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THIS IS THE n x 2 MATRIX OF MY INDEPENDENT VARIABLE AND THE CONSTANT

LET,

a
B =
B

THIS IS THE 2 x 1 COLUMN VECTOR OF MY LINEAR REGRESSION COEFFICIENTS.

FINALLY LET,

THIS IS THE COLUMN VECTOR OF THE ERROR TERMS IN OUR MODEL FOR MM.
NOW WE CAN WRITE (INCLUDE) ALL OF OUR OBSERVATIONS IN ONE EQUATION

USING MATRIX TERMS AS,
Y=X8+ ¢

WHICE REPRESENTS,

B
&N 1 xN £ 2
sl =1. + .
.mn 1 Nn mn
L L . -

OR AFTER MULTIPLICATION AND ADDITION OF MATRICES,

Y Q+mum~+mH

Y a+ mNN + mN

Yo [¢F Fa

uRr o
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n 2
(Y, -a-BX,]
{=1 i i

WHICH IS EXACTLY WBAT WE HAVE MINIMIZED FOR a & B PREVIOUSLY TO OBTAIN
a AND b. .

LET,
a

€

THIS IS OUR ESTIMATES OF a AND 8. BY MINIMIZING €'e WE CAN SHOW THAT,

b = Q_éLQ.d

WHERE ( v..H REPRESENTS THE INVERSE OF A MATRIX.

AFTER SOME MULTIPLICATION WE WOULD OBTAIN,

Y - bX

n _ .a
b=l & xR - | T [,]

i=1

n

T Q»nwcm

1=1

WHICH ARE EXACTLY THE LS ESTIMATES WE QBTAINED FOR a AND B PREVIOUSLY.

IN ADDITION, IT CAN BE SHOWN THAT,

SST = Y'Y - umn

SSK = b'X'Y - n¥?
SSE = Y'Y - b'X'Y
AND REMEMBER, (AS IS EASILY SEEN)

SST = SSR + SSE.
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NOTICE THAT THIS BREAKS DOWN OUR INITIAL TOTAL VARTATION INTO EXPLAIWET
(SSR) AND UNEXPLAINED (SSE) PORTIONS. WE CAN AND WILL CONSTRUCT A TABLY
USING THE ABOVE AS FOLLOWS,

%% (THIS IS CALLED AN ANALYSIS OF VARIANCE (ANQVA) TABLE.)

SOURCE OF SUM OF DEGREES OF MEAK
VARIATION SQUARES FREEDOM SQUARE
REGRESSION SSR 1 SSR/1
ERROR SSE n-2 SSE/n-2
TOTAL SST n-1
WHERE,
MSR = SSR/1 (MEAN SQUARE REGRESSION)
AND,
MSE = SSE/m-2) (MEAN SQUARE ERROR)
IF WE TEST,
mo" g =20
B,: B£0

THAT IS, IF WE TEST TO SEE IF THE REGRESSION LINE IS SIGNIFICANT (SHOULD

BE RETAINED FOR FORECASTING, ETC.), THEN WHEN H, IS TRUE, THZ RATIO OF,

0

MSR
MSE

IS AN F RANDOM VARIABLE WITH PARAMETERS (DEGREES OF FREEDOM FOR SSR,
DEGREES OF FREEDOM FOR SSE), SUCH THAT

. MSR -
& MSE ~ mH.nlN

R
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THEN
MSR
F=35E ~ F1,n2
N
||r|(|/ mo mmH
z
NW a=_05
o
Iy s F
m \
.05,1,5
M.ou.w.m = 6.61

DECISION RULE.

IF F < 6.61, REJECT H,

OTHERWISE ACCEPT mH.

MSR  124.25 -~
F=3sE = "15.95 - /73 .

DECISION,
ACCEPT mHANHH>Hz ESTIMATED REGRESSION LINE)

SINCE F > 6.61.

NOTE:

_ 2
mH.n Annv

L5

|
/ Give ﬂv\<nvrr%ww ;
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FOR THIS EXAMPLE WE HAVE p=3 INDEPENDENT VARIABLES AND OUR MODEL IS,

Yy mad BiX, + 6Ky * ByXy3 T gy

THESE CAN BE REPRESENTED IN MATRIX NOTATION AS

Y =XB8+¢
WHERE,
1 Xy X2 X3
1 Xy Xy X
X = .
1 X X X
nl n2 n3
- _
AND,
= T
o
I
8,

WHERE,

b = ﬁx.xvuwﬁx.wv.
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EXAMPLE,
THE ANOVA TABLE FOR OUR PROBLEM IS,
COMPUTE,
SST = Y'Y - nY
SSR = b'X'Y - n¥’

SSE = Y'Y - b'X'Y
AGAIN, USING A COMPUTER PACKAGE,

SST = 152,535.58

SSR = 152,386.00

SSE = 149.58
ANOVA
Source . 8§ DF . MS
R 152,386.00 3 50,795.33
E 149.58 16 9.349
T 152,535.58 19

Hy: B) =By =By =0
Hy: NOT ALL 8, = 0.

MSR
F =%t - 3,16

TEST WITH a = .0l.
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REMEMBER,
R - SR
OR,
L
FOR OUR EXAMPLE,
R? = 152386 2 5 9990

152,535

2. THE ADJUSTED wN

IT SO HAPPENS, THAT, AS WE INCREASE THE NUMBER OF INDEPENDENT VARIABLES

IN OUR REGRESSION MODEL wN ALSO INCREASES; EVEN THOUGH THE ADDED INDEPENDENT

VARIABLES OR VARIABLE ARE/IS NOT RELATED TO OUR DEPENDENT VARIABLE. TO

>nnoc2HmomeHmﬁmn>zcmmHEMbUhCmHMb wN zmHanm.

N mmm=u~
R, = 1-5st Hsnn_.

FOR OUR EXAMPLE,

p? - . 149.58

19. -
2 - 152,535.58 (17] = 0-9988

3. TEST FOR AN INDIVIDUAL COEFFICIENT mu

EVEN THOUGH THE SET OF INDEPENDENT VARIABLES IS CORRELATED WITH OUR

DEPENDENT VARIABLE, IT MAY BE TRUE THAT ONE OR MORE OF THE VARIABLES ARE

NOT.

FOR EXAMPLE CONSIDER THE MOFHOSHzn CORRELATION MATRIX (OBTAINED VIA

COMPUTER PACKAGE OUTPUT),
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mﬁvwv = .1984

FOR A LEVEL OF SIGNIFICANCE a = .10.

.05 s .05
% W\W\ yl
~t. 05,16 t.05,16
n.ou.um = 1.746

, DECISION RULE:

IF -1.746 < T < 1.746, REJECT H,

OTHERWISE ACCEPT m~ .

DECISION:

.072
.1984

T = = .365

THUS REJECT mm OR ACCEPT mu = 0.

THUS, WE CAN DROP Nm FROM OUR MODEL. ONCE WE DO THIS HOWEVER, WE MUST OBTAIN

THE ESTIMATES, FOR,

MH = a + mNNN.T mwNw+ mH

WHICH, FROM COMPUTER OUTPUT IS,

Y = 0.3085 + .uocNN + m.bHuNu.

COMPARE THIS TO OUR PREVIOUS MODEL WHICH WAS

m = lwrou~“¥_.0qwm + 376X, + B.429X, .

1 2 3
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.« REJECT mw AND CONCLUDE THAT mN = 0ty

HOW CAN THIS BE WHEN NN IS SO HIGHLY CORRELATED, AND THUS RELATED, TO ¥.

THE ANSWER LIES IN OUR CORRELATION MATRIX. NOTICE THAT X, AND X. ARk

2 3
CORRELATED AT .99. THUS, THE TOTAL VARIANCE EXPLAINED BY NN IS LARCEL;
EXPLAINED BY Nw. THUS INCLUSION OF NN DOES NOT EFFECTIVELY REDUCE THT

UNEXPLAINED PORTION OF THE TOTAL VARTANCE GIVEN Nu 1S IN THE MODEL.
FORMALLY,
LET,
ummaxwv = THE UNEXPLAINED PORTION OF THE VARIANCE WHEN Mw
IS IN TEE IOUMH. CALL THIS TEE REDUCED MODEL

(i.e., NN IS NOT INCLUDED).

mmmANw.%Nv = THE UNEXPLAINED WONHHOZ OF THE TOTAL VARIANCE
WHEN Nw AND NN ARE IN THE MODEL. CALL THIS

THE FULL MODEL.

THEN,
SSE(X3)-SSE(X3,X,) REPRESENTS THE REDUCTION IN THE UNEXPLAINED
PORTION OF THE VARIANCE WHEN X, IS INCLUDED.
THEN,
- S
A2/%5 3

REPRESENTS THE PROPORTION OF THE UNEXPLAINED VARIANCE WHEN Nu IS IN THE MODEL

HmmmANuvH EXPLAINED BY INTRODUCING X THIS 1S CALLED THE COEFFICIENT OF

M.

PARTIAL DETERMINATION,

i W
NOTE: «r ﬂH /X

3 2:7°3

= PARTTAL CORRELATION COEFFICIENT.
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FOR Nw IN THE MODEL,

(8.993-(0.0654) ¢t < mu < 8.993+(0.0694)¢

.05,18 — .05,18

OR,
(8.873 < B, < 9.11)
WHICH IS A MUCH TIGHTER 907 CONFIDENCE LIMIT (i.e., MORE PRECISE).

THE POINT HERE 1S, IF MULTICOLLINEARITY IS PRESENT, THEN THE B ESTIiMATES
ARE NOT VERY PRECISE AND ARE NOT GOOD INDICATIONS OF THE KELATIONSF1P

BETWEEN Y AND THE INDEPENDENT VARIABLE.

5. EXTRA SUM OF SQUARES

USING A CONCEPT SIMILAR TO THE PARTIAL COEFFICIENT OF DETERMINATION WE HAl
TEST WHETHER A GROUP OF VARIABLES MAY BE INCLUDED (RETAINED) IN A MODEL,
OR NOT.

FOR EXAMPLE, SUPPOSE WE WISH TO TEST SIMULTANEOUSLY, WHETHER TC INCLUDE
xw AND NN IN OUR MODEL.

FIRST, WE FIT A REDUCED MODEL WITH. JUST Nu IN IT AND OBTAIN mmmAxwv.

THEN WE FIT A FULL MODEL WITH X , X, AND Xy IN IT AND OBTAIN SSE(X,
X, xuv.
THEN,
mmmnxwv-mmeH .NN.N%
mmmﬁup.xw.xuv

REPRESENTS THE REDUCTION IN THE UNEXPLAINED PORTION OF THE VARIANCE

WHEN NH AND NN ARE INCLUDED.
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THE TEST WE WILL CONDUCT 1S,

mo" mm = mm = 0
mﬂn NOT ALL mu =0
LET o = .0S

THE RELEVANT STATISTIC IS,

Mmmmﬁxuvcmmmﬁx_.mN.MuVH\g

m;-
SSE(X,X,.X;) fp-p-1)

WHERE q = THE NUMBER OF VARIABLES BEING TESTED (q=2 HERE).
THUS,

Hmmmmxuv-mmmﬁxu.xN.xuv_\a

k= MSE

WHEN mo HOLDS,

E= mauulvlu = MN.Hm

.05,2,16

m.om.w.pm = 4.69.

N
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A. EXAMPLES

(1) SUPPOSE WE WISH TO REPRESENT SEX WITH A QUANTITATIVE VARTABLE.

THE QUANTITATIVE <>wHyuﬁm WE WILL USE IS A BINARY VARIABLE X, SUCH THAT -

NH = 1 IF MALE;

NH = 0 IF FEMALE.

NOTICE THAT ONE BINARY VARIABLE REPRESENTS BOTH CLASSES OF SEX.

(11) SUPPOSE WE WISH TO REPRESENT THE QUALITATIVE VARTABLE CF
DISABILITY STATUS WITH A QUANTITATIVE VARIABLE. TO DO THIS WE MUST USE

AND X_, SUCH THAT,

TWO BINARY VARIABLES Nw 2

NH = 1 IF NOT DISABLED;

NN = 1 IF PARTLY DISABLED. -

ALL OF THE DISABILITY CLASSES ARE THEN REPRESENTED BY THE FOLLOWING JOTNT

VALUES OF X, AND X_,

1 2
eS| X,
1 0 NOT DISABLED
0 1 PARTLY DISABLED
0 0 FULLY DISABLED

NOTE: 1IN GENERAL, IF THERE ARE C CLASSES FOR A QUALITATIVE VARJABLE,
THEN (C-1) BINARY OR DUMMY VARIABLES WILL BE REQUIRED TO

~ REPRESENT THE C CLASSES.

B. EXAMPLE

AN ECONOMIST WISHED TO RELATE THE SPEED WITH WHICH A PARTICULAR
INSURANCE INNOVATION IS ADOPTED (Y) TO THE SIZE OF THE FIRM Axuu AND

THE TYPE OF FIRM.
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SUPPOSE WE FIT THE FOLLOWING REGRESSION MODEL,
d « & o3 a i : ’ S

«» = q + mHN~H + mwxwu + mH

THEN THE RESPONSE FUNCTION OF OUR MODEL IS,

E(Y) = a + mHMH + mmxm WHY?

WHEN NN = 1 » STOCK COMPANY, THE MODEL 1S,

E(Y) = a + mMNH + mw

= (a + mmv + mpxw

zmmz.xu = 0's> MUTUAL COMPANY, THE MODEL IS,

EQY) =a + m.uxw

NOTICE THAT THE SLOPE (8,) IS THE SAME FOR BOTH COMPANIES. THE MODELS DIFFER
OKLY IN THE INTERCEPT POINT.
GRAPHICALLY (IF a > 0, B, < 0 AND wn > 0),

7S
Y

STOCK FIRM:
E(Y) = AQ+va + mHNH

MUTUAL FIRM:
E(Y) = a + mHNH
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THUS, WITH 95% CONFIDENCE, WE WOULD CONCLUDE THAT MUTUAL COMPANIES TENDED
TO ADOPT THE INNOVATION SOMEWHERE BETWEEN 5 AND 11 MONTHS EARLIER, ON THF
AVERAGE, THAN STOCK COMPANIES.

SUPPOSE WE TESTED,

WITH a = 0.05.

WHAT WOULD BE THE RESULT?

C. OTHER USES OF DUMMY VARIABLES

(1) SUPPOSE, IN OUR PREVIOUS EXAMPLE WE COULD NOT ASSUME THAT THL
TWO RESPONSE FUNCTIONS HAD THE SAME SLOPE mH.

WE COULD EXAMINE THE IMPACT OF AN INTERRACTION TERM AS FOLLOWS,

Ty =a+ BX, B X, +8X Ky t &y

WHERE,

NHHNNM AN INTERRACTION TERM,

WHEN X, # 1 = STOCK, THEN

E() = a + mpxa + mN + ,uuf

= (o+8,) + (B 485X, .

WHEN NN = 0 => MUTUAL, THEN

E(Y) = a + mHNw.
NOTICE THAT THE TWO RESPONSE FUNCTIONS DIFFER NOW BOTH WITH RESFECT TO

INTERCEPT AND SLOPE.



Ve E Nl

005 NVL THOR. 40 $3zis mwwwwmmm.wmmwmmmm_uuzowmmuwmwuuwwmm uzwa«mmmo

240§ 40 ISAVOIE STONVED 24071S IEL INIOA HOTRM IV 00§ 3ZIS 40 SIOT o1

40l NOISSTUOTY YVANIT NIVINID V SMOTI0O4 (X) ISOD NOIIONAO¥A LINA FHL
‘51009 40 SIZIS 10T SAOTAVA DNIDNGOMA SSIDONA NOLIONONA ¥ NI 2SOLANS d
STIRVXE

“FEIHMISTT

NOILVIZd ¥VANIT INIYIIIIA V SMOTIOL INE “X 30 IONVY THOS NI NOILVIFY

YVANIT ¥VINIILYVd V SMOTIOL X NO X 30 NOISSTYITY FHI SIWILIWOS

NOISSTIOTY YVANIT 3ISIMIDITIL NI SITEVINVA XWRNA OSNISN (FF)

iilI X4l
¢3d071S JAL Ol 1D034S3¥ HIIM @I¥3idIa

SNOTLONMS NOISSTYOTY OML IHL ION ¥O ¥IHIIAM 3IIS OL ISAL NOX A'INOM MOH

ﬁm _

T~

lg 4 0= (0T VI

'~

ﬁxﬁmu+ﬁmv + A~m+cv = (X)3 :=MO01S

(0 > mm 3S0ddNS) XTIVOIHAVYED

'mN’



- 30 -

GRAPHICALLY

—

500

THE MODEL FOR THIS PROBLEM CAN BE EXPRESSED AS,

Y, =o+ B Xy * mNAxHH-uoOVxMN + €
1 21
WHERE,
X,, = 1 IF X, > 500
= 0 IF X, < 500.
WHEN X, = 1= X, > 500, THEN

E(Y) =a + mwww + mNCﬂHumoov
= Apumoomnv + Am~+m~uxw.

zmMZNNIOIWN .A...moo..ﬁmmz

E(Y) = a + mme.

et te. et e el e o

NOTICE THAT THE TWO RESPONSE FUNCTIONS DIFFER BOTH W

INTERCEPT. AND SLOPE.:. =i #3101 *u.l¥ »Ow ST LS L R B

—

X = LOT SIZFr

'TH RESPECT TO
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THE MODEL WOULD BE,

Y |Q+mHNH

i i
WHERE,
NNH = 1 IF N“_.»
= 0 IF NwM
Hw» =1 1IF un:.
= 0 IF N:.

- 32 -

+ mmgzlbovxwu + muNu» + mu.
> 40

< 40

> 40

< 40

WHEN X, = 0 AND X |onVunH.M~.o..Hmmz

2 3

E(Y) =a + mwww.

WHEN X, = 1 AND X, = 1 = X, > .40, THEN
E(Y) = a + BX, + B,(X,-40) + B,
= ApLomn._‘_muv + Amw.._,mn.vxa.
GRAPHICALLY,
A
Y
) B.+8
- 17°2
-7 8
- 1) °3
,\\ |
|
|
|
TSmNiww '
81 |
"
1 !
/
| y
a - |, SR

\4
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