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We do not care about how fast the point moves along the curve
For t € [a, b] denote by s,(t) the length of the curve ~y restricted thats why we introduce the arc-length parametrization.

to [a, t]. s, is increasing, continuous [a, b] — [0, £(y)]. However the inverse is
not necessarily well defined. But if s, is constant then so is v, i.e. it
Proposition does not matter which inverse image we take.
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For the proof of subadditivity just take the (¢P-)sum of the (px)«.
Mod,, is not a measure on a reasonable o-algebra though: For a
measure we want Mod,(I' U) = Mod,(I') + Mod,() if they are
disjoint. But if I' is a set of curves, and '_; the set of curves that
go the other way, then ' UT _; can be disjoint however

Mod, (I UT_1) = Mod,(I') = Mod,(I_1). So this may only be if
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Proposition (Fuglede)

Let (gj); be Borel, converging to a Borel g in LP(X, ). Then
there is a subsequence (gj, )« s.t. for p-a.e. curve v we have
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Let (g;); be Borel, converging to a Borel g in LP(X, u). Then
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Let 7 be a constant curve. Then Mod,({7}) = o0

Example

Proposition (Fuglede)

Let (gj); be Borel, converging to a Borel g in LP(X, ). Then
there is a subsequence (gj, )« s.t. for p-a.e. curve v we have

1. This is because for each p we have f,y p=0.
/ |gik - g| — 0
v

Let v be a constant curve. Then Mod,({v}) = .



Let E C X Borel, u(E) = 0. Then for a.e. curve 7 : | — X the set
{t[(t) € E}

has zero measure; the length of 5 in £ is zero.

Let E C X Borel, u(E) = 0. Then for a.e. curve v : | — X the set

{t~(t) € E}

has zero measure; the length of v in E is zero.



Proposition

Let E C X Borel, u(E) = 0. Then for a.e. curve v : | — X the set
{t1~(t) € E}
has zero measure; the length of v in E is zero.

Proof: The function oo - 1g is admissible for all functions which
have positive length in E and [(cc - 1g)P = 0.
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has zero measure; the length of 5 in £ is zero.
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1. This is because

/oo'lE:/Oo']-{t\»y(t)eE} :/ 006{0700}.
gl ! {tlr(t)eE}

2. This means that u(E) = 0 is also recognized by the curves. At least
almost all of them.



Proposition
Let I be a set of curves that all have length at least L in a set A.
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Mod, () < p(A)L™P.
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Let p> 1 and (7); be an increasing family of paths. Then
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1. First observe that < is obvious because ', C J; ;. However it is
not clear if the right hand side is maybe strictly larger.
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1. Take I; to be the curves going from B; to R™\ By,1. Draw a
picture.
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Draw a picture

4. So is this counterexample a bug? It could be fixed by also allowing
measures and not only L-functions. Except it's maybe not clear
how to integrate a measure along a curve? Or is it? Idk.

However if p is admissible for (2) then for each ¢ and each unit
vector e we must have

1+e
/ p(te)dt > 1.
1

This requires f12 p(te) dt = oo and by integration over e thus
[ p=occ.



Bound on MOdP[B(X, ), X\ B ,R)}

Let x&€ X and n> 1. If for all 0 < r < Ry we have
w(B(x,r)) Sr"

then for all 0 < 2r < R < Ry we have

S R\ P
Modp[B(X, 7, X \ B(x, R)] <pin (Iog 7) p—p
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Bound on Mod, [B(x, M, X\ B(x, R)}

Proposition
Let x € X and n > 1. If for all 0 < r < Ry we have

B r) s r"

then for all 0 < 2r < R < Ry we have

RPP p<n.

_p [log® p=n,
s ] () [ 0

. Upper bounds tend to be easier because it suffices to provide an

admissible function.

. In R":

log(£)"" p=n
~ ﬁ p#n

n
|RP*1 —rp—1

Coincidence for n = p, about a log() ™ too much for p # n.

. Note that in case p = n it only depends on 5. That means here the

modulus is scaling invariant. In R” this corresponds to p = n.
Maybe keep that in mind, it will appear again in the second talk on
this topic in a few weeks.



Bound on Mod,, | B(x,r), X \ B(x,R)

Proof: Take the smallest s.t. 25r > R i.e. k ~ log £. On
B(x,R) \ B(x, r) set

Bound on Mod,, [B(X, 1), X \ B(x, R)}

p(y):%d(xl%y)-
Proof: Take the smallest s.t. 2kr > R ie. k ~ Iog% On
B(x,R) \ B(x,r) set

2 1

1. Draw graph of p
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Bound on Mod,,[B(x, X\ B(x, R)}

Proof: Take the smallest s.t. 2r > R i.e. k ~ log % On e e e el
B(x,R) \ B(x,r) set

Then for each curve 1 its subcurve 5 in B(x, 2+1r) \ B(x, 2/r)

po? L
P kd(eyy
Then for each curve 7 its subcurve 7; in B(x,271r)\ B(x,2r)

has length at least 2/r, if 0 < j < k — 1. 1. Draw graph of p
2. Image of concentric balls with doubling radius here.
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has length at least 2/r, if 0 < j < k — 1. Thus

k-1 k=1 2 1
[o=2X [ 12Xt -1
CERLE

1. Draw graph of p
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If thereisa n>porn>p,p>1s.t. for small r we have

w(B(x,r)) < r"
then the set of all nonconstant curves through x has 0 modulus.

Proof: Letting r — 0 shows that all curves that go through x and
B(x, R) have zero modulus. Summing over all R, = 1 proves the
Corollary.
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Corollary

If there is a n > p or n > p,p > 1 s.t. for small r we have

WB(x,r) <"
then the set of all nonconstant curves through x has 0 modulus.

Proof: Letting r — 0 shows that all curves that go through x and
B(x, R) have zero modulus. Summing over all R, = 1 proves the

Corollary.

1. Geometric sums with nonzero exponent are always bounded by their

largest summand.

2. Actually only those that start in x, but every curve that goes

through x has a subcurve that starts in x and it suffices to estimate
the modulus of subcurves because an admissible function for a
subcurve is an admissible function for the curve.
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Capy(A, B):inr{/gg oll=0, ofl= 1}.

For two sets A, B define

Cap,(A,B) = inf{/g,’lJ

ula=0, ulg= 1}.
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_
Modulus and Capacity

For two sets A, B define

Capy(A,B) = inr{ / &

ula=0, u\5=1}.

For two sets A, B define

Proposition
Cap,(A, B) = Mod,(A, B).

Proof of >: Let u be an admissible function for the capacity and

a curve from xg € A to x; € B. Then
ula=0, ulg=1,. [0 o) - u) =1,
A

Cap,(A,B) = inf{/g,’lJ

gu s admissible for Cap,(A, B).

Cap,(A, B) = Mod,(A, B).

Proof of >: Let u be an admissible function for the capacity and ~
a curve from xp € Ato x; € B. Then

[ = o) — utx0) = 1.
.
gu is admissible for Cap,(A, B).
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<: let p be an admissible function for the modulus. Define

u(x) = inf{ [ 0 A () =x

Then cap u at 1.

1. v:[0,a] — X curve
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<: let p be an admissible function for the modulus. Define

o) = inf{/wp

. .. . . Then cap wat 1. If x € A then u(x) = 0. If x € B then u(x) = 1.

<: let p be an admissible function for the modulus. Define VR i e e e, U b
curve connecting x,y € X. Let 7, and v, be curves that begin in
X0, Y0 € A and where the infimum is almost attained. Then

u(x) = inf{ / p ’ v(0) € A, y(a) = X} w01z [ o= [oves [ o= [ pre=[ore
Y

Then cap v at 1. If x € Athen u(x) =0. If x € B then u(x) = 1.

We have to show that p is an upper gradient for u. Let v be a 1. v:[0,a] = X curve
curve connecting x,y € X. Let v« and v, be curves that begin in

X0, Yo € A and where the infimum is almost attained. Then

U(y)—U(X)S/wp—/%fﬂreﬁ/Mp—/prre:/vars-

20 <A ) =x}
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Thanks!



