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Time Series Analysis

Yule Walker Equatlons

Tomi Seppdla
Department of Information and Service Economy



Yule-Walker Equations can be used to calculate auto-covariance and
auto-correlation function (theoretically) if processes are stationary

Example: AR(2) process
Y= p+0.Y 1 +0:Y; 2 +u
Yi =Cov(Y, Y ) =Cov(u+ @Y1+ DY, 2 +u,Yiy)
= Cov(D1Y;—1,Yi—i) + Cov(DY, 5, Y, i) + Cov(u, Y, )
= 01Cov(Y_1,Yi_g) + D2C0v(Y;_2,Y,_y) + Cov(uy, Yi_y)

_Jo%ifk=0
V-1 V-2 0k>1

Yi = 01Vk-1 + O2¥Vk—2 + Cov(uy,Y,_)
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k=0: Coviu,Y;_y) = Cov(us, u+ 01Y;_1 + 0,Y;_ > +u;)
= Cov(uy, ®1Y;_1) + Cov(u, 0,Y;_, ) + Cov(u,, u,)

=0 =0 Var_u, = o*
Note: Yy_x = V&
k=0:yy=01y1+ B2y, + 0* (0)
k=1:y1=01Y0+ 02V1 (1)
k=2:y;=0171+ D270 (2)
k=3:yir=01Vk-1+ D2Vk—2 (3)

Solving equations (0), (1) and (2), we can find y¢, yiand y,. Y1, k = 3
can be then obtained from equation (3)
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Autocorrelations:
Yk
Yo
To — 1
Divide (0), (1), (2), (3) by ¥o
2
o
k=0:tg=1=0171 + 075 + —
Yo
k=1t =01+ 0,14
k = 2:1'2 - @11’1 + @2
k > 3: Tk = ®1Tk_1 + @sz—z

Solve T and T5: T1 — @271 = 01> (1 = B,)T{ = B4 > T1 = 01

1-0-
b ‘o PI—-(1—02)0, 0Ff—0;+ 05
1-0¢, 27 1-0, T 1-0,

T3 = 01Ty + 0274

Ty =
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Yule-Walker Equations

Yule-Walker matrix form equations:

Tq 1 Ty Tz . Tp_q]|[P1]
2| _ | 74 1 11 .. Tp2|]|92
T3 Tp-1 Tp-2 ... .. 1 1105
T R @
Autocorrelation matrix
T =R0Q®
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Yule-Walker Equations
How to calculate partial correlation

1. AlwayS T11 = T1

T1 =01 = T11

For AR(p) model

2. Yt - ﬂ + Q)].Yt—l + + prt_p + ut

Top = Dp

3. Tkk=0f0rk Zp AR(p)

4.TkkWhen2Sk<p
Txx IS calculated using YULE-WALKER EQUATIONS assuming we know
T1,T, ..., T
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rkkwhen23k<p
Ty IS calculated using YULE-WALKER EQUATIONS assuming we know

T1, T2, ..., T o
T1 1 Ty Ty .. Tr_1][TK
21 _ | 74 1 Ty .. Tyo||Tk2
_Tk_ tk—l Tk—z - . 1 I_tkkJ :ro];‘slelcsj
Example:
AR@): Y, = u+01Y 1+ 0¥, 2+ 03Y, 3+,
T11 = T4
T33 = 03
f=]a Sk
T2l 7 |ty 1 [Tl This is

solved
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