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Recap: Filtering and the Kalman Filter

» The filtering approach iterates between two steps:
1. Prediction: &, _1jn—1. Pr—1jn—1 = &njn-1. Pnjn-1
2. Measurement update: Z,,—1. Pyjn—1 = Enjns Pyjn

» The Kalman filter is the optimal filter for linear
state-space models

Ty = ann—l + q,

Yn = Gnmn +7ry

1. Prediction:
Znjn—1 = Fn®n_1jn—1
Ponor=F.P,_1,_.F, +Q,
2. Measurement update:
K,=P,, 1G,(G.P,, 1Gn + R,)"
Tpjn = Epjn—1 + Kn(y, — Gnpnjn_1)
P,n=Pun 1~ Ku(GyPy 1Gy+ R,)K]
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Intended Learning Outcomes

After this lecture, you will be able to:

» recognize the challenges for filtering in nonlinear
state-space models,

» describe and employ the extended and unscented
Kalman filters for nonlinear state-space models,
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Discrete-Time Nonlinear State-Space Model

» Discrete-time nonlinear state-space model:

Ln = f(wn—l) +4q,
Yn = 9(Tn) + 70

» Process and measurement noises (g,, and r,,):

E{g,} =0, Cov{g,} = Q,
E{r,} =0, Cov{r,} = R,

» |Initial conditions:

E{il?o} = my, COV{ZB()} = PO
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Filtering for Nonlinear Models

» For most nonlinear models, exact prediction and/or
update steps can not be found

» Example: Prediction for general nonlinear model

ﬁ:n|n71 = E{il)n ‘ yl:n—l}

Approximations to the exact solufions are
required!
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Linearized Model: Prediction (1/2)

» State estimate from ¢,,—1: &, _1j—1, Pr_1jn—1
> Linearization around &,,_y},,—; (dynamic model):

Typ = f(@n-1) +4qy
~ f(@n—1jn-1) + Fa(Tn-1 — Tp_1jn—1) + q,
> Predicted mean:
in|n—1 = E{mn ‘ yl:nfl}
~ E{f(:%nflmfl) + Fx(xn—l - ﬁjnfl\nfl) +4q, | yl:n—l}
= f(:izn—l\n—l) + Fy E{wn—l ‘ yl:n—l} - Fzﬁ:n—l|n—1
= f(fcn—l\n—l) + F:L"ﬁjn—l|n—1 - F:Eﬁ:n—lm—l

= f(ﬁgnfl\nfl)
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Linearized Model: Prediction (2/2)

» State estimate from ¢, 11 &, _1j—1, Pr_1jn—1
» Linearization around &,,_y},,—; (dynamic model):

Tn ~ f(infﬂnfl) + Fx(wn—l - ﬁ:n71|n71) +qp,

» Covariance:

Pn\n—1 = E{(z, - in|n—1)(wn - in|n—1)T | Y1n—1}

~ E{[f(Zn—1jn-1) + Fo(Tn-1— Zp_1jn-1) + @, — f(@n—1jn-1)]
X []T | Y1m—1}

= E{[Fu(Tn-1— Zn_1jn—1) + @,][-- I Y1}

= F,BE{(zn1 — in—l\n—l)(wn—l - in—1|n—1)T | y1:n—1}FI
+E{q.q5 | Y101}

= Faanfl\nle;rr +Q,

November 21,2018 6/27 Roland Hostettler



Linearized Model: Measurement Update (1/3)

» Prediction from ¢,,1 10 t,,: &p,j5—1, Prjn—1
» Linearization around &,,,,_;:

(Tn) +7n
(ﬁzn\n—l) + Gz(mn - ﬁgn\n—l) +7Tn

Yn =49
~g

» Regularized linear least squares:

JReLS(mn) = (yn - g(inm—l) - Gw(wn - in\n—l))T}zrjl
X (yn - g(in\nfl) - Gx(mn - in\nfl))
+ (wn - ﬁjn|n71)TP;ﬁl_1(a)n - ﬁ:n|n71)

&), = argmin Jels(n)
ITn
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Linearized Model: Measurement Update (2/3)
» Regularized linear least squares:
Jrets(@n) = (¥, — g(ﬁ:nm—l) — Gy — in\n—l))TRrjl
X (yn - g(in\n—l) - Gx(mﬂ - in\n—l))
+ (mn - ﬁjn|n—1)TP;|11_1(mn - in|n—1)
» Change of variables: z, =y, — 9(Zyjn-1) + GeTppn_1:
Jrels(®n) = (zn — wan)TRgl(zn - Gyzxy)
+ (mn - in|n—1)-rfj7;|11_1(mn - in\n—l)
» Solution (see Chapters 2.4, 5.2):
in|n = in|n—1 + Kn(zn - Gmin|n—1)
K, = Pn|n—1GI(G1Pn\n—1G; + Rn)_l
Pn|n ~ Pn|n—1 - KH(GIPn\n—lGI + Rn)K;Lr
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Linearized Model: Measurement Update (3/3)
» Measurement update:
Tpjn, = Tpjn_1 + Kn(zn — GeZpjn_1)
» Substitution of z,, = y,, — 9(Zpjn—1) + Gepjn_1:

CAcn|n = in\n—l + Kn(yn - g(ﬁ;nm—l) + Gminm—l - Gwin\n—l)

= in\n—l + Kn(yn - g(wn|n—l))
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Linearized Model: Summary
» Model approximation:
Ty ~ f(:i:n71|n71) + Fu(Tn-1 — :itn,nn,l) +4q,
Yn = g<i:n|n71) + Gac(xn - rj3n|nfl) +Tn

» Prediction:

iAUn|n71 = f(:i:nfﬂnfl)u
Pn|n71 = FxPn71|n71F—zr +Qn;
» Measurement update:
K,=P,, Gl (G,P,, Gl + R, ",
ﬁzn\n = in|nfl + Kn(yn - g(i:n|nfl))7
Pn\n = Pn|n71 - Kn(GIPn|n71G;pr + RW)KI
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Extended Kalman Filter

Algorithm 1 Extended Kalman Filter
1: Initialize Ci)0|() = my, Po‘o = Py
2: forn=1,2,... do
3: Prediction (time update):

:in\nfl = f(:in71|n71)

Pn\nfl = Fxpnfl‘nlel —+ Qn
4: Measurement update:

Kn - Pn\n—lGl—(GxPn\n—le + Rn)il
Pn\n = Pn\n—l - Kn(GTPn|n—1GT + R?L)K;I;

5: end for
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Example: Object Tracking (1/3)

» Quasi-constant turn model:

p(t) v(t) cos(p(t)) 00
pU(t) | _ |v(t)sin(p(t)) 00
o) | 0 oo w®
() 0 0 1
» Range (distance) measurements:
P, — Pl
P, — 3l
Y, = : + 7y
Py — Pkl
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Example: Object Tracking (2/3)
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Example: Object Tracking (3/3)
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Nonlinear Transformations of Random Points (1/3)

» Given: Random variable x with mean m and
covarionce P

» Choose points 2/ and weights w,, w}, such that:

m = ijij pr —m)(x/ —m)T,

T2

T1
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Nonlinear Transformations of Random Points (2/3)

» Given: Points 27 and weights w?,, w’
» Nonlinear tfransformation: z = h(x)
» Transformed points:

z) = h(xz’)
T2 z2
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Nonlinear Transformations of Random Points (3/3)

» Given: Points 27 and weights w,, w’
» Nonlinear tfransformation: z = h(x)
» Transformed points:

2l = h(a:j)
» Moments of the transformed variable

J
E{z} ~ Z w2

j=1

J
Cov{z} ~ Zw{o(zj —E{z})(z —E{z})T

j=1
J
Cov{z,z} ~ ngp(a?j —m)(z) — E{Z})T
j=1
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Unscented Transform

» Unscented Transform: One way of choosing #/, w}
and wp,, uses 2L + 1 points

» Location of the sigma-points:
(IZO =m

wj:m—i—\/L—i—)\[\/I?}j, j=1,...,L
o/ =m—VL+AVP|; ), j=L+1,...,2L

» Weights of the sigma-points:

'11}0_7)\
™ L4 A
A
w%:m+(1—a2+6)
. ; 1
]: ']:7 .:1...2[/
wm wP 2(L—|—)\)7 J ’ ’
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Unscented Transform: Prediction (1/2)
» Dynamic model:

Ln = f(wn—l) +4q,

» Sigma-points with m = &,,_yj,_1, P = Pp,_jp_1:

I
Il
ISR

n—l\n—1+VL+)‘[\/Pn—1\n—1ja Jj=1...,L

&) =&y g1 — VLA [m sy i = DAL
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Unscented Transform: Prediction (2/2)

» Dynamic model:

Ln = f(wn—l) +4q,

» Transformed points:

» Moments of the prediction:

2L
o _E J opd
Lpln-1 = Wi, Ty,
Jj=0

2L
Pn\n—l = Z wg(w% - in|n—l>(xg1 - in|n—l)T + Qn
j=0
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Unscented Transform: Measurement Update (1/2)

» Measurement model:

Yo = 9(Tn) + 70
» Recall: Alternative form of measurement update:

K’Vl = COV{mn? Yn | yl:n—l} COV{yn ‘ yl:n—l]’il?
‘%n|n = i:n|n71 + Kn(yn - E{yn ’ yl:n—l})7
Pn|n = Pn|n71 - K, Cov{yn ‘ yl:n—l}KI'

» We can calculate E{y,, | ¥1.n—1}. Cov{y,, | Y1.,—1}. ONd

Cov{zn,y, | Y1.,—1} UsiNg the unscented transform
» Sigma-points based on &,,,,_1, Ppjp—1:

0 _ 4
Ly = Lpln—1

@ =@t F VI Pua| o =1L

w% :inm—l —VvL+A |:\/Pn|n—1 G

j—L)
November 21,2018
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Unscented Transform: Measurement Update (2/2)

» Measurement model:

Yn = 9(Tn) + 75
» Transformed sigma-points:
y =g(xl), j=0,...,2L
» Moments of the predicted y,,:
2L o
B{y, | Y1n} =Y whyl
§=0
COV{yn | yl:n—l} = Zw%(y% - E{yn | yl:n—l})
j=0
x (yh = B{y, | Y101 }) + Ry
Covizn, Yy | Y11} = ZMJP(:D% - ﬁ;n|nfl)(y% —E{y, | y1nat

J=0
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Unscented Kalman Filter

» Prediction:
» Calculate the sigma-points using &, — 1n—1 and P,,_yjn—1
» Propagate the sigma-points 7, = f(z? ;)
» Calculate the mean and covariance &,j,—1, Ppjn—1
» Measurement update:
» Calculate the sigma-points using &,,,—1 ANd P,
» Propagate the sigma-points y?, = g(x7)
» Calculate the mean and covariance E{y,, | Y1.,,_1}-

COV{yn | yl:n—l}’ COV{SBn,yn ‘ yl:n—l}
Perform the Kalman filter measurement update:

v

K’ﬂ = COV{iBn”yn | yl:nfl}cov{yn ‘ yl:n71}717
(ABTL|7L = i:n\nfl + Kn(yn - E{yn ‘ yl:n—l})’
Pn|n = Pn|n—1 - K, COV{yn I yl:nfl}KIL'
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Example: Object Tracking (1/2)
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Example: Object Tracking (2/2)
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Unscented Transform: Choice of Parameters
» The parameter X is actually:

A=ao*(L+k)—L

v

a, B, and x are tuning parameters
k is usually set to 0
a controls the spread of the sigma-points:

v

v

VL+X=+L+2(L+k)—L=aVL.

v

Suggestions vary, e.g., a =1 x 1073

B only affects the covariance weight, a good starting
pointis f =2

v
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Summary

» Nonlinear state-space models require approximative
solutions

» The extended Kalman filter uses a linearization of the
dynamic and measurement models

» The unscented Kalman filter uses a set of deterministic
sigma-points (samples) to calculate the means and
covariances
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