PHYS-E0421 Solid-State Physics (5cr), Spring 2019
Exercise session 5
Model solutions

1. Equilibrium concentration of divacancies

We want to minimize the free enthalpy (Gibbs free energy) of the system, G = U + pV —
TS =H —TS. Its change with respect to a defect-free crystal is

AG =AH —TAS
=n(Ahy —TAsy) — TkpA(InQ)

Above, hy is the vacancy pair formation enthalpy, As; is the entropic correction to the
formation free energy due to structural relaxation of atoms 2 the number of different
microstates for the system (for the defected system this is the number of combinations
with n vacancies on IV, . cation and anion sites, for perfect crystal with no vacancies just

1).
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InQ = In(N)! + In(N,) — In(N, — n)! = In(Ny —n)! — 21n(n)!

We simplify the expression using the Stirling’s approximation,
Inz!=xzlnz—2z, z>1.
This will give
InQ = N.In(N,) + Ny In(Ny) — (Ne — n) In(N, — n) — (Ng —n) In(N, —n) — 2nln(n)

We find the extrema by setting the derivative to zero,

d(AIn(Q))
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n =0.

= Ahf — TASf — kB

Approximating n < N, . gives the final result

G(Aé"(m) —21n(n)2 + In(Non) + 1 + In(Nan) + 1 = 1n(N0]2Va),
n n
kBTln(chzva) = Ahf — TASf
mn

The final result is
n ~ NaNcefAhf/QkBTeASf/QkBT.



2. Equilibrium concentration of point defects

From the last page of the exercise sheet: H, ~ 1.26 ¢V and H; ~ 3.24 eV (We assume
that AV = 0. Then the formation enthalpy is simply the formation energy). The atomic

fractions are calculated using
no_ o—Hi/kpT

N

For the vacancies we get atomic fractions of 6.8 x 10722 (300 K) and 4.5 x 10~7 (1000 K),
and for the interstitials 3.7 x 107° (300 K) and 4.7 x 10~7 (1000 K).

3. Defect diffusion

Diffusion constant D = a’v, where a is the lattice constant and v is the jump probability
to nearest neighbor site per unit time. If the random jumps are thermally activated
transitions to the other side of the energy barrier E, we have

v = vge B/KT (1)
where 1y can be interpreted as the jump trial frequency and we get

D = a?vye BIFT, (2)

We know D at two temperatures from which we can solve the two unknowns, E and vy:

g; — o B/k(1T1=1/Ty) (3)
kln (B)
= B = e =085 eV (%)
and Dy _giry — D2 _pir, 13 -1
w=Dte =2 —1.48-10% s (5)

4. Defect diffusion, Elliott 3.13

(a) The diffusion equation in 1D is

8?1,‘ BQni
where ¢ indexes different atom types. For the given ansatz
ni(z,t) = n?e_kZDiteik“c (7)
we obtain
on;(x,t ;
n7,éf7 ) — 7k2Din?6—k2Dit€2km — *kQDini(f, t) (8)
and
0%n;(mw,t ,
Di%if’ ) R2Dn0e Pt — 2 Din(a, 1), (9)

which are equal. Thus, the given ansatz is the solution for the diffusion equation.

Note that since the diffusion equation is a linear equation, a sum of terms each of
which has the form of the general solution above, but different values of k, is also a
solution.

Additionally, note that at time ¢ = 0 the general solution is of form

ni(x,t =0) = n?ei’m (10)



(b)

Now, the initial distribution is
N; [
n;i(z,0) = N;o(z — x9) = 2/ ek(@=20) ;. (11)
™ —00

Note that this of the same form as the general solution in Eq. (10). Here we just have
an integral over different values of k. Thus, by the reasoning above, we can get the
time dependence by using the time dependence of the general solution of Eq. (7)

N;

7k2Dit lk(mfxo)dk 12
o e (12)

ni(x,0) =

(one can also subsitute this to the diffusion equation to see that it is fulfilled). Let’s
evaluate the integral

N;

ni(x,0) = o Z"“("’f—%)—’“2Ditdl<: (13)
_ 2{ e—Dit[k—i(x—xo)/QDitPe—(m_x0)2/4Ditdk (14)
s

and make the change of variable y = v/D;tlk — i(x — x0)/2D;t] so that the integral
becomes

N; g P e
nz(ﬂf,O) = m@ (@ x0)2/4Dlt/ (& de’y (15)
_ Nl 67(x7x0)2/4D7;t’ (16)
4r Dt

since [ eV dy = VT
The semi-infinite constant-composition initial profile can be represented with the help
of the § function:

0 0 0
ni(x,0) = {n” v = n?/ §(x — 2')da'. (17)

0, x>0 — 00

By using the result of (b), we thus get

o) = [ : (15)

Let’s make a change of variable y = (x — 2’)/\/4D;t, so

ni(z,t) e dey (19)

f/ﬁ

= ?’ erfc(x/\/ém), (20)

by the definition of complementary error function erfc.



