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LEARNING OUTCOMES

Students are able to solve the weekly lecture problems, home problems, and exercise

problems on the topics of week 5:

O Large displacement elasticity theory, principle of virtual work
O Large displacement FEA for solid, thin slab, and bar models

O Non-linear element contributions of solid, thin slab, and bar models
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SOURCES OF NON-LINEARITY

O Geometry: Equilibrium equations should be satisfied in deformed geometry
depending on displacement. Strain measures of large displacements are always non-

linear.

N thesource tobe considered here!

O Material: Constitutive equation g(o,u)=0 may be non-linear. Near reference
geometry, truncated Taylor series g°+(0g/00)°Ac +(0g/0ou)°Au=0 gives a useful

approximation.

O Contact and follower forces: Constitutive equation of external forces may be non-
linear. Even the simplest contact condition 1s one sided (inequality) and therefore non-

linear.
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EXAMPLE. Consider the structure of figure and determine the relationship between the
vertical displacement of node 2 (positive upwards) and force Facting on node 2. Assume
that the force-length relationship (small strains and large displacements) is given by

N =FEA(h/h°—1) (EA is constant and 4° is the length when N =0).

. 2
Answer é —2(sinax +a) \/1 tZasmata | =0, where a = _M;Z’OZ

\/1+2asina +a2
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e Strain definition should not induce stress under rigid body motion of motion of a bar.
Strain measure e = 4/ h°—1, based on the relative length change, satisfies the criterion.

At the deformed geometry, when displacement is uy»,

h = hocosochr(h"sinocJruyz)j|=h°\/1+2asinoc+a2 =

oh sina +a
5l/lyz =

Ouy \/1+2asina+a

oh= 5l/lyz —

2

N:EA(%—I) :EA(\/1+2aSinoc+a2 —1), where a =uhL02.

e Virtual work expressions of external and internal forces for one bar element, written at

the deformed geometry with length 4, are SW™' = FSuy, and SW™ =-N&h. As
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the structure consists of two bars (internal parts of the bars are same by symmetry),

virtual work expression of the structure

. 1+ 2asi 21
5W=[F—2EA(sma+a)\/ roasmara

]514)72 .

\/1+2asinoc+a2

e Principle of virtual work and the fundamental lemma of variation calculus are valid

also 1n large displacement analysis

- 2
. —1
F—2EA(s1noc+a)\/1+238maJra =0. €&

\/1+2asinoc+a2

The remaining —mathematical problem — is to find a solution or solutions to the non-

linear algebraic equation.
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FORCE-DISPLACEMENT RELATIONSHIP a=7/3

non-~ 'cal Cunstable)
-2 P W 0 1

F/EA

7/,

0 1

Numerical method may give mathematically correct but non-physical solutions in non-
linear elasticity. In practice, displacement (solution) may not depend continuously on the

force (data).
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4.1 NON-LINEAR ELASTICITY

Assuming equilibrium at the initial geometry €2°, the aim is to find a new equilibrium on

the deformed geometry €2, when e.g. external forces acting on the structure are changed.

00° tdA

The local forms of the balance laws are concerned with the deformed domain which
depends on the displacement! This brings a severe non-linearity into the boundary value

problem for the displacement components.
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STRAIN MEASURES

A rigid body motion should not induce strains! A proper strain measure with this respect is

always non-linear in displacement components (small strain |2 —A4° |« /h°)

h

:F—l = 28§=F, +F-2I =V°i+(V°i),

Linear strain &
1._h o o e e e ~ ~ - ~
Green-Lagrange F = E[(;) —1] = 2E=F,-F-1=V°u+((V°u),+V°u-(V°u),

Superscript ° refers to the initial geometry and subscript ¢ denotes conjugate tensor.
p p g ry p jug

Deformation gradient F =] +V°i is one of the key quantities of large displacement

theory. At the initial geometry, material coordinate system is usually assumed to be

Cartesian so that VO =70/ &x°+ jo/0y° +ko/ oz°.
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GREEN-LAGRANGE STRAIN MEASURE
The Green-Lagrange strain has the components (in the basis of the initial geometry)

) (e 1 |(@ug a0 4 @u, 302 + (Bu, 1 ox)?

By € xx i
1y (=18 [+ Oy / y)” +(Ouy, 1 3y) +(Bu, 1 3y)* |,

CES NS (Quy / 02)* +(Qu,, | 8z)* +(Bu, / 0z)°

( A ( A

2B, (7] [(Bug/ x)0u, / 8y)+(@u,, I 8x)(Bu,, | 8y) + (Ou, | dx)(Bu. / dy)]
12E ), 0 =973z (9 (Ou, / 0y)(Ou, /@z)+(8uy /Gy)(ﬁuy /0z)+(Ou, / 0y)(Ou, /0z) ;.
2E,.| V) |(Ouy/0z)(Ou, /0x)+(Ou y / 0z)(Ou y / Ox)+ (Ou, / 0z)(Ou, / Ox)

Green-Lagrange E gives zero strain in a rigid body motion, whereas linear strain & does

not. Linear strain & can be taken as an approximation to E valid when strains and

rotations of material elements are small!
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Green-Lagrange measure is based on comparing the squares of lengths of a material
element at the initial and deformed geometries (mapping 7 =N(x°,1°,z°%¢) or

F =7 +ii(x°,1°,2°1))
(dF°-V°F) - (dF°-V°F) — dF°-di° = dF° - 2F - df° =

.. o L P . . -
E=(V°r)-(V°r), -1 :E(FC -F=1) or E ZE[VOM +(Vou), +Veu-(Veu),].
The components of the symmetric Green-Lagrange strain follow by substituting the

component form of the displacement gradient into the definition. In conjugate (Vu),,

the component matrix 1s transposed.
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EXAMPLE 4.1. Consider a bar whose left end is fixed and right end is free to move.
Assuming that a particle of the bar is identified by its coordinates at the initial horizontal

geometry and displacement is given by
uy | |(+e)cosa—1 —sina ||x
U, - (1+¢&)sine  cosa—1||y

determine the linear strain component ¢, and the Green-Lagrange strain component £ .

The displacement describes rotation with angle o and length increase Ah =¢gh®.

1

Answer E =8+582 ~ & when |8|<<1 and ¢, =(1+¢)cosa—1~=¢ when |a|<<1

XX
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e Partial derivatives of the displacement components are
Ouy,/ox| [(1+¢&)cosa—1 Ouy /0y | [ —sine
= . and :
Ou,, / Ox (1+ ¢)sina u,, /oy~ |cosa -1

e Linear and Green-Lagrange axial strain components

ou
aM’C:(1+8)cosoc—1 and Exx:au 1 Ouy 1 AT ! 2,
Ox Ox 2 ox 2 Ox

Cxx =

The former depends strongly on the rotation angle even when ¢ is small although pure
rotation should not cause any strains. The latter does not depend on the rotation at all.

Also, for small length changes, the Green-Lagrange strain is close to the relative

change of length € = Ah/ h°.
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KINEMATICS OF LARGE DISPLACEMENTS

Displacement .................... r=r°+u(x°y°,z°

Deformation gradient ....... EF.=1+Vi

Green-Lagrange................. 2E = ]30 F—T=V°i+ (Vou), +(Veu)-(Veu),
Variation........................... SE = 1’5C .8 -F where 28 =Vii + (Vu),
Domain element ................ dV =JdV°

Jacobian............................. J =|det[F]|

Nanson .........c.cceeeeveeeneennenn. ndA = Jﬁc_l 7°dA°  or dA= Jﬁc_l - dA°
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e Basis vectors of the curvilinear material coordinate system depend on the displacement
(basis vectors may not be orthogonal and the lengths may differ from 1). The basis
vectors define the edges of the unit cube of the initial geometry. In deformed geometry,

the same material element is parallelepiped in shape with edges

( A

| [oF/ox°] [ex/ox® dy/ox® oz/ox°||i i
16, b=10F/oy°t=|ox/0y° Oy/dy° oz/8y° |1jr=[F1"37¢
Or /0z°] | ox/0z° ©Oy/oz® 0z/0z° ||k k

Nl

|

|

xQ

L7Z )

\T f. .\T f.

i i i
- [F{j¢ and Fo=4j¢ [F]T<]>.
k k k

Iy

1|

Ao
N~ S
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Relationship between the volume elements of domain €2° of initial geometry and that

of the final geometry Q

dV =|(é, xé,)-&,(dx°dy°dy®) |= JdV° where J=|det[F] . €

The relationship between the variations of the linear and Green-Lagrange strains
follows from the strain definitions and the relationship between derivatives in the fixed
and material coordinate systems V°=F, -V (in terms of the basis vectors of the fixed

Cartesian coordinate system)

SE = %[VO&Z +(VO8ii), +V°Sii-(F = 1)+ (F, - 1)-(V°6ii).] =
| SRR e
5E:5(V°5u-F)+5FC-(V°5u)C=FC-58-F. €
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PRINCIPLE OF VIRTUAL WORK

Principle of virtual work SW'™ + W =0 V§ii is concerned with the deformed domain

Q2. To avoid the complications due to a non-constant domain, the description of motion (a

is used to express all quantities in the Cartesian (x, y, z) —system of the initial geometry:

r NT ¢ 3 rS 3
- Sxx 5Exx Xy
int _
oW = QO—(< Syt 19Ey 1 +95,2
L ZZ ) \5EZZ J \SZX J
e NT ¢ 3
t ou, Iy
SW = g GOUy r Sy Vet
\51/!2) \fZ)

T

S20F

e 3

25E,,

vz

)dV°

20F

( zX

0Q)

tdA

~

~ -

ou=0

The Green-Lagrange strain measure E is non-linear. Also, the PK2 stress S differs from

the Cauchy (true) stress & .
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e The principle of virtual work W™ + 5w =0 V5ii holds at the equilibrium and
therefore at the deformed geometry. In non-linear analysis, virtual work density of

internal forces is expressed in terms of Green-Lagrange strain measure and PK2 stress

with 5E:ﬁc .88 -F and dV = JdV° (tensor identity c“z:(l;C &-b) = (l;-c“z-l;c):E)

SW =—=| (6:68)aV =~[ , &:(F; -SEFThJave =
swit=—{ (F'.¢.F7\)):6E )ave=- j (S:SE)dve. <
O° C : C QP° : C :

5W‘”‘t:jQ (f-éﬁ)dV+....:jQO (f-Si)JdV°+.. €

The component forms follow by substituting the representations in the (17,]’,/;) basis.
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ELASTIC MATERIAL

Under the assumption of large displacement and small strains the Green-Lagrange strain

measure does not differ much from the linear setting with small displacements and small

strains. Constitutive equations

e 3\ _ — A s A ( A

E XX | 1 -v v I|S XX 2Exy | Sxy
<Eyy>:E -v 1 —v|§S§,, and <2Eyz>:E<Syz>:
\EZZ y _—V -V 1 - \SZZ J szZXJ L ZX )

with material parameters C (which replaces E), v, and G=C/(2+2v) are same as those

of the linear case, are assumed to simplify the setting. Also, the uni-axial and two-axial

(plane) stress and strain relationships follows just by using strains instead of engineering

strains and C instead of E.
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KINETICS OF LARGE DISPLACEMENTS

Piola-Kirchhoff 1............... J6=P-F,

Piola-Kirchhoff 2............... J6=F-S- FC (F-S=P)

Force element .................... dF =1dA=1i-GdA =G, -iidA = P-i°dA°
Virtual work density ......... Swit =—8:8E, =-6:68,J

Elastic material.........coo..... S = AMr(E)] +2uE

Analysis uses the PK2 stress concept. Cauchy (true) stress follows from the relationship
between the quantities. In practice, the simple constitutive equation applies to isotropic

material subjected to small strains (displacements may be large).
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4.2 NON-LINEAR FEA

O Model the structure as a collection of beam, plate, etc. elements. Derive the element
contributions W and express the nodal displacement and rotation components of the

material coordinate system in terms of those in the structural coordinate system.

O Sum the element contributions to end up with the virtual work expression of the

structure oW = Zee P OW €. Re-arrange to get W = —5aTF(a)

O Use the principle of virtual work 6/ =0 Vda and the fundamental lemma of variation
calculus for SaeR" to deduce the system equations F(a)=0. Find a physically
meaningful solution by any of the standard numerical methods for non-linear algebraic

equation systems.
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BAR ELEMENT

Virtual work expression can be expressed in a concise form in terms of initial and

deformed lengths of a bar element

SWnt = —5h%CA°%[(%)2 ~1],

T
J— gxOUyy +g),0Uy + 80Uz | o gopo {1}
gx5ux2 + gyguyZ + g25u22 2 |

Length squared h?=(h°+ Uy — uxl)2 +(uyp — uyl)2 +(uyH — uzl)2 of the deformed
clement depends also on the nodal displaments in the y— and z-—directions.
Transformation into the components of the structural system follows the lines of the linear

theory.
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EXAMPLE 4.2. Consider the bar structure shown subjected to large displacements.
Determine the relationship between the vertical displacement of node 2 (positive upwards)
and force F acting on node 2. Use the principle of virtual work and assume the constitutive
equation S,, =CE,,, in which Green-Lagrange strain £, =[(h/ h°)* =1]/2 and C is

constant. Cross-sectional area of the initial geometry is A4°.

Uy
O

F : ] 1
Answer ——2(sina +a)(asina +—a2) =0 where a=
CA° 2
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In (geometrically) non-linear analysis, equilibrium equations are satisfied at the
deformed geometry, although the mathematics is related with the initial geometry.

Virtual work expressions of internal forces of the bar element and the point force are

5Wi“t_—5hhﬁa4° (5 > —1] and W' = Fuy,.

For element 1, the relationship between the displacement components in the material
coordinate system are u,, =uy; sina and u,, =uy, cosa giving
2 N 2 2 : 2
=(L+uyysina)” +(uy,cosa)” = L*F2uy, Lsina +uy»,
Uy2

1 . I » .
xx:E[( ) —1]= as1na+5a = OE, =(sina+a)da where a=
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e Then, virtual work expression of the structure becomes (the contribution for bar 2 is

the same due to the symmetry).
: : 1
OW =—-duy,(sina +a)2CA°(asina + 532) + Fouy,.

e Principle of virtual work and the fundamental lemma of variation calculus give

oW =[F —2(sina+a)CA°(asina +%az)]51/ly2 =0 =

F—2(sina+a)CA°(asina+%a2)=O. &
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FORCE-DISPLACEMENT RELATIONSHIP

0.6

04} o =—

0.2

0.0}
_02k

; T
04} 4

-06}
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EXAMPLE 4.3. Determine the nodal displacement u;, and u,3 of the bar structure
shown. Use non-linear bar elements and linear approximations. Cross-sectional areas and

length of the initial geometry are A= 0.0lm? and L=1Im. Elasticity parameter
C =100Nm 2 and external force F =0.05N.

Answer uy, ~0.085m and uy; =0.061m
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e The physically correct solution is just one of the mathematically correct solutions to
the nodal displacements (in this case the number of solutions is 6). The solver for non-
linear analysis returns a real valued solution with the minimal norm. In the example,

when L=1m, 4=0.0lm?>, C=E=100Nm 2 ,and F =1/20N:

type properties geometry
1 BAR {{E}, {A, {0,1,0}}, {0,0,0}} Line[ {3, 1}]
2 BAR {{E}, {A, {0,1,0}}, {0,0,0}} Line[ {3, 2} ]
3 BAR {{E}, {A, {0,1,0}}, {0,0,0}} Line[ {4, 2} ]
4 FORCE {0, 9, F} Point[ {2} ]
{X,Y,Z} {Ux, Uy, Uz} {Oxs6v,57}
1 (0, 0, 0} (0, 0, 0} {0, 9, 9}
2 {L, 0, 0} {0, 0, uZ[2]} {0, 90, 9}
3 {L, @, L} {0, 0, uZ[3]} {0, 9, 9}
4 {0, 0, L} {0, 0, 0} {0, 90, 9}

{uZ[2] - ©.0854082, uZ[3] — 0.0609567}

Week 5-28



4.3 ELEMENT CONTRIBUTIONS

Virtual work expressions for the elements combine virtual work densities of the model and
an approximation depending on the element shape and type. To derive the expression for

an element:

O Start with the large displacement versions of the virtual work densities 5w51£ and

Sws of the formulae collection.

O Represent the unknown functions by interpolation of the nodal displacement and
rotations (see formulae collection). Substitute the approximations into the density

expressions.

O Integrate the virtual work density over the domain occupied by the element at the

initial geometry to get oW .
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ELEMENT APPROXIMATION

In MEC-E8001 element approximation is a polynomial interpolant of the nodal
displacements and rotations in terms of shape functions. In non-linear analysis, shape

functions depend on x, y, and z.

Approximation u=Nla MWM;S Vf the snmefarm.’
Shape functions N={Ni(x,y,z) Nr(x,y,z) ... N, (x, y,z)}T
Parameters a={a; a, ... a, }T

Nodal parameters ae€{u,,u,,u,,0,,0,,0,; may be just displacement or rotation

components or a mixture of them (as with the beam model).
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SOLID

The model does not contain kinetic or kinematic assumptions in addition to those of non-

linear elasticity theory

( \T ( A ( \T ( 3\

OF XX E XX 25Exy ZEXJ’
Swhe =—18E,, ¢ [CKRE,, t—120E,  G{2E, ¢,

SE,, E,.| |20E,] |[2E,

( A T ( 3

ou, g,
Swed = Su, ¢t p°1gy -
\5MZ) ng,

The solution domain can be represented, e.g., by tetrahedron elements with linear
interpolation of the displacement components u(x, y,z), v(x,y,z), and w(x, y,z)
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EXAMPLE 4.4. A tetrahedron of edge length L, density p, and elastic properties C' and
v 1s subjected to its own weight on a horizontal floor. Determine the equilibrium equation
for the displacement u,3; of node 3 with one tetrahedron element and linear
approximation. Assume that uy3 =uy3; =0 and that the bottom surface is fixed and that
the geometry and density described is concerned with the initial geometry (gravity

omitted).

Answer: (l1+a)a(l+—a)+F =0 where

1—v—2v? ng3

1 Uz
4 1-v

and a=—%=.

Ry
e
R e
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Linear shape functions can be deduced directly from the figure Ny =x/L, N, =y/L,
Ny=z/L, and Ny=1-x/L—-y/L—-z/L. Only the shape function of node 3 is
actually needed as the other nodes are fixed. Approximations to the displacement

components are

.. 0 0
c=u,=0 and uZ:%um, giving Y2 220 and OuZZ :%”23-

U
Y ox

When the approximation is substituted there, the non-zero Green-Lagrange strain

component takes the form

1 1 » 1 1
E _=—u,+——u = O0E.. =—0u,» +—u,0uUur1.
zz I /3 2L2 /3 zz I /3 L2 /3VH%73
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e Virtual work densities of the internal and external forces simplify to (we assume that
the material is described by the constitutive equation of linear elasticity theory in

which the Young’s modulus £ is replaced by elasticity parameter C)

11 1 1,
Ouyy(—+—uz3)(—uyzz3 +—=uz3),
L I? L 212

. —C(1-
switt = 55, ———cU=v)
(1+v)(1-2v)

Swae =—8u_pg = —%pg5uz3.
e Virtual work expressions are obtained as integrals of densities over the volume
occupied by the body at the initial geometry. With a=u,5/L

m D L 1-v
6 6 (1+v)(1-2v)

%)
S
=
|
ey
%)
=
R=1
N
=
|
%)
=
|

Couzz(1+a)(a +%a2),
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e Finally, principle of virtual work W =0 with W =5W™ + 5w implies the

equilibrium equation

) B 3
L cd-v) (1+a)(a+%a2)+§—4pg=0- €

6 (1+v)(1-2v)

ll—v—Zv2 pgL
4 1-v

e Intermsof F = the physically meaningful solution is given by

1 o

= + —1 where a:(—9F+\/§\/—1+27F2)1/3.
31/306 32/3

a
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THIN SLAB

Virtual work densities of plate combine the thin-slab and plate bending modes. Assuming

that the two modes de-couple and the bending mode can be omitted

. N T 5 3
. 5Exx Exx Su T g
SwSt = — SE,, t UEls\ E,p ¢, 5wexot:{5v} pot{gx} where
25E,, 2E,, g
f f L 2 2
E.. 50/ Ox (Bu / 0x)? 12+ (0v/ ox)* /2
VE, b= &v/idy ‘44 (@uldn)i2+@viav)y /2 L
Yy
2E,,| (ou/oy+ov/iox (8u / 0x)(0u | &)+ (2v/ &x)(Dv/ By)

The planar solution domain €° (reference-plane of the initial geometry) can be

represented by triangular or rectangular elements.
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EXAMPLE 4.5. Consider the thin triangular structure shown. Assuming plane-stress
conditions and Xy —plane deformation, determine the equation for the displacement
uyr=aL and uy; =aL of node 1 according to the large displacement theory. Young’s
modulus E, Poisson’s ratio v, and thickness ¢ are constants and distributed external force

vanishes.

Answer: (—1+2a)L '

2a(—1+a)—F=O
l1-v
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e Nodes 2 are 3 are fixed and the non-zero displacement/rotation components are
uy;=alL and uy; =alL. Linear shape functions Ny=(L—-x-y)/L, N,=x/L and

N5 =y/ L are easy to deduce from the figure. Therefore u =v=(L—-x—-y)a and

E. | (1] S, (1)
_ 2 _
1 Ey, p=q1p(-a+a’), § 0E,, r=da(-1+2a)11,.
2E,,| 2] 25E,, 2)

e Virtual work density of internal forces simplifies to

s \T 4 A
5E)C)C EXX 4Z’E
I 2
5w8£:—< 5Eyy - E]sq E)y >:—5a(—1+2a)1_vz(—a+a ).
\25Exy) \2Exy)
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e Integration over the triangular domain gives (integrand is constant)

2tE

5 (—a+a2).

SW!=—sa(-1+2a)L?

1-v
e Virtual work expression for the point forces follows from the definition of work

SW? = 28aLF .

e Principle of virtual work in the form oW = SW'+8W? =0 VSa and the fundamental

lemma of variation calculus give

oW =-oalL[(—1+2a)L 2tE2(—a+a2)—2F]=O Voa <
l1-v
(—1+2a)L 2tE2(—a+a2)—2F=O. €«
1-v
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The point forces acting on a thin slab should be considered as “equivalent nodal forces”
1.e. just representations of tractions acting on some part of the boundary. Under the action
of an actual point force, displacement becomes non-bounded. In practice, numerical

solution to the displacement at the point of action increases when the mesh is refined.

e In the Mathematica code of the course, the problem description is given by

type properties geometry
1 PLANE {Ey v, {t:, {@,0,0;] Polygon[ {1, 2, 3}]
2 FORCE i-F, -F, 8} Point[{1}]

{:IJYJE c:l.l"f__,l.l'-r-'_,l.lzj- ‘.-EKJE'T"JEE."
1 {@,0,0 f{Lafl]l, Lall], @] (9,0, 8]
2 ‘:..L.'l EIJ e ‘..BJ EIJ EI ‘:.-B.'l EIJI EI
3 ':.IEI.'F |—.1' e ‘.IEIJ EIJ El ‘.IEIJ EI.'F EI

] - S 11z arqi 2l

U (5a[1] ;.T! 2L [F-Fv*+Lt=a[1] [1-3a[1]+2a[1 |

142
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BAR MODE

With the assumptions of the bar model % = u(x)i +v(x); + w(x)l; . S=S xxz? etc. in the

generic expressions for large displacement analysis for the solid model simplify to

Swit = _SE__A°CE ..,

5Wexot — Aopo(5”gx +5vgy +5wgz),

du 1, duo, 1 dv,o 1 dw
here £, =—+—(—)" +—(—)" +—(—)".
v M dx 2(dx) Z(dx) Z(dx)

In FEA, the solution domain (a line segment) is represented by line elements and the

displacement components u(x), v(x), w(x) by their interpolants.
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e Let us start with the kinematical assumption u =u(x)z7+v(x)j+w(x)l€. The kinetic

assumption is S = §,,ii . Green-Lagrange strain and its variation are

du 1 du
=—t ()" +—
o dx 2(dx) 2

1 dv

& 1 dw
dx

) dou doudu dovdv dowdw
"2

+ + + :
dx dx dx dx dx dx dx

2
), 5Exx =

e Assuming the constitutive equation S, = CE,,, virtual work densities of the internal
and external forces per unit length of the initial domain become (expression is

integrated over the cross section of the initial geometry)

Swilt = ~SE _A°CE.. and Swae = A°p°(dug, +ovg, +owg,). €
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BAR MODE

Virtual work expression can be expressed in a concise form in terms of initial and

deformed lengths of a bar element

SWnt = —5h%CA°%[(%)2 ~1],

T
J— gxOUyy +g),0Uy + 80Uz | o gopo {1}
gx5ux2 + gyguyZ + g25u22 2 |

Length squared h?=(h°+ Uy — uxl)2 +(uyp — uyl)2 +(uyH — uzl)2 of the deformed
clement depends also on the nodal displaments in the y— and z-—directions.
Transformation into the components of the structural system follows the lines of the linear

theory.
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e Linear approximations to the displacement components give constant values to the
derivatives du/dx, dv/dx, and dw/dx and the Green-Lagrange strain component

E .. 1s simply the relative difference in the squares of lengths:

L2 =(h°? 1. h Sh h
By == =—[(—=)"~1 d SE,=——.
w S aeE 2 A OB

e As virtual work density of internal forces is constant and the approximation linear

Virtual works of internal and external forces become

h

e

T

g.0u,+g,0u,+g,0uy, 1

5Wext _ X7 7X Y=y z- 7z lpohvo{ } &«
gx5ux2 +gy5uy2 +g25u22 2 1

SWM = Wil he = —5h CAO%[(%)z—I], €
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e [t is noteworthy that PK2 does not represent the true stress in bar. The constitutive
equation for the (true) axial force in terms of Green-Lagrange strain follows from the
relationship between the Cauchy stress and PK2 stress. Here the relationship

J6 =F-S-F, simplifies to Jo = FSF in which J =V /V° =hA/h°4° and F =h/h°

giving
Szh Gh hA = L (cA)= h N = NziAoSziAOCE.
h h h°4° hA° hA° h° h°

e Using the axial force N and the variation 64 (at deformed geometry)

h

SW = _N&h = —5hECA°%[(%)2 —1] (the same as earlier).
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EXAMPLE 4.6. Write the virtual work expression of the structure shown in terms of the
nodal displacement u,, and u,3. Use non-linear bar elements and linear approximations.

Solve for the nodal displacement when the cross-sectional areas and material properties

are L=1m, 4°=1/100m>, C=100Nm ~ and F =1/20N.

Answer uy, =0.085m and uy; =0.061m
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e For bar 1, the nodal displacement components of material coordinate system are

U g=u,1=0, u., :_”23/\/5 , and u_q :”23/\/5- As approximations are linear,

x1 zl

derivatives are

du :(O+l/lz3 l/lz3 dV dW:(O_l/lz3 _Mﬁ

dx \/_)\/_L oL dx dv AN

_luZ3 (1+ 1”23) — 5Exx 15”23 L3 (14 uZ3)

E =
S 2 L 2 L L

When the approximations are substituted there, virtual work expression of internal

forces simplifies to (density 1s constant)

CA° u
swl =_su 1+’“‘Z3 Z3 (9 4
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For bar 2, the nodal displacement components are u,3 =—uy3 , u,, =-uy, and

u,1 =u,, =0. As approximations are linear, derivatives and the Green-Lagrange

strains take the forms

du _up Uy _Uzz—Uzy dv _ DY,

= . =

dx L L dx dx
g _Uz3—uz) (1+luz3—uzz) _ sg_ . 0OUz3—ouzy (14 4237Uz2
x’“ L 2 L > L L

When the approximations are substituted there, virtual work expression of internal

forces simplifies to

_ _ 1 _
Sw? = ~(Stiyy —Suuyy)(1+ Uz3 Luzz )CA° Uz3 Luzz (1 +5”23 Luzz ).
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e For bar 3, the nodal displacement components are u, 4 =14 =0, U, =—uy,/ J2,

and u,, =—uy,/ V2. As approximations are linear, derivatives and the Green-

Lagrange strain take the forms

du _(Mzay 1 Mzp v g W (CMzzy 1 Uz

dx  \2°\2L 2L dx dc  2°\2L 2L
1 u lu 1 du u

E, =—422(-1+——%2) = §E_ =——%2(-1+-%2).

w5, ) w=y L)

When the approximations are substituted there, virtual work expression of internal

forces simplifies to (density 1s constant)

CA° U U u
=— St (—1+2£2V222 (_p 122
4\/5 ZZ( ) I ( I )

SW3
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Virtual work expression 1s sum of the element contributions. By taking into account

also the point force contribution 6 wh=6 Uyr F

‘23 A" Uz3 (5, 123 U23) — (Bugy - buzy (1 + B2 )

42 L L

oW = —51423(1 +

CAOMZ3;u22 (1+ ;“23;“22) Sty (~ 1+uzz)fj_ uiz (—2+ u22)+5u22F

Principle of virtual work and the fundamental lemma of variation calculus give a non-
linear algebraic equation system for the non-zero displacement components u,, and
uy3. However, finding an analytical solution in terms of the parameters of the problem
is not possible. Mathematica code of the course gives a real valued solution with the

minimal norm for selections L=1m, A°=1/ lOOmz, E=C=100Nm 2 and
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F =1/20N (that is likely to be the physically meaningful solution when the initial

displacement is zero)

type properties geometry
1 BAR {E:}, {A, {0,1,0:};, {0, 0, 0 Line[{3, 1}
2 BAR {{E}, {A, {®,1,08:, (B, 08, 0 Line[{3, 2}
3 BAR I{E}, {A, {©0,1,0}:}, (B, 8,0 Line[ {4, 2}
4 FORCE 18,0, F: Point[{2}]
{:IJYJE ‘:UKJUYJUEF {:EEJE?JEEF
1 {8, 0,0 (8,0, 0; {@,0,0
2 L, &, @ 8,8, ul[2] 9, 0,08
3 L, 8, L 8,8, ul[3]} 9, 0,0
4 @, 8, L 8,08, 8 @6, 8,8
full2 - 9.8854882, ul[3] — B.0609567
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EXAMPLE 4.7. A bar truss is loaded by a point force having magnitude F' as shown in
the figure. Determine the equilibrium equations according to the large displacement
theory. At the initial (non-loaded) geometry, cross-sectional area of bar 1 1s 4° and that
for bar 2 4°/~/2. Find also the solution for L =1m, 4°=1/100m*, C =100Nm* and
F=1/20N.

Answer uy, =—0.085m and u,, =0.25m L
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For bar 1, the nodal displacement components of material coordinate system are

u. 4 =u, =0, un=uy,,and u,» =uy,. As the approximations are linear

and the virtual work expression (density is constant) of internal forces simplifies to

u u u u
W' = ~(Suyy + 1y =2+ 81z~ “22)Cqo[ X2 24— <X2 = (”) ].

For bar 2, the nodal displacement components of material coordinate system are

l/lx3 = l/lZ3 = O, l/lxz = (qu +M22)/\/§ and l/lzz = (—MXz +M22)/\/§ (notice the use Of

initial geometry). As the approximations are linear

du uy,+uyy, dw Uz, —uy,

dx L ©dx L
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and the virtual work expression (density is constant) of internal forces simplifies to

u +u u —U
SW? =—[Buys +8uzy +(Buyy +Suzy) X2L £2) +(Suzy —Suy, (=42 7 A2)]x

Caop(Hx2 +uzz)+%(“)(22”zz )2 +%(Uzz ;”)(2 21,

Virtual work expression of the point follows from definition of work
SW?3 = FSuy,.

Virtual work expression is sum of the element contributions. After a considerable
amount of manipulations, the standard form with notations a;=uy,,/L and

azzuzz/L
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Il
-

( 2 2
5W__E_A{5MX2}T —(1+a1)(10a1 +5a1 +232 +532)

T F (
8 85—[2a1(1+5a2)+a12(1+5a2)+a2(2+3a2 +Sa%)]

\ J

5%22

e Principle of virtual work and the fundamental lemma of variation calculus give a non-

linear algebraic equation system (a; =uy3/L and a, =uy, /L)

—(1+a,)(10a, +5a} +2a, +5a3)
- , 5 »=0. €
Sa—[231(1+532)+31(1+532)+32(2+332+532)]

\

e It is obvious that finding an analytical solution in terms of the parameters of the
problem becomes impossible even when the truss is very simple when the number of

non-zero displacement components exceeds one. Mathematica code of the course gives
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the real valued solution with the minimal norm (that is likely to be the physically

meaningful solution when the initial displacement is zero) (L =1m, A°=1/ 100m2,

E=C=100Nm~2 and F =1/20N.

type properties geometry

1 BAR {{E}, {A, {0,1,0:}, {0,0,08]; Line[{1, 2}

2 | BAR {2}, {2, ({0,1,0):,(0,0,0)} Line[(3, 2}

! L 2 5 J

3 FORCE i@, 8, F: Point[{2}]
‘..I*J\rr:z ‘:u.'?i:u'f:ul ‘..5.'?{:5'1"_151

1 ‘..BJ EIJ L ‘.IEIJ BJ EI ‘..BJ EIJ B

2 {L,ye,L {uxX[27, 0, ul[2]}] {6,0,0;

3 ‘..BJ EIJ @ ‘.IEIJ BJ EI ‘..BJ EIJ B

[uX[2] — -©.6848497, uZ[2] — ©.25}
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