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Time Series Analysis
Yule Walker Equations



Yule-Walker Equations

Yule-Walker Equations can be used to calculate auto-covariance and 
auto-correlation function (theoretically) if processes are stationary 

Example: AR(2) process
𝒀𝒀𝒕𝒕 = 𝝁𝝁 + ∅𝟏𝟏𝒀𝒀𝒕𝒕−𝟏𝟏 + ∅𝟐𝟐𝒀𝒀𝒕𝒕−𝟐𝟐 + 𝒖𝒖𝒕𝒕

𝜸𝜸𝒌𝒌 = 𝑪𝑪𝑪𝑪𝑪𝑪 𝒀𝒀𝒕𝒕,𝒀𝒀𝒕𝒕−𝒌𝒌 = 𝑪𝑪𝑪𝑪𝑪𝑪 𝝁𝝁 + ∅𝟏𝟏𝒀𝒀𝒕𝒕−𝟏𝟏 + ∅𝟐𝟐𝒀𝒀𝒕𝒕−𝟐𝟐 + 𝒖𝒖𝒕𝒕,𝒀𝒀𝒕𝒕−𝒌𝒌
= 𝑪𝑪𝑪𝑪𝑪𝑪 ∅𝟏𝟏𝒀𝒀𝒕𝒕−𝟏𝟏,𝒀𝒀𝒕𝒕−𝒌𝒌 + 𝑪𝑪𝑪𝑪𝑪𝑪 ∅𝟐𝟐𝒀𝒀𝒕𝒕−𝟐𝟐,𝒀𝒀𝒕𝒕−𝒌𝒌 + 𝑪𝑪𝑪𝑪𝑪𝑪 𝒖𝒖𝒕𝒕,𝒀𝒀𝒕𝒕−𝒌𝒌
= ∅𝟏𝟏𝑪𝑪𝑪𝑪𝑪𝑪 𝒀𝒀𝒕𝒕−𝟏𝟏,𝒀𝒀𝒕𝒕−𝒌𝒌 + ∅𝟐𝟐𝑪𝑪𝑪𝑪𝑪𝑪 𝒀𝒀𝒕𝒕−𝟐𝟐,𝒀𝒀𝒕𝒕−𝒌𝒌 + 𝑪𝑪𝑪𝑪𝑪𝑪(𝒖𝒖𝒕𝒕,𝒀𝒀𝒕𝒕−𝒌𝒌)
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𝜸𝜸𝒌𝒌−𝟏𝟏 𝜸𝜸𝒌𝒌−𝟐𝟐 = �𝝈𝝈
𝟐𝟐 𝒊𝒊𝒊𝒊 𝒌𝒌 = 𝟎𝟎
𝟎𝟎,𝒌𝒌 ≥ 𝟏𝟏

𝜸𝜸𝒌𝒌 = ∅𝟏𝟏𝜸𝜸𝒌𝒌−𝟏𝟏 + ∅𝟐𝟐𝜸𝜸𝒌𝒌−𝟐𝟐 + 𝑪𝑪𝑪𝑪𝑪𝑪(𝒖𝒖𝒕𝒕,𝒀𝒀𝒕𝒕−𝒌𝒌)



Yule-Walker Equations

𝒌𝒌 = 𝟎𝟎: 𝑪𝑪𝑪𝑪𝑪𝑪 𝒖𝒖𝒕𝒕,𝒀𝒀𝒕𝒕−𝒌𝒌 = 𝑪𝑪𝑪𝑪𝑪𝑪 𝒖𝒖𝒕𝒕,𝝁𝝁 + ∅𝟏𝟏𝒀𝒀𝒕𝒕−𝟏𝟏 + ∅𝟐𝟐𝒀𝒀𝒕𝒕−𝟐𝟐 + 𝒖𝒖𝒕𝒕
= 𝑪𝑪𝑪𝑪𝑪𝑪 𝒖𝒖𝒕𝒕,∅𝟏𝟏𝒀𝒀𝒕𝒕−𝟏𝟏 + 𝑪𝑪𝑪𝑪𝑪𝑪 𝒖𝒖𝒕𝒕,∅𝟐𝟐𝒀𝒀𝒕𝒕−𝟐𝟐 + 𝑪𝑪𝑪𝑪𝑪𝑪 𝒖𝒖𝒕𝒕,𝒖𝒖𝒕𝒕,

Note: 𝜸𝜸−𝒌𝒌 = 𝜸𝜸𝒌𝒌
𝒌𝒌 = 𝟎𝟎: 𝜸𝜸𝟎𝟎 = ∅𝟏𝟏𝜸𝜸𝟏𝟏 + ∅𝟐𝟐𝜸𝜸𝟐𝟐 + 𝝈𝝈𝟐𝟐 (0)
𝒌𝒌 = 𝟏𝟏: 𝜸𝜸𝟏𝟏 = ∅𝟏𝟏𝜸𝜸𝟎𝟎 + ∅𝟐𝟐𝜸𝜸𝟏𝟏 (1)
𝒌𝒌 = 𝟐𝟐: 𝜸𝜸𝟐𝟐 = ∅𝟏𝟏𝜸𝜸𝟏𝟏 + ∅𝟐𝟐𝜸𝜸𝟎𝟎 (2)
𝒌𝒌 ≥ 𝟑𝟑: 𝜸𝜸𝒌𝒌 = ∅𝟏𝟏𝜸𝜸𝒌𝒌−𝟏𝟏 + ∅𝟐𝟐𝜸𝜸𝒌𝒌−𝟐𝟐 (3)

Solving equations (0), (1) and (2), we can find 𝜸𝜸𝟎𝟎, 𝜸𝜸𝟏𝟏and 𝜸𝜸𝟐𝟐. 𝜸𝜸𝒌𝒌,𝒌𝒌 ≥ 𝟑𝟑
can be then obtained from equation (3)
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= 𝟎𝟎 = 𝟎𝟎 𝑽𝑽𝑽𝑽𝑽𝑽_𝒖𝒖𝒕𝒕 = 𝝈𝝈𝟐𝟐



Yule-Walker Equations
Autocorrelations: 

𝝉𝝉𝒌𝒌 =
𝜸𝜸𝒌𝒌
𝜸𝜸𝟎𝟎

𝝉𝝉𝟎𝟎 = 𝟏𝟏
Divide (0), (1), (2), (3) by 𝜸𝜸𝟎𝟎

𝒌𝒌 = 𝟎𝟎: 𝝉𝝉𝟎𝟎 = 𝟏𝟏 = ∅𝟏𝟏𝝉𝝉𝟏𝟏 + ∅𝟐𝟐𝝉𝝉𝟐𝟐 +
𝝈𝝈𝟐𝟐

𝜸𝜸𝟎𝟎
𝒌𝒌 = 𝟏𝟏: 𝝉𝝉𝟏𝟏 = ∅𝟏𝟏 + ∅𝟐𝟐𝝉𝝉𝟏𝟏
𝒌𝒌 = 𝟐𝟐: 𝝉𝝉𝟐𝟐 = ∅𝟏𝟏𝝉𝝉𝟏𝟏 + ∅𝟐𝟐

𝒌𝒌 ≥ 𝟑𝟑: 𝝉𝝉𝒌𝒌 = ∅𝟏𝟏𝝉𝝉𝒌𝒌−𝟏𝟏 + ∅𝟐𝟐𝝉𝝉𝒌𝒌−𝟐𝟐

Solve 𝝉𝝉𝟏𝟏 and 𝝉𝝉𝟐𝟐: 𝝉𝝉𝟏𝟏 − ∅𝟐𝟐𝝉𝝉𝟏𝟏 = ∅𝟏𝟏 (1 − ∅𝟐𝟐)𝝉𝝉𝟏𝟏 = ∅𝟏𝟏  𝝉𝝉𝟏𝟏 = ∅𝟏𝟏
𝟏𝟏−∅𝟐𝟐

𝝉𝝉𝟐𝟐 =
∅𝟏𝟏𝟐𝟐

𝟏𝟏 − ∅𝟐𝟐
+ ∅𝟐𝟐 =

∅𝟏𝟏𝟐𝟐 − (𝟏𝟏 − ∅𝟐𝟐)∅𝟐𝟐
𝟏𝟏 − ∅𝟐𝟐

=
∅𝟏𝟏𝟐𝟐 − ∅𝟐𝟐 + ∅𝟐𝟐𝟐𝟐

𝟏𝟏 − ∅𝟐𝟐
𝝉𝝉𝟑𝟑 = ∅𝟏𝟏𝝉𝝉𝟐𝟐 + ∅𝟐𝟐𝝉𝝉𝟏𝟏
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Yule-Walker Equations

Yule-Walker matrix form equations:
𝝉𝝉𝟏𝟏
𝝉𝝉𝟐𝟐
. .
𝝉𝝉𝟑𝟑

=

1 𝝉𝝉𝟏𝟏 𝝉𝝉𝟐𝟐 … 𝝉𝝉𝒑𝒑−𝟏𝟏
𝝉𝝉𝟏𝟏 𝟏𝟏 𝝉𝝉𝟏𝟏 … 𝝉𝝉𝒑𝒑−𝟐𝟐…
𝝉𝝉𝒑𝒑−𝟏𝟏

…
𝝉𝝉𝒑𝒑−𝟐𝟐

…
…

…
…

…
1

∅𝟏𝟏
∅𝟐𝟐
. .
∅𝟑𝟑
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𝑹𝑹
Autocorrelation matrix

𝝉𝝉 ∅

𝝉𝝉 = 𝑹𝑹∅



Yule-Walker Equations
How to calculate partial correlation
1. Always 𝝉𝝉𝟏𝟏𝟏𝟏 = 𝝉𝝉𝟏𝟏
E.g. AR(1) 𝒀𝒀𝒕𝒕 = 𝝁𝝁 + ∅𝟏𝟏𝒀𝒀𝒕𝒕−𝟏𝟏
𝝉𝝉𝟏𝟏 = ∅𝟏𝟏 = 𝝉𝝉𝟏𝟏𝟏𝟏
For AR(p) model
2. 𝒀𝒀𝒕𝒕 = 𝝁𝝁 + ∅𝟏𝟏𝒀𝒀𝒕𝒕−𝟏𝟏 + ⋯+ ∅𝒑𝒑𝒀𝒀𝒕𝒕−𝒑𝒑 + 𝑢𝑢𝒕𝒕
𝝉𝝉𝒑𝒑𝒑𝒑 = ∅𝒑𝒑
3. 𝝉𝝉𝒌𝒌𝒌𝒌 = 𝟎𝟎 for 𝒌𝒌 ≥ 𝒑𝒑 AR (p)
4. 𝝉𝝉𝒌𝒌𝒌𝒌 when 2 ≤ 𝒌𝒌 < 𝒑𝒑
𝝉𝝉𝒌𝒌𝒌𝒌 is calculated using YULE-WALKER EQUATIONS assuming we know 
𝝉𝝉𝟏𝟏, 𝝉𝝉𝟐𝟐, … , 𝝉𝝉𝒌𝒌
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Yule-Walker Equations

4. 𝝉𝝉𝒌𝒌𝒌𝒌 when 2 ≤ 𝒌𝒌 < 𝒑𝒑
𝝉𝝉𝒌𝒌𝒌𝒌 is calculated using YULE-WALKER EQUATIONS assuming we know 
𝝉𝝉𝟏𝟏, 𝝉𝝉𝟐𝟐, … , 𝝉𝝉𝒌𝒌

𝝉𝝉𝟏𝟏
𝝉𝝉𝟐𝟐
. .
𝝉𝝉𝒌𝒌

=
1 𝝉𝝉𝟏𝟏 𝝉𝝉𝟐𝟐 … 𝝉𝝉𝒌𝒌−𝟏𝟏
𝝉𝝉𝟏𝟏 1 𝝉𝝉𝟏𝟏 … 𝝉𝝉𝒌𝒌−𝟐𝟐…
𝝉𝝉𝒌𝒌−𝟏𝟏

…
𝝉𝝉𝒌𝒌−𝟐𝟐

…
…

…
…

…
1

𝝉𝝉𝒌𝒌𝟏𝟏
𝝉𝝉𝒌𝒌𝟐𝟐
. .
𝝉𝝉𝒌𝒌𝒌𝒌

Example:
AR(3): 𝒀𝒀𝒕𝒕 = 𝝁𝝁 + ∅𝟏𝟏𝒀𝒀𝒕𝒕−𝟏𝟏 + ∅𝟐𝟐𝒀𝒀𝒕𝒕−𝟐𝟐 + ∅𝟑𝟑𝒀𝒀𝒕𝒕−𝟑𝟑 + 𝒖𝒖𝒕𝒕

𝝉𝝉𝟏𝟏𝟏𝟏 = 𝝉𝝉𝟏𝟏
𝝉𝝉𝟑𝟑𝟑𝟑 = ∅𝟑𝟑

𝝉𝝉𝟏𝟏
𝝉𝝉𝟐𝟐 = 1 𝝉𝝉𝟏𝟏

𝝉𝝉𝟏𝟏 1
𝝉𝝉𝟐𝟐𝟏𝟏
𝝉𝝉𝟐𝟐𝟐𝟐
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This is 
solved

This is 
solved
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