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TODAY

Magnetic properties
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• Response of materials to an external magnetic field
– Magnetic quantities, magnetism is quantum mechanics (home work)
– Quantum mechanical description
– Atomic diamagnetism, paramagnetism (lecture work)
– Response of free electron gas

• Spontaneous magnetism Ferromagnetism and antiferromagnetism
– Exchange interaction, H2 molecule, Heisenberg spin Hamiltonian
– Mean-field approximation for ferromagnetism of magnetic moments
– Spin waves (low-energy excitations)
– Free electron gas
– Stoner model for ferromagnetism of itinerant electrons
– Antiferromagnetism
– Domain structure



3

00 →B 0≠M iμ jμ

Ferromagnetism, T < θCW Ordering

eV 1  ...  1.0~)(.
−− ↔ eeUCoul

Coulomb interaction

Pauli exclusion principle

Total-spin dependent Ucoul
= Exchange interaction Ordering

Spontaneous Magnetization, Starting Point

Example, H2 molecule

Independent
electron model

The lowest-energy molecular orbital is occupied by two electrons
of opposite spins (singlet state). Two electrons of paralled spins
(triplet state) occupy both the bonding and antibonding orbitals.

Heitler-London approximation based on atomic orbitals. 
Two-electron orbital wave functions for singlet and triplet states

Many-body
wave function
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ES-ET < 0   Exchange interaction



Heisenberg Spin Hamiltonian
 Generalization to solids
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Proof

Exercise

[E(7.217)]

Parametric form
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Exchange Interactions, different ranges

Direct Exchange
Direct interaction between
two magnetic ions

Short-range

Super exchange:

Interaction mediated via
a  non-magnetic ion

Example: CaMnO3
Antiferromagnetic coupling
between two Mn ions via an O ion

Indirect exchange:

Interaction mediated via
conducting electrons

RKKY (Ruderman-Kittel-Kasuya-Yosida) distance-dependent interaction
Magnetic ion polarizes the electron gas and polarization oscillates with wave length λ
 Ferromagnetic or antiferromagnetic coupling
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Ferromagnetism due to localized moments (Elliott 7.2.5.2)
(e.g. 4f  ions)

tentlyselfconsis solved be should

   and  unknowns  twoThe effBM

0BMB
M

S +=⇒=
BJBJ

eff
BJ gN

VJ
gg

N
V

µν
µµ
1

At every ion i                                       [~E(7.225)]
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Mean-field approximation

Expectation value S

Coordination number Effective magnetic field, 
includes exchhange
interaction

Magnetic moment

),(0 TeffBMM =

Non-interacting gas of 
paramagnetic ions in field Beff

)/tanh(),(

 :2  1/2,  , e.g.

0 TkB
V
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µµ=

==
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ˆ

Heis i i i J B i
i i

H J gδ δ
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[~E(7.218)]

Heisenberg model

Exchange integral
> 0  Ferromagnetism

External field

Total angular
momentum operators

Nonlinear in Si



Mean-Field Theory of Ferromagnetism 
of Localized Moments

(Elliott 7.2.5.2)

       :   When 0  and  T  finite,  is there
a nontrivial (ferromagnetic) solution for  and  ?eff

=01 B
B M7
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Mion magnetizatwith 
 ions icparamagnet
 of system Ordered

M
?

0B

),(0 TeffBMM =

0BMB +=
BJBJ

eff gN
VJ

g µν
µ
1

effB

Caused by exchange interaction
between magnetic moments

Self-consistent
solution

[~E(7.222)]

[~E(7.225)]
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T)/kB(μM BeffBtanh              max= maxMnμμ
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Ferromagnetism due to localized moments
 1. Do we have spontaneous at              for temperature T ?0       0 =≠ 0BM
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Non-interacting paramagnetic ions
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Ferromagnetism due to localized moments
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Critical temperatue
Curie-Weiss temperature

Coordination number Strength of exchange
interactionGeneralization to S >1/2

1>
T
CWθ

31tanh
3

          for small 

x x x
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 1. Do we have spontaneous at              for temperature T ?0       0 =≠ 0BM



Experimental
data for Ni

Mean-Field Theory M(T),  Different Temperature Regions
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( )TM/M CW /2-2exp-1max θ≈

Fast exponential saturation

Fast saturation

2/3
max 1/M -ATM ≈

Experiment

 Spin waves
Slow power-law saturation

Slow
saturation



Experimental
data for Ni

Mean-Field Theory M(T),  Different Temperature Regions
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Critical exponent
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Mean-Field Theory M(T),  Different Temperature Regions
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:   CWT θ>2 No spontaneous
magnetization
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Curie-Weiss law
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Critical exponent ( spatial fluctuations?)
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Spin Waves (Elliott 7.2.5.4)
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2/31~
   Experiment

-AT

Excitations over Stoner gap

Spin waves as
low-energy excitations



Spin Waves (Elliott 7.2.5.4)
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(Ascroft-Mermin pp. 701-703, 705)Starting point, QM approach
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Ladder operators1D Heisenberg model

[~AM(33.5)]T = 0  Ground state
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Spin Waves
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Lüth)-Ibach Mermin,-(Ashcroftsolution - QM
Kittel)  (Elliott, model 1D a ofsolution  Classical

j
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k k S k

k

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Delocalized spin flip

0)(
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1||
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Spin Waves, Classical mechanics for a 1-dimensional model
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Dispersion relation E = E(k)
DOS(E)   M(T), (cv…) 

Classical vectors

Total energy

1+∑ •−= p

N

p
pJE SS

[E(7.251,252)]

pth spin contribution
( ) pppppJ BmSSS •−=+•− +− 11

pBJp g Sm µ=

( )11 +− += pp
BJ

p g
J SSB
µ

( )11

)(
+− +×=×== pppppp

p J
dt

d
SSSBmτ

S

[~E(7.255)]

Time derivative of angular moment = torque
Equation of motion for interacting spins, 
nearest neighbor interactions only

( )[ ] ( )[ ] constant     , exp     , exp =−=−= z
p

y
p

x
p StkpaivStkpaiuS ωω

[~E(7.259)]

Trial solution: propagating wave (cf. Classical lattice vibrations)

[E(7.260)]
))cos(1(2 kaJS −=ω

Dispersion relation

Also in QM, see AM
[E(7.261)]

No energy gap

Quadratic when k 0
22kJSa≈ω

••• •••
k λ

a



Spin Waves, dispersion relation
(Elliott 7.2.5.4)
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[E(7.260)]
))cos(1(2 kaJS −=ω

Dispersion relation

Also in QM, see AM
[E(7.261)]

No energy gap

Quadratic when k 0
22kJSa≈ω

Stoner excitations

Finite spin-wave
lifetimes

Experimental data for Ni

2k∝ω



Magnons, quantized spin waves
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cf. phonons

Bose-Einstein distribution

( ) 1/exp
1

−
=

Tk
n

Bkω
Chemical potential = 0
 No limit for Σ n

 )2/1( kk ω+= nE

Total energy of magnons
with wave vector k

Number of excited magnons

From dispersion 
relation

[E(7.262)]

 )2/1(∑ +=
k

kωnEtot

Total energy of all magnons

Does the total energy depend on the size of the
sample. If yes, how the dependence is obtained?
N allowed k points in the 1st Brillouin zone.
N = number of unit cells in normalization volume V.

Periodic boundary
conditions



Magnons, temperature-dependent magnetization

Magnons contribute also
to specific heat (Exercise)

19

 NSS z
tot =

Magnetization, T = 0

  )0( Sg
V
NM BJ µ=

[~E(7.263)]







−=








−= ∑∑

kk
kk ),(11)0(),( Tn

NS
MTnNS

V
gM(T) BJ µ

T > 0
Corresponding to each magnon

1−→ z
tot

z
tot SS

( )2/3 constant 1)0( TMM(T) ×−=

law-Bloch    2/3T

[~E(7.266)]( ) ( )
2/3

3     
1/exp

)(
1/exp

1
)2(

),( T
Tk

gd
Tk

dVTn
BB

∝
−

→
−

→ ∫∫∑ ω
ωω

ωπ  kk
kk

1/2DOS ω∝ cf. 3D free electrons

x→



Lecture Assignment
Gd2Fe3Si5

"A linear term in the heat capacity could be 
expected from two-dimensional ferromagnetic
spin waves (with magnon dispersion relation 
proportional to q²) or from one-dimensional
antiferromagnetic spin waves (with the 
magnetic dispersion relation proportional to q)."

Can we understand this statement?

Vining and Shelton, Phys. Rev. B 28, 2732 (1983)
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Density of states g(E)  Dimension d, dispersion relation E=E(k): 

[ ]

( ) || ||

Periodic boundary conditions of a "cube" 
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g( ) values within ... / ( )

Isotropic  dispersion,  ( ) ( ):
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k k

k k k

k

k k k kx

ky

2π/L

2π/L

E
E+dE

dk|| )(  dkd ⊥k

)(  k⊥k

Lecture AssignmentBosonic systems
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Density of states g(E)  Dimension d, dispersion relation E=E(k), Big picture
Lecture Assignment

)(kEE = 2kE ∝ kE ∝

dEdk /

∫ ||kd nEEg ∝)( nEEg ∝)(
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free electrons Debye model
magnons acoustic phonos

d

3                                                    

2                                                                                 
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Lecture Assignment

Temperature dependencies:
-3D acoustic phonon specific heat at low temperatures ~T3

-3D magnon specific heat at low temperatures ~T3/2

-2D ferromagnetic magnon specific heat at low temperatures ~T
-1D antiferromagnetic magnon specific heat at low temperatures ~T

-Magnon influence on magnetization at low temperatures ~(1 - constant T3/2)

-Thermal conductivity κ = lmfpvcv/3

23

1             )( +∝⇒∝ n
v

n TCEEg

-3D electron (Fermions!) specific heat at low temperatures ~T

Bosonic systems



Ferromagnetism of Localized Moments, Summary

( )   /2-2exp-1/   : max TMMT CWCW θθ ≈<<

law  Weiss-Curie          :   
CW

CW T
CT
θ

χθ
−

=>

( ) 2/1
max /13/   : CWCW TMMT θθ −≈≈<

M in different temperature regions:
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Mean-Field Theory
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solution

External field

Mion magnetizatwith 
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 of system Ordered
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Ferromagnetism of Localized Moments, Summary

( )   /2-2exp-1/
gapStoner  over the sExcitation

: theoryfieldMean 

max TMM CWθ≈⇒
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Beyond the Mean-Field Theory, magnons

gap! no  ,       0
Spin waves

2kk ∝⇒→ ω

( )
law-Bloch        

 constant 1)0( 
statisticsEinstein  -Bose  QM,

2/3

2/3

T
TMM(T) ×−=



The last lecture

• Response of materials to an external magnetic field
– Magnetic quantities, magnetism is quantum mechanics (home work)
– Quantum mechanical description
– Atomic diamagnetism, paramagnetism (lecture work)
– Response of free electron gas

• Spontaneous magnetism (Ferromagnetism and antiferromagnetism)
– Exchange interaction, H2 molecule, free electron gas
– Mean-field approximation for ferromagnetism of magnetic moments
– Spin waves (low-energy excitations) 
– Stoner model for ferromagnetism of itinerant electrons
– Antiferromagnetism
– Domain structure

Magnetic properties
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Density of states g(E)  Dimension d, dispersion relation E=E(k), Big picture
Lecture Assignment

)(kEE = 2kE ∝ kE ∝

dEdk / k/1∝ Constant

∫ ||kd

2         
surface spherical

k∝ E

k

∝

∝
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E
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ncecircumfere circle

magnons? ferr. 2D
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Constant     

 graphenein  Fermions Dirac
                 
                 

E
k

∝
∝
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E

k

∝

∝
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Constant         

nEEg ∝)(
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free electrons Debye model
magnons acoustic phonos

d
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