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- Drawing 4.1, for f(E) vs f(k), f(k) only valid for a single band

- For well-defined k (or v), small delta-k needed => large extent in real space
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- (df/dt)s temporal change in f due to scattering

- In classical version, particles are in (t,r,p) instead of (t,r,k)
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- Scattering to and from state k, can only take place when initial state is 

occupied and final state unoccupied
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- Perhaps the most important ”physical assumption”, as asked in the 

homework.

- Only depends on k (no integral over other k’), we can solve BTE for each k 

separately
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- Similar k-space-non-equilibrium distribution at all r.

- The solution still a bit difficult since f0(k) is a general function, either assume 

something about f(k) or ”linearize” the equation.
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- Linearized means that f(k) is approximated by f0(k) in the second term

- f(k) is then already solved.

- If f(k) is plugged back into non-linearized version, it yields slightly different

f(k), etc., but the change should be small (hopefully)

- Although we already knew that Fermi-surface is going to be displaced, now

we know how much.
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- f(k) is not exactly f0(k) displaced due to the different E(k) which means that

the Fermi-Dirac distribution changes differently, i.e., in free electron mode

the right side change becomes faster and left side change slower.

- The figure is a bit confusing: df/dk or df0/dk both give the two Gaussians, 

just displaced a bit in k.

- Both sides contribute to occupation asymmetry, electrons and missing

electrons
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- So we should be safe with our assumption of small Fermi-surface

displacement
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- dk/(8pi^3) counts for the density of allowed electron states. 1/(8pi^3) int_k

dk f(k) = number of electrons/unit cell

- This has 4pi^3 since it already accounts for the spin. Alternatively we could

have 2 electrons/state included in f(k)

16



- j is still a vector, jx not

- Error in the book: the last term has df0/dx
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- Still considering only x-component of current density j_x. 

- This could be done just as well, perhaps even in easier, without changing to 

energy variable: df0/dkx should become vx/v*delta(k-kF), where kF is Fermi 

wavevector…. I haven’t checked if this is true

- But let’s follow the book here.
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- Using dk/dE = hbar*v

- Calculating sigma_xx component of conductivity tensor (or independent of 

direction in isotropic materials)
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- If tau independent of k, it can be taken out of integral (and starts to look like

Drude formula, cf. exercises)
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- Same tau? How is it possible if different number of electrons contribute? 

v~kF/m, S~kF^2, n~kF^3
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- Small differences overall, within about one order of magnitude

- Fermi velocity evaluated using free electron model. Doesn’t explain

anything.

- Difference between noble metals, Ca and maybe Na can be explained with

Fermi-surface area. Na has half the volume of BZ, Ca roughly similar but

holey, noble metals close to BZ edges.

- Rest of the differences come from scattering (i.e., tau)… or from real

velocities
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- Roughly factor of 2 variations

- (au) = (2.187*10^6 m/s)
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- Related to homework: v_F = hbar*k_F/m, estimate k_F quickly form pi/a, or 

better from (3*pi*n)^(1/3), where n is valence electron density
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- Rates add up, and thus 1/tau add up. Resistivities add up if tau can be 

taken out of integral.

- Debye T of Na about 150 K
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- In very pure materials
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- Scattering cross section of defects does not depend on temperature.

- Off-topic: Scattering from magnetic impurities at low temperatures (the 

Kondo phenomenon), leading to increased resistance at T->0
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- Crossection is *area*, so it should depend on displacement *squared*

- For more on the displacement <u^2>, see Elliot section 4.2.6.
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- Normal processes (G=0)

- Relaxation time in BTE is not the same as scattering time
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- Length of q at kT: omega = v*q, hbar*omega = k*T = hbar*v*q => q = 

k*T/(hbar*v), sound velocity of e.g. Na is 3200 m/s => at 10K q= 4e8 1/m, 

while pi/a = 8e9 1/m (if a=4 Å)
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- The energy in inelastic collsions transferred to lattice.

- Most of collisions likely lead to creation of phonons, which in turn increase

scattering
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- Science 351, 1055 (2016)
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- F just some generic force affecting k, here F=0

- Finally, in the form suitable for extracting thermal conductivity…

- Drawing 4.2, electron and heat fluxes between two areas with different

Fermi-Dirac distribution
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- Integral over 1st Brillouin zone

- f0 = f0(k)

- Change from dk to D(E)dE works only if symmetric distribution f(k)

- For discussion of electronic heat capacity of free electron gas, see Elliott

section 5.1.3.1
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- Energy of electrons in Cv, describes how the energy of electrons changes

as a function of T.

- Why not T^-5? Here, to restore f0, scattering needs to change energy, but

not k. In electrical conductivity, to restore f0, the electrons needed to be

taken to other side of the Fermi-surface (opposite k).

- Remember that both the extra energy in electrons and energy of phonons is 

~kT

- Relaxation should still be different from scattering time. E.g., defect-

scattering is elastic and thus it can’t lose energy.

- Somewhat surprisingly, it doesn’t seem to affect the T-dependence…
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- Section 4.6.2.2 in Elliott

- Distribution to consider is the number of phonons n(k,p)
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- Section 4.6.2.2 in Elliott

- With dn/dT we can’t do similar tricks around Fermi-level as with df/dT
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- Non-metallic crystal, electronic contribution can be ignored

- At high T, tau similar to phonon number ~ 1/T and C_V = constant

- C_v at low T (T^3 dependence) can be obtained even with Debye model.

- Additional processes, umklapp and boundary scattering (due to very long 

mean free path)
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- Calculated comparison, experimental in parentheses, from Jain&McGaughey, 

Phys. Rev. B 93, 081206(R) (2016)
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- At low T, there was the extra T^-2 factor in T-dependence of electrical

conductivity due to the small angle (small k) scattering is ineffective at 

restoring equilibrium.

- And obviously valid only in cases where heat conductivity dominated by

electronic contribution
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- Electrochemical potential: chemical potential mu: the energy up to which the

states are filled, electrostatic potential phi: includes effects from electronic

charge imbalance and external potential (electric field).

- Thermopower also known as Seebeck coefficient

- Nabla T can affect electrochem.pot if different T correspond to different mu 

(due to asymmetric DOS around Fermi-energy, i.e., if velocity above and 

below EF is different).

- Similarly for Peltier

- Revisit Drawing 4.2 highlighting the fluxes.

46



- I think it is better to consider that voltage difference is measured at point 2, 

electrically not connected but at same temperature.

- j=0, open circuit, builds up potential difference

- Sign error in Elliott.
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- Take Seebeck ”device” and add load

- Figure of merit ZT, efficiently produce thermoelectric power. Best materials

have ZT around 2, which is enough for some niche applications, but not

commercially viable for large-scale energy generation.

- Still an active research area, even here in Aalto

- We want only electrons to respond to temperature difference

- Need to have material where Wiedemann-Franz law does not apply, rules

out most. Semiconductors are better.
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- Peltier coefficient: heat carried per unit charge

- 1. System at fixed temperature, 2. Add current, 3. The heat flux through A 

and B are different => imbalance, T decrease/increase at point (1)/(2), 4. 

Remove the heat from (2), or Seebeck effect starts to counteract
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