, ().




Computing All Reachable States

Q@ /=0

@ g := /@0 (The initial states as a formula)
Qi =i+1

Q ¢, =1 Vimgo,(Pi-1)

Q if ®; £ ®;_; then go to step 3

®; represents the set of all reachable states



SAT-based Reachability vs. Symbolic
Breadth-First

Theorem

IGO0 A Og A~ AOr_1y7 A G@T

is satisfiable iff the following is:
(XU -+ X7_1(I@O A ©g1 A+ - AO(r_1y7)) A GOT




Stochastic Actions

@ What to do when actions are stochastic
(non-deterministic)?

()

Multiple possible successor states

(%)

Reaching goals cannot always be guaranteed
Options:
@ Try to maximize probability of reaching goals
@ Try to minimize expected cost of reaching goals

()

@ Try to maximize expected rewards (no goal states!)

()

This lecture: Markov decision processes (option 3)



Markov Decision Processes (MDP)

Definition (MDP (S, A, P, R))
@ S is a (finite) set of states
@ Ais a (finite) set of actions
@ P:5SxAxS — R gives transition probabilities
@ R: 5§ xAxS — Ris a reward function

Notice that
@ Plan/policy givenasm: S — A
@ Usually no designated initial state
@ Reward functions are often R(s,a) : S x A— R



Policies for MDPs (deterministic example)

.

l-l;'é-é.;l- f
I I .

All actions



Policies for MDPs (deterministic example)

Policy/plan




Value of an Action Sequence
Q finite sum .
> R(si ai,si11)
=0
@ geometrically discounted sum (with 0 < v < 1)

n
Z v R(si, ai, si+1)
i=0

© average

N
im >ico R(si, ai, siv1)
N—oo N



Value of an Action Sequence

@ Finite sums are used when

@ time horizon is bounded, or

@ approximate infinite with finite: receding-horizon

control

@ Discounted sums are used often

o Finite sum for infinite sequences when v < 0

o Easy to handle in algorithms (the Bellman equation)
@ Averages useful, but difficult to handle

@ Bellman equation does not apply
o Easier in special cases only (unichain)




Choice of the Discount Factor ~y

@ v close to 0: Emphasis on short-term rewards
@ 7 close to 1: Emphasis on long-term rewards

Example

value with
rewards y=01|y=08|y=09|~=0.99

500020 5.002 | 13.192 | 18.122 | 24.212
20000 5| 20.00005 | 22.048 | 23.281 24.803

v




Bellman equation

The value of state s under the best possible
plan/policy given by the Bellman equation

v(s) = TEaKZP s,a,5)[R(s,a,s") +yv(s)]
s'eS



Algorithms for Finding Optimal Policies

Value Iteration
o lterate by finding value functions closer to optimal

@ Policy implicit in value function
@ Terminate when change smaller than given bound

Policy Iteration
o lterate by improving policy bit by bit
@ Fewer rounds than Value lteration

@ Termination when policy not improved




Value lteration

Q@ Let n:=0and vy : S — R be any value function.
Q@ Foreveryse S

Vor1(s) = max (Z P(s,a,s') (R(s,a,s') + 7v,,(s’))> .

s'eS

Go to 3 if |vyu1(s) — va(s)] < 177) forall s € S.
Otherwise set n := n+ 1 and repeat this step.

@ Policy 7 : S — A given by

m(s) =argmax » P(s,a,s)(R(s,a,s) +yva(s)).

acA

s'eS A



Value lteration

Theorem

Let v, be the value function of the policy produced by
the value iteration algorithm, and let v* be the value
function of an optimal policy. Then |v*(s) — v(s)| < €
for all s € S.

v



Value lteration

Example

Let v = 0.6.

V,'(A) V,'(B) V,'(C) V,'(D)

V,'(E)

O~NOoO b wWwN RO

19
20

0.000 0.000 0.000 0.000
1.000 0.000 0.000 5.000
1.000 2.760 0.600 5.000
1.656 2.760 0.600 5.360
1.656 2.994 0.994 5.360
1.796 2.994 0.994 5.596
1.796 3.130 1.078 5.596
1.878 3.130 1.078 5.647
1.878 3.162 1.127 5.647

1.912 3.186 1.147 5.688
1.912 3.186 1.147 5.688

0.000
0.000
0.600
0.600
0.994
0.994
1.078
1.078
1.127

1.147
1.147



Policy lteration

@ Policy lteration finds optimal policies.

@ Slightly more complicated to implement than
Value Iteration: on each iteration

@ the value of the current policy is evaluated, and
o the current policy is improved if possible.

o Fewer iterations than with Value lteration.
@ Value lteration in practice usually more efficient.



Policy Evaluation with Linear Equations

Given a policy 7, its value v, with discount constant ~
satisfies for every s € S

ZP(S7T s') (R(s,7(s),s) + yva(s))

This yields a system of |S| linear equations and |S|
unknowns. The solution of these equations gives the
value of the policy in each state.



Policy Evaluation with Linear Equations

Example

Consider the policy

m(A) =R, n(B) = R,n(C) = B,n(D) = R,n(E) =B

~

+ 0yvr(A) 4+ 0yv (B) 4 1yve(C) 4+ 0yvr (D) + Oyv(E)
+ 0. 1'7V7T(A) + O'YVW(B) + O’YVﬂ’(C) + O.Q'YVN(D) + O'YVTr(E)
+ 0yvr (A) + 0yv(B) + 0yv(C) 4 0yv (D) + 1yv(E)
+ 09V (A) + 07V (B) + 0vv (C) + 0y (D) + 1yvr(E)
+ 09V (A) + 09V (B) + 1yve (C) + 0yv (D) + Oyvx (E)
)

[ T
RN
moNT>

Lt

1 +yve(C

0+ 0.1vv.(A) +0.9yv,(D)

0 +yve(E)
5 +yve(E)
0 +yv(C)



Policy Evaluation with Linear Equations

vr(A) —yvx(C) =1
—0.1yvz(A) +vx(B) —0.9yv,(D) =0
v (C) —yv=(E) = 0
ve(D) —yvz(E) = 5
—v=(C) +vo(E) = 0
Solving with v = 0.5 we get

vr(A) =1

vr(B) = 23

v (C) =0

vr(D) =5

vo(E) = 0

This is the value function of the policy.



Policy lteration

Q@ n:=0

@ Let mp : S — A be any mapping from states to
actions.

@ Compute v, (s) for all s € S.

Q@ Forallse S

acA

Thi1(s) = arg max (Z P(s,a,s")(R(s,a,s’) + ’yv,rn(s’)>

Q ni=n+1
Q@ If n=1or v, # v, _, then go to 3.



Policy lteration

Theorem

If the number of states is finite, then Policy Iteration
terminates after a finite number of steps and returns an
optimal policy.

Proof idea.

There is only a finite number of different policies, and
at each step a properly better policy is found or the
algorithm terminates. H

The number of iterations needed for finding an
e-optimal policy by policy iteration is never higher than
the number of iterations needed by value iteration. A



Policy Iteration

Example

itr.|7(A) 7(B) 7(C) 7(D) 7(E)|vx(A) vz(B) vz(C) vz(D) v(E)

2 R 191 318 1.14 568 1.14

o =
Py
Py
Py

2 X3

R 156 3.09 093 556 0.93

p=0.9
B/_\
1 R=5

/ o

C
o4

B

/



MDPs with Very Large State Spaces

@ Both Value lteration and Policy lteration “visit”
the whole state space

@ These algorithms not feasible beyond 107 states
@ Heuristic search algorithms for solving MDPs:

o Not all states need to be visited
@ heuristics help focusing search

o LAO*, LRTDRP, ...

@ Symbolic data structures (Algebraic Decision
Diagrams (ADD), other generalizations of BDD)



Reinforcement Learning

What if system model is incomplete?
e reward function R(s, a,s’) is unknown
@ transition probabilities P(s, a,s”) unknown

Find near-optimal policies by Reinforcement Learning:

@ Learning and execution are interleaved
@ With every new reward and state, update model



Reinforcement Learning

o Applications:
@ robotics

e control of distributed systems: power, telecom, ...

@ game playing

o Lots of different algorithms and approaches
o Issues:

@ Size of the state space

@ Slow learning when lots of states

@ This lecture: brief intro to Q-learning



Q-Learning

What is given:
@ action set A,
@ state set S,
e discount factor v (as with MDPs)
@ learning rate \ (higher — faster learning)

What is learned: Q-values Q(s,a): S x A — R which

@ estimate the value of taking ain s
@ summarize both

@ the transition probabilities from s with a, and
@ the values of successors of s with a



Q-Learning

Q Let Q(s,a)=0forallsec Sandac A

@ s := current state in the beginning

@ Choose action a based on Q(s, a) (see next slide)
@ Execute a to obtain new state s’ and reward r

Q Q(s,a) :=(1-N)Q(s, a)+A(r+vy-maxaea Q(s', a))
@ Set s:=5s"and go to 3

Step 3 tries to balance between
@ exploration: Improving accuracy of Q(s, a)
@ exploitation: Taking action a with highest Q(s, a)



Exploration vs. Exploitation

Choice of action based on Q(s, a1), ..., Q(s, a,):
@ Prefer actions a with high Q(s, a) (exploitation)
@ Try also other actions (exploration)

@ Best to base this on an estimate on confidence

e How much confidence on current Q(s, a)?
@ How many times has a been tried before in s?

()

More exploration early

()

More exploitation later
Lots of different alternatives how to do this!

()
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